640:135, extra notes for lecture 23, p. 1

Section 6.4

Exercise 4 This exercise asks to find the areader y = —(%,)x + 1 andover [1, 4] by both
geometryandcalculus. Usingcalculusmeans to evaluate

4
1
/ —-X 4+ 1dx
1 4
by thefundamental theorem The steps are

4
1 1
X+ 1dx= —=x2+x

/1 X+ X+
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Usinggeometrymeans to identifyy = —( l/4)x + 1 as dine. Evaluating at the endpoints of the given
interval shows that it connects the poi(ms 3/4) and( 4, O). The figure is driangle whosebasehas length
4 — 1 = 3 and whoséeight is 3,, which gives

Area= - -3.
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Exercise 10 We must find the areander y = 1/x? andover [2, 4] using calculus. Here are the
steps:
4
1 -1
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Exercise 16 We must find the areander y = ¢ — x andover [2, 4] using calculus. Here are the
steps:
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Exercise 18 Althougharea is often used tonotivate the definition of the integral by Riemann
sums and tdlustrate the proof of the fundamental theorem for functions with a positive range, the definition
and proof are valid foall real valued functions. A simple example is

2
/ —2dx= —2x]?; = (—4) — (2) = -6
-1

A picture of this region would show a rectangle of width 3 and height@wthe x axis. This explains the
absolute valueof the answer being 6. A theory efgned areainvolves declaring thé&ft to right direction
on thex axis and theipward direction on they axis aspositive, andchanging sign with each reversal of
direction. Since this rectangle is behind us as we look upptheis, ahile thex axis is traced in the positive
direction, the signed area is negative.

The most important property of signed area is that itésasequence of tne definitiomf the integral,
not an arbitrary invention.

Exercise 36 Another evaluation.

Although the functions appearing in this summary are written as fractions with positive powers of
in the denominator, the calculus shoulddme by rewriting them using negative exponents. The relevant
differentiation is g

dx
which needs to have the expressionsoth sidesmultiplied by —1 in order to identify the given integrand
as a derivative. A graph is

(x72) = —2x73,
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Exercise 45 Here, we are given that the velocity of a boat seeking a water speed record was given
by
v(t) = —t2 4+ 20t +440 (0 <t < 20)

wheret is thetime in seconds after activating a booster rockeandv is thevelocity in feet per second
The choice of scales allowdl time to be measured in secondandall distances to be measured in feet
The timet = 0 is identified by thesvent of activating a booster rocket The exercise asks us to use this
information to determine thdistance traveled during the 20 seconds following the activation of the
booster rocket The interpretation of this as an integral is given as a hint, but this is easily derivad. If
denotes thdistance in feet from the position when the booster rocket was activatethend x/dt = v and
x(0) = 0. The fundamental theorem says thét) is an integral ofv(t) which becomesiniquely defined

by specifyingx(0). The distance traveled is

20 i3 20 20°
/ —t? 4 20t + 440dt = —§+10t2+440t :(_?+1o.202+440.20)—(o)=101333.
0 0

Thisisthedistance in feet Theinternational nautical mile (equalto 6076.1549 feet) is a more appropriate
unit for distances of this nature. Conversion gives a distance of a little more #amii
A graphis

600

500

400 -

300

200

100

L L L L L
0 5 10 15 20

This gives aeal application of calculud If you plan to set a new speed record, you need lots of space.
The distance calculated here is only part of the story, since the boat had already attained a speed of 440 feet
per second before activating the booster rocket.
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Section 6.5 This section finds definite integrals in cases where some work is needed to find
the corresponding indefinite integral. In particular, when a substitution is required, an alternate method is
given that does not require an expression for the indefinite integral. Although this is useful when many such
integrals need to be found, it can be confusing with the little time available for the topic in this course. Only
the solution using the complete determination of an indefinite integral will be used here.

Exercise 8 To find

2 x
/ X ux,
0 VX245
one should substitute = x?+5. This requiresiu = 2x dx, so thatx dx = (1/2) du. This relates indefinite
integrals leading to an antiderivative:

X 1
/dx: “u 124y

X2 +5 /2

1/2

=u
= /X2 4 5.

Since the goal is definite integral, only one antiderivative is needed, so an arbitrary constant has not been
added. Now,

2
\/x2+5)ozxf9—\/§:3—\f5%0.764.
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(When done in lecture, the limits of integration were incorrectly transcribed as 0 and 8, leading to an

integral ofv/69 — +/5.)
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Exercise 11 To find )
/ x2(x3 + 1)*dx
-1

one should substitute = x® + 1. This requiresiu = 3x?dx, so thatx?dx = (1/3)du. This relates
indefinite integrals leading to an antiderivative:

1
/xz(x3+1)4dx=/3u4du
U5

15
G+
- 15
Now,
1
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Although this accurately shows that the contribution of negative valugssabarely noticeable (com-
puting that integral shows that it contribute&l® which is /32 of the total integral), this part of the graph is
the most interesting from the point of view ofaph sketching The algebra needed to identify the critical
points and inflection points of this graph is best done with the help of a computer algebra system, but the
calculus is straightforward. Here is the graph
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Exercise 28 To find

2]

nx
—dx
1 X

one should substitute = In x. This requiresiu = (1/x) dx, giving

|
/nxdx=/udu
X

2
_ (Inx)?

2

Now,

2,2 2 2 2
(Inx) _ (In2) B (In1) _ (In2) ~0.24
2 | 2 2 2

Here is the graph
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