Oral Qualifying Examination for Augusto César Ponce

Topic 1 : Linear Theory for Second Order Elliptic PDE’s

The linear theory for second order elliptic PDE’s comprises many approaches regarding the

study of the problem

Lu=f inQ
; (1)
u=¢ on 0f)

where € is a domain in R™ and the operator L may be in either the nondivergence form
Lu:= aijaiju +b0u+c

or in the divergence form

Lu:= 0; (aijaju) + b Ou + c.

In both cases, the functions a*/, defined in Q, must satisfy the ellipticity condition
agiE; > NE?, VE e RY,

for some A\ > 0.
Some questions immediately arise from the study of (2), specially about its well-posedness:
a) what one means by a solution of (2);
b) if there is such a solution;
c) if this solution is unique;
d) if there is a continuous dependence of the solution on the data given in the problem.
In order to answer these questions, a number of results are available to us. The first topic

for my Oral Qualifying Examination should include some of them:
e Schauder Theory (classical solutions);
e Sobolev spaces (weak solutions);
e LP Theory (strong solutions);

e Maximum principles;



e Functional Analysis (Weak topology, Riesz Representation Theorem, Lax-Milgram Theo-

rem and Fredholm Alternative).
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Oral Qualifying Examination for Augusto César Ponce

Topic 2 : The Semilinear Dirichlet Problem

Despite the fact that the linear theory has independent interest, its development is essential
if one wants to study more general nonlinear PDE’s. As a second topic for my Oral Qualifying
Examination, I propose to analyze the semilinear Dirichlet problem

—Au= f(u) inQ
; (2)
u =0 on 01}
where () is a domain in R™ and f : R — R is smooth.

I intend to focus on how the linear theory provides us the right abstract space setting in

order to guarantee the existence of classical solutions of (2). Some nonlinear methods are readily

available in this case:

e Weak convergence techniques;

Degree theory and fixed point methods;

Critical Point Theory (minimax characterisation of critical values, in particular the Moun-

tain Pass Theorem);

Implicit Function Theorem;

Method of sub and supersolutions.

Under some additional hypotheses on f, we may easily prove the existence of classical
solutions of (2) in the following cases (here 0 < A\; < Ay < --- denotes the sequence of eigenvalues

of —A on 2, with Dirichlet condition):
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this case one should replace f by Af, where A > 0, and study the set of \’s for which the

= 400, f > 0, f is increasing and convex (no bounds on f are imposed); in

problem (2) has a nonnegative solution.
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