ALGEBRAIC GEOMETRY I, PROBLEM SET 3

Problem 1. Resolution of singularities for curves.

Let X be a curve with smooth locus U = X — Xg,,. Prove that there exists a
non-singular curve X with a finite morphism p: X — X such that the restriction
¢ : ¢ Y (U) — U is an isomorphism. (For resolution of singularities in higher
dimension, one can only hope for a “proper” morhism ¢.)

Problem 2. An algebraic group is a pre-variety G together with morphisms m :
G x G — G and i : G — G, and an identity element e € GG, such that G is a group
in the usual sense when m is used to define multiplication and ¢ maps any element
to its inverse element.

(a) Show that GL, (k) is an algebraic group.

(b) Show that any algebraic group is separated.

(c) Show that P! is not an algebraic group, i.e. it is not possible to find morphisms
m: Pl x P! — P! and i : P! — P! satisfying the group axioms.

(d) Challenge: How about P™ for n > 27

Problem 3. Let G be an irreducible algebraic group acting on a variety X, i.e. we
have a morphism G x X — X such that the axioms for a group action are satisfied.
(a) Show that each orbit in X is locally closed.
(b) Each orbit is a non-singular variety.

Problem 4. Let X C P5 be the subset of points (xg : - - - : 25) such that the matrix
rg T1 X2
Ir3 T4 Xp
has rank one. Show that X is a non-singular rational closed subvariety of P?, and
find its dimension and degree.

Problem 5. [Hartshorne I1.5.3 and 1.5.4]

Let X C P? be a curve and P € P? any point. Let Ix,p C Op2 p be the ideal of
functions f € Op2 p such that f|ynx = 0 for some open set U containing P. The
multiplicity pp(X) of X at P is the largest number r such that Ix p C m}% where
mp C Op2 p is the maximal ideal.

(b) P is a non-singular point of X iff up(X) = 1.

(c) Let Y C P? be another curve such that X NY is a finite set. Show that if
PeXNY then I(X -Y; P) =dimg Op2 p/(Ix,p + Iv,p).

(d) I(X -Y;P) = 1iff Pis a non-singular point of both X and Y, and the
tangent directions at P are different.

(e) I(X-Y;P) > up(X) - pp(Y).

(f) For all but a finite number of lines L C P? through P we have pup(X) =
I(X-L; P).
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Problem 6. Let F be a sheaf on X and p € X a point. Prove the following from
the definition of the stalk J,:

(a) Each element of F, has the form s, for some section s € F(U), p € U.

(b) Let s € F(U),pe U. Then s, =0 < s|y =0 for somep eV C U.

(c) Let s € F(U). Prove that s =0 if and only if s, =0V p € U.

Problem 7. [Hartshorne II.1.2]

Let ¢ : F — G be a morphism of sheaves on X. Show that ¢ is surjective if
and only if the following condition holds: for every open set U C X, and for every
s € G(U), there is a covering U = |JV; of U and sections t; € F(V;) such that
Lv; (ti) = S‘VL. for all 3.

Problem 8. [Hartshorne I1.1.14]
Let F be a sheaf on X and s € F(X) a global section. Show that the set
{p € X | s, # 0} is a closed subset of X.

Problem 9. Let ¢ : F — G be a morphism of abelian sheaves on X. Show that
ker(p), = ker(yp,) and Im(p), = Im(p,) for all p € X.

Problem 10. Let f: X — Y be a continuous map and G a sheaf on Y. Show that
(f7'G)p =Gy (p forall p e X.

Problem 11. Let f : X — Y be a continuous map, F a sheaf on X, and G a sheaf
on Y. Show that the map Hom(G, f.F) — Hom(f~'G,F) constructed in class is
bijective.

Problem 12. (a) Let X be an affine variety, M a k[X]-module, and F an Ox-
module. Show that Homyy)(M,T(X,F)) = Homo, (M, F).
(b) If X is affine and M and N are k[X]-modules then M®p, N = (M®@gx)N)™.
(¢) If f: X = Y is a morphism of varieties and G is a (quasi-) coherent Oy-
module, then f*G is a (quasi-) coherent Ox-module.

Problem 13. (a) X is a ringed space, F and G are O x-modules. Then the assign-
ment U — Homop,, (F|u,G|y) defines an Ox-module. It is denoted Homoe, (F,G).

(b) Let £ be an invertible O x-module. Show that £L~! = Home, (£, Ox) is also
invertible and that £7! ®p, £ = Ox.

Problem 14. A morphism f: X — Y of varieties is called affine if for every open
affine set V C Y the inverse image f~1(V) is also affine. f is called finite if it is
affine and k[f~1(V)] is a finitely generated k[V]-module for all open affine V C Y.

Let Y = [JV; be an open affine covering of Y such that f~1(V;) is affine V i.
Show that f is affine. If k[f~1(V;)] is a finitely generated k[V;]-module for all i then
f is finite.

Problem 15. (a) Let X be a complete variety and f : X — Y = Spec-m(k) the
unique morphism to a point. Show that f*: Oy — f.Ox is an isomorphism.

(b) Find a projective variety X and a birational morphism f : X — Y such that
f+Ox is not locally free on Y.

Problem 16. (a) Y C P" is a hypersurface of degree d with ideal sheaf Zy C Opn.
Show that Zy = O(—d).

(b) Let vy : P* — PV be the Veronese embedding, N = ("Zd) — 1. Show that
(va)™(Opn (1)) = Opn (d).



