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Dual adieiut repreceutatiou
AL ¢ — AafL,le(k[GD
Ad¥(x) = Tutx)* = A)pk) : WGT— lls].

AT : G — GL(T.*G)
Ad*(x) = Tut(<)* = 2696 : TG —To6
AL(x) . of(e) = A(x). d(pk).§)(x)
= J(AL¥x). ¥) (e).

For WeTS6, XE€Te6: (ALK).u, X) = (u, Ad(x").X)
because (IM{:(K_‘)*“/ X) = («, dTut(x e . X)

Retroualidy

K GrBx6 —> G wult.

(XF = IX'F.‘®3;®W: ~Y(><YZ)=z¥.‘(x)gi(y)‘4.'(1)
@) £)(y) = F(Tubbe)(v)) = Foctyx]

ARG £ = L Wil g

Al olE(e) = Y1) bile) i e).

o AL G — GLITE), Ad: G —s GL(T6)
are vetioual Wepweseufatfwvr & G.




Lie algebra
G LAG.
DG = Derk(b.[@], kYGJ) = gtaugeuf vector Hrelols ax G}

D,DeD, = [bD]=DD-DD ey

Aypr G— A“'ELCGI(DG)

2D = 26 D A6 £ranslatiow of
pl)-D = pGI D px) vector fielsls.

L) = §DeL | 2w.D=D vxecy € Dy Lie subalg.

Nete: p(x).L() = L(6).

Def XeTeG, Feklel, veG: (XF)y) = X(0&). F)

Lemma X € L(6)

Proof

X¥ € klx1: }Z"(-F) =Ygk : Fhy)=2 Si(x)h;(y).
M) ¥ = Ta:(x ki € kig]
X, FY = T 8:60 X(hd veg. feu. oF x€G

X €D Xfg) = £ (Xg) +9g (%f)
X e L@): (6o X269 F)) = (R M) F) bety)

0 = X(alx) Ax).5) = X(A).5) = (X))



Def o : Dg— TG, (¥D).§ = (DH(e)

Prop or: L(G) iﬂ.) TeG  (s0. of vector spaces with
mverse X — X,
Pvoof

(%) =X+ or(%).£= (X)) = X(xe).F) = X(f).
Del(6) = oD =D:

(D .£)(x) = (&rD)(A).F) = D(7h(x™.5)(e)
0 = (A D. £)le) = DS(x).

Lewwa ors ply)oer = Ad(y) : Te6 —TeG

L6 —Z— TeG
O O
pY) Ad(y)

Proot
(o« 3y o o )(K) (F) = (o). X). 5)(@)

= (P(Y) X ?(Y-{)-'\?)(C) = ()_( P(Y"').¥)(Y)
0 = X ply - F) = (Ad(). X)(F).



Lie algebra of subgroup
G LAG, HcEG cloged Subgroup.
k] = W6Y/1tH)

ToH = §X€T6 | X(T(H) =03 S TeG
Def: Dy 5= {DeDg | DIMHY) € THI} € D Lie suboly.

Lie alsebva Wom : (ﬁ "‘DG,H —> :DH :

De D,y: D kle] — kB3 o ~derivation,
oD : W[Hl — x[H], (¥D)(F) = D=

Lemma é: Dg,y 0 LE) =, L(H) iso. of Lie algebras.

M :DGzH L TgG

¢1’ TU' Note: xeH =

Dy BT TeH A (T(H) € TH).

$( De,u 0 L6Y) & LKH):
Ax)D = D) ¢ k6] — k6] vxec
= 26 9D) = ¢D) A& : W6y —> WISI/zm) VxeH

D@,H n L) L TG

¢1,’" Tul

L(H) % "]'3H

Show: XeTeH = X € D,y
Xe TeH, FEI(H), yeH:
(XE)y) = X(AG™N.F) =0 siwe AyT).Fe I(H).

< X(T(H) € T(H)
O



Lie a{‘;?eb\f‘q howowor-phi'sima
(b: G—H howoworphism of LAGs.

olé =, : L) — L(H) J d‘i’()_() = d¢e(X)

L emma
Dell) = Dod' = $*o df(D) : klH] —kic]
o] —2 s L5
dé(D)l lD
L{A] ——— LIB]
Proa¥

XeTeG, Fel[H], ve6.
(% o(5))(y) = X (0.8 = X($(5665). %)
= () (AB6)).%) = (3400.F)(46) = (¢*0 dd() (F) y)

Prop qu L(6) — L(H) Is a Llic alg- hom.
Proot 4 .
6 —> §l6) = H

L) 4, L($G)) <> L(H)
Lie subalg-
WLOG: ¢ surjective = ¢ k[H] — k(6] (wjective.
prodb([d,1) = [D.DTo "= (b= D'D)e¢"
= ¢% (A (D)D) — (D)D) ) = ¢% [dd(D), ()]
= a(dp]) = [MD), do(d)]




