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Thw

¢: X—> Y dowiuaut of iwred. verieties.
= dim XK= oliwY.

d odeuse open UCX such that:

(1) Pxd, s UxZ — ¥=Z is au opeu worphiun ¥ Z,
(2) Y'€N rrvedd. clased, X'S ¢TY') ipvedt. comp.,
X'nuzt@ = dim(X') = dimY)+w
(%) Assume oliw X = ol Y.
Vye€ dU): 3 ¢7'(y) = [l(x) : k)]
kX)s = $FeklX) | F separable /lt(\()g_

Coution: @: X—>Y doutinant, W = clis(X) - diwa(Y).
True: veY Pufwé , &)+ D = diwm ¢"(Y) 2N

False: Y'CY closed, ivred, q5"(‘{') 4 > dim 434(\(') > dim Y'+ 1
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Tntegral extensious
A ®iug, B A-algebra.
bed 13 |'\4te9v~ql over A (¥ 3 b“-{-a.b“"l.(....(.al,‘:O’ Q: €A.

B integral over A & All elts, jutegral avel A.
B Finite over A & B F.9 as A-wodule .

Exer: B Fiurte /A & B jutegrol /A 4 §g as A-aebro.
A=§beB| b integgral /Al ¢ B subalgebra.

Def A dowtain A is uorwal (F A=A € K(A).

(i): X—Y woarphisue, X, Y affive,
¢ it Finite & k[X] s Fuite over LIVY].

Fact : C() Filulte & ({) (s propes with Ruite Fibers
= ¢ /s closed with Fiucte Fibels,

Y ¢ worwal 1T kY] (s woerual.
non-singular~ = normal.

Note: Assuwe X,Y imved. affiue, Y norwal,

(ISZ X—Y Fiuite, bivat.

Thew ¢: Xi~>\( rsowadphigua.

LMT € K[XT € kIN] € k(Y) = kX).
Zarisli's Maiw Theoreur
C‘): X— Y worphismt of Ivved, varieties,
Assume @ ¢ bijeetive auel bivatioual, Y uorwal.
Thew ¢ i au isoworphicm.




Th G alg. group. X, Y howogeneous G -vavieties.
¢: X —s Y equivamant. ¥ = dim(X) - oiw(Y),
(a) VZz: ¢x12 o XxZ2 —> Yx2 8 opewn.
(b) \{| ¢\ cloged!, /'Mcol.J X' c qS"(Y‘) inved]. Cowp.
= dim(X') = dim(y"y +r
(¢) @ rsomorphicumn & ({)bued:lve oud IpeX:
dfp: T X — Ty bijective.
Proof
WLOG G coumected, X, Y rrved.
(a) +(6) true For §: U —>Y , USX oeuse oped.
Trauslate.
(c): dfp Surjective = 4) Seporable .
$ bijective = ¢ bivatoual.
b: u—=> P(U) For US X deuse open.
Trauclate.
O
Cﬂ~ d): G —s G' Su_rzjecf"ve howa. o% QIj 8v~ouh§'
(a) diwn(G) = diw (6') + diw Ker(g).
(b) ¢ rsoworphisma & ({) auel dp are bijective.



Sewi-cimple autpworphicus

G come:ted LAG. ¢= L) = TeG.

§: G — G autoworphism.

Ge= {x€G | o) =x} S G clogeo subgroup.
o= {Xeg | do(X)=XE € § Lic seboly

Def x:6—6, %)= G6)x"
Gy = X (e).

x: ¢ D oo H ¢
dxe: TeG —>TeC®TeC —3Te G
X > (ol (X),-X) — do(X)-X.

L(6s) ¢ Ke?"’(d'xe) = 9»0-

GCG: g.x=9x GCG: gsxX = G@Q)xg".
x: (G,.) — (G,e) ea_uivah'auf weor-phiaua,

Z(G) = Gee (s au orbit for~ e acthou.

Note: e e X(G) wou-siugular poiut.
X: G — #(S) sepatable & d%e(3) = TeZE)

Lemma ) (6,) = §¢ & d%e(3) = TXE)
Proof

dine d?.’e(%) = dim } — diw I

- ¢ dim 2’ - diwm L(Gg.) = dimt G-diuGy = diw %TG)



Def ©:6 =56 is sewi-simple

& S k6] — LIG] s sewi-simple.

lewma O : G —>G sewi-Simple
E JGC Glu, S€GL Semi-Simple:
Glx) = sx&' VxeG.
Proof (=):
kEGJ = lL['Fl;—y F.,\]
3 SPQ“\‘ZFI/—--)F\/\% g Vl _(_: U-YGJ
dim (V) <o, o*(v')=V.
V=19 pk).v' & kiG]
XEG
dim(v) ¢, P&V =V VxeG6.
o* o). § = plotx) o8 F v Feklel:
(o™ p6). F)(y) = p&). £(s¢) = F(o() x) = F(S(y ()
= (@*F) (y o) = (P(s™00) 5% £) ().
¥ p&).v' = ooV
o otv=Vv

P G ¢ GL(V) closed
TP (097 = plax)
s = (5*)" € GLV) sewi-siwple.

o(x) = sxs™
O



