LAG 13 1026-0%-0%

G counected LAG.

Thwm (et o:G —>G be sewml-Simple.
(1) 2(6) € ¢ s cloced.

(V) dae: TeG —» T 2(6) i suajecffve.

Proot
WLOG G € GL(V) closed, seGL(V) ss.

T GLIV) — GLLV), o (x) = $XS™

T: Eud(V) — End(V) liuear extension.

dv = T = AdG) € GL(92(V)).

Gy = §xeC | sxs™'=x3

9o = §XeG|sXs'=XY < ¢ = L) € gl(V).
%t GL(V) — GUV), 2x)= Tkx"= sxsx™

Case G= GL(V): GLv)s= glV)en GLIV) = Te(6L(V)g) = $4(V)s
= dite : TeGLIV) —» T, xGLIV)) Surjective.

Let XeT. () € T, Z(GLIVY)

JYe gl(V): X=dre(Y) = dol(¥)-Y.

S(6)=6 = odv(g)<cq

S sewi-simple = do € GL(GAV)) sewi-simple
= 3 4< $V) do-stable, 90v) = g & 4.

Y=Y'ey'e g0l

X = oo (Y)-Y'= dze(Y').

Tode : TeG —» T, x(6) surjective.




Show : X(6) € ¢ clased.

Def w(T) = TT (T-a) e k[T]
a;«gge_\l,\vqj,

(@) Y6y =@
(b) wm(y) =0 € Eudd(V) }

() chu.poly(Ad|g.) = cu.poky(Adl(s)|q,)

$= {Yé GL(V)

S ¢ GL(V) closed, ¢'e€S, all elts. of S are semi-simple.

yeS: Gy = §x€6|yxy'=x}
Yv= §$Xeq| yXy'=X}
d/'w(Gy) T‘ 0[/“«4(3’\/) 7\ ol/'wt( %) = dim(Ges)

GY:G—>G (¢)
X = yxy”!

GCS, g.v = gvgl
4,1 G — Gy, Gyf3)=9vs"
d =6, = diw(Gy) = dim(E) - dim(6,)

All arbits ligve sawe dimeusiau
= all orbitt are closed.

. 2(6) = s(6.57) € G s closed.
O



Zels) = §xe6 | xs=s5x} € G ceutvalizer of s€6.

Cor 3seG sewm(-simple.
(1) C= {xsx™|xeGl € G cloged.
(2) 6—C, x> xsX™ is separable.
(3 9 = (Ad(s)-1) ¢ ® L(24(s)
Proot
T:G—G, ok)=¢c'xs semr-Simple automorphisua.
£:6— 6., XK =06)x"= §xXSx”
YLE) € G cloged, x: 6G—s x(G) separable.
C=cX(6) closed, x t— xsx7 = sx(x) separable.
Gy = §s'%xs=x] = Ze(s).
L(Zels)) = L(6s) = G¢ = {Xe g | do(x) = X}
= {XeTe6|s'Xs=X} = {XeTa6| sXs'=x}
= Ker(Ad()-1) € 9.
S sewmi-simple = Ad(s)-1 sewi-simple

- = 9 = Lu(Ad(s)-1) ® Ker-( Ad()-1)



Action by autoworphigus
D diagam[imb(& LAG, G counected LAG.

DC G by auteworphicums :
e G D-vanety.

. Gi)G, g— d& group kowe. YdeD,

Differentiake - Te6 — TG R X — d. X

of: D — GLIKkT6]) locally vatioual wep.
lre). £)(x) = Fod™'x).
D diegonelizable = o((d) : k[€] —> k6] sewmi-simple
> 9> dg semi-cimple autoworphisus.
Def Z.(D)= §q¢G|dg=g vaeD} = dQDG"
zg(p) = §Xe§|d.X=X vdeD} = dQD‘}d
Note: L(G)=Qua , L(Zs(D) S Zg(D).
Cor L (2s(D) = Zg(D)
Proo¥
IF DCF triviel: L(Ga)=34=9 = G=0¢
2(D)=6, Zg(d)=¢.
Otherwise clhoogse deD suck that 9/4 9.
D commutative = D acts ou Gu, 6.
Zs(D) = ZG‘((D) 2 ZG:(D) , Z%(D) = z%d(]))
Tuduction au dim(6) =
0 dim Z%(D) = dim Zga(D) = dim Zg JD)



Ge = §x66| X Seu(—siw)alel

Cow.wu(ta{-oV‘: (X',y) = )(yx"ly".

G#e ui(Eofc»\f & 2(6) e awd G/Z(g) M,'Ipo{eu'f
@ 3 MGIN: VK‘/-—)X"‘GG" <X‘) (K-,_) (" (XW"/K\A)”))) =e.

counected uilpotent LAG

Cor G
= G S Z(€) subgroup.

Proot
SEeG scu;.(-siwple.

T = Tut(s) : G=¢

2(x) = Gx)x"' = sx$7x™ = (g, x).
() = (¢, (-, (sx))) = 2.
7(“(@) = e.

d%e = AA(.C)—l

(4dGs)-1)" = [ze)” = ©.

€ gewi-Simple = Ad(g)-1 ss.

. Adl) =1.

L(6s) = G5 = Ker(Ad(s)-1) =@

D 6e=6 > T triviad > s € 2(6).

"produc’f‘ o{‘ Cbu-tmu‘b'ug SC K D GS c Z(C) Subghup,
O



Tdeal of a closed subgroup

G LAG, H E G closed subgroup.
T(H) € L[6] ideal of H.

Lemma H =$3¢G | pG). IH) = TtH)}
Proof
C: geH, FeI(H), heH = (p@.8)(W = F(MQ) =

2: geRHS, FeTI(H) = £(9) = (plo).f)e) =

O

Lewma ToH = $X€T.6 | X.IH) € TH) 3
Proct
Do,y = §DeDevw, (k6] ki6I) | D.IH) € I(H)}

o
L(6) N Dg y —— Te6

.| fo

T L TeH

Le'& XeTeG.
XeTeH & XeDsu
O



