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Thwmt G connected LAG, SC G subtorus.
(1) ZG(S) (s connected.
(2) B<SG Borel, SEB = Z,(S)N B ¢ Z,(S) Bovel.

All Batel sibgps. oF Zg(S) are obtained this way.
Proof

Let ze Z= 25(8). Show: z€2Z°
Choose BEG Bovel, z€B.

X= $x.BeG/g|zexBx"} ¢ G/p closed.

sC X, S-(X.B) = sx.B  (well def. sjuce SZ = z¢).
Choose xBe X544

VseS: sx.B=xB & §¢xBx"

Replace B +— xBx™ wLoe zeB andd ScB.
Zg(8) is counected = z€ Zg(s) ¢ 7°

.. Z = 2% i¢ counected.

Assume Bc G Borvel, SCB
Z0RB = 23(8) is counected £ solvable.
Show: 2nB € Z parabolic,
Y =9yeG|vy'SYeB} €6 ix closed.
ZBcY = ZBcCV.
¢: ZB xS — B/p,, dy.s) = y'sy.Ba
Rigidity of diaganalizable groups =
Oy, s) is twdepeundent of y.
S ysy.By = $.Bu VyeZB, seS.
= y'Sy ¢ SB, VyeZB.



Bu<d B closed connected umnipateut vowmal.

SB. € B closed subgp., S < SBu wax. torus.
Let ve€ZB

JbeB.: b'Sb = Y~'Sy.

yb'e N= Ng(s) = y=(yb)b « NB.

. ZB ¢ NB.

N/> Finite => N=WZU-UWZ, w,., €N
NB = nZB v-uwnZB ¢ NB.

= NB C G closed = NB/p C 6/p complete.
N/NaB — NB/p  bijective equiv. wmap oF howt. N-vars,
.« NAB ¢ N parabolic.

(NaB)/(zaR) Fiuite NOB € N
= 20B € NNB pavabolie Vi vI
= 20B € 2 pambo(fc. 20B ¢ 2

J. ZNB € Z Ravel.

Let B'C 2 e auy parebel subgieup.

Fzez: B=2(2nB)2"'=7ZN=2B2"
O

Cotr G counected LAG, TCBC G, T wax. tovus, B Bovel.
Then Zg(T) = 2(T) = Ng(T) is counected.

Proot: Ze(T) = Ze(T)°=C< B. O



Tuw G couunected LAG, BESG Bovel = Ng(B) = B.
broof

Tuductiou ou diw(6).

H= Ng(B). (et x€H. Clow: x€B.

TS B wax. tovus.

xTx' € B aloo wax. torus,

JbeR: bxTx' =T.

Peplace x = bx @ WLOG xTx'=T auel xBx'=B.
¢: T—T, tr= xtx'¢ group loux.

Assuwme P(T) +T:

S= (Ker#)® € T wow-trivial tores.

XE 2 = ZG(S).

2=G: &=6/4. x€Ng(B)=B = xe€B

Z+G: xe€No(2NB) = ZNB siwce ZNB & 2 Bovel.
Assume @Y(T) =T:

Choose rat. vep. $:G —3GL(V), 0% veV suck that
H=%qeGl 46)-veLvs.

] character X:H— 6w, d(h).v=xlh)v, For heH.
(BN =1, X(T)=1 siuce TS (H, H).

= x(B) = 1.

68—V, 9B+ ¢@)-v.
Twmage (¢ cowplete, atfiue, couunected.
. 9@).v =V V3eG.

H=G = B <46 wnovtwmal
g = G/p cowplete, Q'H’l‘vte, connected = B=6.



G connected LAG, TS G wax torus.
Weyl group: W= WG, T) = NG(T)/Zg(T).

Notatiou: Given w €W, W € No(T) is a representative.

Flag varety: B = §BCG Borel]

GCDB, g.B = ng‘f (trausitive action.)
Tsotropy group of B.ER: Gp = Ng(B,) = B,.
Tolewti¥y : G/B,= &, g.B,«— 4B.g"
Note: B = 3Bed | TcBY

Cor We J?;T) w.B = wbhw™ Simply twaueitive actiou.
Prodt
Ne(m) C B is trausitive.

Isatiopy group of B: BN Ng(T) = Ng(T) = Z¢(T).
O

Exawple G = GL,. Borel: B = ;*""2
FA(R) = §(vicVac-cVa=k) | dim(v;) =i}
Glu C FL(I) transitive.

E= (4> € {en,8)) € = C k") staunolarct flag.
Tsotropy group: Gp=B.

Clu/g = FA(K).




Cor G counected LAG, PS G pambelic.

Then P s counecteol audf Ne(P) =P,
Proot

Let xe Na(p)- Eveugh to Show Xep?

BC P Bavel subgroup. XBx™ & P° also Bovel
JyeP®: xBx' = vBy

DY“X e Ng(®) =B = x=v(yx) €P

let TSREPCG, T wactorus, B Bovel, P parcbelic,
Note: Zo(T) = 2p(T) = 26(T).
> WRT) = MM m € Ny )= WE.T).

Flag variety: $ = 3qPq* | 3661 E G/p.

Cor: PP= §Ped|BED} = §P},
‘Pwoo'g"-
Assume B<gPs! Thew g'Bg €P.
IpeP: P9'BYD = B.
UﬂP € %(B) =R QPQ"' = (8P>P(SP)—' - P

Note: G/ —> G, g.B+gP
i "

2 — P, gBg' gPq
gPg! = unique cowjugate of P Couta (U ug SBQ_(.

Exer: P = §PeP| TPl
WG TS PT, w. b = wpPw' trauibive actiou.
Tsotropy group: Wp = W(PT).
P S Why, os W-sets.



