LAG 21 2026-04-0Q7

Sewu'-siwnple & Reductive

G counected LAG, T €G wax. torus,
N,N'4 G normal = NN'4 6 wnarwmal.

N, N also Solvable = NN’ solvable.

.. 31 wax. closeo counected Solvable norwal Subgp.

R(6) 46 (vadical of G)

Unipotent wadical 1 Ru(6) = RE).,

Ru(6) = uuique wax. clogec couunected
unipetent rorwial seubgroup of G.

Det ¢ & Semi-Simple & RE@)=e.

G i reductive < R 6)=e.

Note : G/R(G) IS sewi—Siwmple.

G/Ru(6) s recductive.

Note: R(@) = (BQ:&B )°

Seows Ru(6) = ( 1] Em)

T:6— G = G/P(G) SeM('—sl'wple_ guo{-ieuf.

Claiwm: T =m(T e & wax. towws.
Proo¥: I wax. torus Te @ wit TeS.
He TY(S) connected closeo subgroup.
HRe) € § commutative = H solwable.
O H=TXHu = S=TH =7(T)=T



Weyl groups
T = =
w= N G(T)/ZG(T) - NG(T)/zé(ﬂ =W

P=3BEG Bovel} =P =188 Bovel}

(_5 S:'wply trausitive qctious
W = T We.TY— WG T)

Det vauk(e) = dim(T),
sstaul(G) = muh(c/g(g)), (semi-siwple vauk).
s raul(G) =0 & G unipateut.

Nete: W ¢ Aut(T) = Aut(z*) | = olim(T).
. Ssraul(G) =0 & G solvable = w=e,
e ssrauk(G) =1 = |W|< 2.

Exawple: G = Glu.
Bovel: B =¥ B,=["¥* B/, = 6.

¥ - 1 -

Max tomee: T =[] Oppesite Bovel: B = [3%,
R(¢) € BnB =T. Ru)=e

Exer: R(G) = 2(6) £ G

Glu s reoluctive, ot semi-simple.

SLu€ 6Ly awd PGL, = GL“/Z(GL“) are sewi-siuple.

Exer: SLu = Z(a(e'b—|> € Glu (4 conunected.
PeLy = Au'l:([PW‘).




Exawple G = *i <Gl le)= [

%

RE) = 26) XRu(G) = EmX Ru(G)
Notes |
(1) X SWE. X 9G actiou by autOMov-p[«wMS'.
ce Oy, (3-F)) = Flxg).
X/e SWF. (%)= a(X)° = {Fed()| 9.F=F Vg€G}
(2) X affine variety, X9 G,
G, C KIX] locally wational rep.

Wx] = izl‘m“ graclect wiug-
WXl = §§ekX] | £.8 = %}
9(X/6.) = KXlo

(3) kL] = kixliensew] 0.
k{PGLu] = ki6Luls

— k[xfljt = XI‘;«:‘“
- AL det

e, Je€ $h2enud, lelém]
Example
¢+ SL, = > GL,—»>PGL, group how.
er() = 2(st) = £ [53] | =1},
Char(W %2t |Z(SLY| =2, POLa = Slafyg)y.
Char(k) =2: ¢:SL,—> PEL, bijective,

purely iuseparable.




Det G LAG, X G-variety.
Au equivapriant projective embeddiug of X
is au ewbedding ¢: X <> p* together with
Q alg. gvoup howa. p: G—> GLuwn suck thot

¥(g.x) = p(3). W) VxeX,geG.

Thm (Sumchivo lQ7'5)
G cownuected LAG, X Quas«'~projcctive warul G-variety.
Then 3 equiv. ptoj. ewbeddfuﬂ o} X.

ProoF For X=G/H, HEG closed subgroup: LAG [4.

Prop THe torug, X jnred. ijec‘t'f\,«e T-variety with
eguz'v, p\ro‘j. QM‘OGO(O({\AS.

() 3 @ueT: XO= T

@) [XT=1 & X=§point}

(3) [XTI=2 & dimX)=1 awl X' #X.

Cor G counecteo LAG, BEG Borel, W Weyl quaup.

(1) W=e & G solnble & ssrauk(G)=0.

@ W=7 & dodim@B)=1 & Gp =P & ssrauk(@) =1L

Proot : W «— (6/p)7

Proof of Prop:
X< P(V) eguiv. ewbec{oliug , T—> GL(v) vat vep.
V=@ Ve, Z€XYT)=I1T—0Cu}
Choose A€ X (T) = ssz_’Tii
oF VeV £0 = (), x-2'D)+ 0.

PWVIT = 11 P(Ve) = P = XT= X&)




WLOG: T = Gua, v=d§lv°¢, Va={veV|tv=tV vVeeT]

Given xe X, set

Xo = [im t.x Koo = lim t.x
tAO / 0 .e._>°°t. ’

Note: (a) Xo, Xeo € X7, (b) Xo=Xew & x€X'
X=[u, U= Tuy eV t.x = [Tedyy]
w=wminld: Uug$0} , M=wox jd: uy+0i.
Then Xo= fuwl, xoo:[uM].

S KT =1 & X = gpointd

Assume |[XT| = 2.

Cluoose x=[u] € X~ X"

Rt V— I lineaw, Ly(um)*0, Lu(Vy)=0 Yor dFwm.

AurV— Kk lineaw, IM(UM)%O, ZM(V4)=O Yor d#M.

If y=1Ivle )(\XT, theu
Vo= Xo = Lu(v)£0 aud Yeo=Xoo = Ly(v)#0.

¢: X— P, $(1u]) = [Qulu) : Zu(d].
T-equiv. worphism: t.[a:e] = [t"a: —éMb]_

o) € X closeol aud T-stable.
(¢—|(0))T= EXoi = (]S-l(o) = ix°g_
.odim(X) =1,

IS diwm(X) = | aud X € X‘X’; then X =T.x v ZX'o, X'oo},
O



