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From wow: G convected LAG, T S G wmax. torus.

W= W(G.T) = Ne(T)/Zs(T) Weyl group.

WeT: w t = wtw?!

W e XuT) = {6u—TF: WA®) = w. A%),

W e XHT) = ST—Gul: (w.or)(®) = or(w'd).

Note: {w.ef, wad = {or, A).

g = L) = TG

Adjoiut action: 6@ q.X = Adlg). X

Q= @D Gu, Gu=iKeg | tX=cr@®X VteT},

€ X*(T)
Note: Sc T subtoruc. Zg(S)<6G closedd couu. subgp.
L(2s(9) = §X€GF|sX=XVseS} = @ g,
Example: L(Z6(T) = . o
De¥ Yor ore X¥(T) define

T;r = Keder)® € T gubtomus,
= Za(Ty) €6 cloged convected.

L(6x) = D Gy

peQor
Exawple G =GLa. T=[%l. %= Mat(n=n)
o = o e XNTY: (@)= &t (i)
% kEU, EIJ € @ has (ii)-eutry L, oll others O.
= §teT | ¢ =t -
= 1 9€GLu| 9pq 0 > P=q or Ipgl= 3':J}} i—




Note: we W, ore X*(T),
Two = Wiy = wilpw™
Guer = ZelwTew™) = w G w
Ywe = \;/.%o( :
X€ Gy => t.(w.X) = wwtw. X = w.(x(wit)X)
= (w.e)@®) w. X,
P= fereX(T) |er#0 and 9o+0%,.

Lemma (1) G = (G loreP)
(2) G solvable © G solvable VereP
Proof :
(1 L6 = L({Go | reP)),
(2) B< & Bovel, Tch.
BNGy € Go Bovel.

O Go solvable & G € B.

Note: To € Z(G) € R(&) = ssraunlGe) < 1.
sSPonk(Ge) =1 € Ger ot Solvable & |[W(Gw,T)| = 2.

Assume Ger wot solvable,
T<cG, €6 = WGyT) S WeE,T).

Def (Reflection abng o): So €W : W(6w, T) = 11, Sb.
Note: S;' = 1.



X*(T)fk = Xu(T) ®Z R ; X*(T) R~ X*(T) ®Z R.

Lemma Assume Go wot solvable.

() Forve KM So.orV=-of" and {or,o"> =7,
(2) Xe XlT) = so.d = A = Lo, 2> oV,

3) e XY(T) = .8 =8- (koo

Proof
(1-59) + (1+84) = 1 € Eudp( Xu(T)p).
(1-s)(1485) = |-84 = O.

c Xe(Tp = Ker(s,-1) @ Ken(so+1).
€ Gy D Syt=t VEeT 2 XulTo) € Ker(so-1).
Se# 1 = dimy Ker(sqt1) = 1.
xk(T"l) = °f'L= SLAG Xe(T) |<°f,)s>=0}.
© Al orve Ker(satl) : Lo, oY) = 2.
SN = N~ A, vV
true for A=<orY, true fow- M€ Xa(T,).
B € XKT), AeX(T) =
(S B, 0 = AR, S AD = LB, A=<, aveY)
= (B2 = Lot A )R D = {p-{paa, A

U Sy b= p=LB AP
O



W-invariant form

£ XM X X (Mg — R any positive deFiuite
Symiwetric bilivear forw.

For of, € X'(T)g, set (o, B) = 3 Flwer, w.B).

wEeEW

Theu (-,+) 1s W-invariant, but not uunigue

(unless G is Semi-Sjmple).

Note: Gy not solvable = (B, = %’;5)_
True Yor p=of;

o> =0 = (%) =(sp, 89 = (p,-).

p'= €D | Gy wot Solvab(@}

Prop W= {sylere P>

Proof':

let |+ weW. _

Assume w-1 @ X7(T)p —=> X7(T)y, is bijective.
Choose oreP  (Possible siuce G o wot solvable.)
Choose Be€ X*(T)IR st o= (w-1).8 = w.p - B,

(®,%) = (w.p, we) = brep,orep) = (r,or) +261,0) « (3,)
= <%,o’,v>: (%) -l

G
> b =p-Lbiodor =+ = w.h
= KW =8
Reploce w — s w.
WLOG : w~[ wot bijective.



Y. T—T, ‘1”(’6) = (Wit) €' group hows.
Note: ((w-0.8)() = (w.p)#) p(&)" = p(¥()).
w-| uot HAJ&CLL!VG = Y(M&T

e + $= Ken(¥°® €T subtorus.
Z = 2g(8) € G closed connected.

Tuduction on dim(G):

ZS6: weN,(T) = we W(Z,T).
Tuduction = W(Z,T) = {$4 | Zoy not Solwable ),
Note: Zo € Go, W(2e,T)—=> W(Ga,T).

2=G: SEG central torus.
T: 6—G =6k T=T/,
m: WE,T) = w(e, T).
Tuduction = W(E, T) = {s5 | G5 wot solvable),
Assume Gy wot solvable.
Check: T (55) € WG, T) is a veFlection.
Choose ne Ng(T) s.t. Tn) = S5 € Né;,('_l').
=g T—T— Gu. (Gy solvable 7)
teTe > ntu' = s, sel
=1 > We2e(T) > t=witwi=ts" > =1
T — §sed8 | =1}, t— ntu't’
Tor couvected, tavget Fiuite = W€ 2g(Ty) = Gq

- *. n deFines veflection Sy € W(ES,T).



