LAG 22 2026-0Y4-|Y
lewma U unipotent counnected LAG.

H & U proper clogeol Conn. Sbgp, = H G Nu(H)°
Proot
e+ U ui[poteut connected = 2(W)° *€.

20 € H: H § 2(U)°H € NuH)®
ZW* € H: H=Hour ¢ U= YWy
Tnduction ou o) = H € Ng(A)°
Nu(H)/ 2wy = Ng(H).

. H € Nu(H)'
O

Semi-simple qroups of vaul 1

Assuwme vank(G) = ssrank (G) = 1.

TEBCG, T wax. tores, B Bovel.

G wot Solvable, W= Aut(T)= {83, dim(6/B)=1.

n=8seN(M-T. (6/B)" = %1.8, np}
Note: + ntu'= st =+ VteT.
e \" e Za(T).

U= nUn' = n'Un.



Lemma Assume rank(G) = sSrank(@) = 1.
(1) G-B = Unb.
(2 R6) = (unw)®
) dim(Wupu) = 1
Proo¥
(¢/8)® = §1.B]
Un.B = Bu.B = G/B - 21,83
. UuB = &-B.
Tsotrapy Jroup: uu.B = UNuBu'z UNU
Winu- —> Un.B bijective.
oo dim (u/unu‘) =1
UnuY € Ny((uaud®)® = (unu)® < U norwal.
U, T, Sul < N@((unu‘)°) = (uUnu-)® < G norwmal.
. (unu) ¢ REG).
rani(6) = scraul(@) = vank RE)=0 = R(G) unipotent.
. RE) € (aun)?
O
Llemma Assume G sewi-simple, vauk(6) = 1.
() dim(Uu)=1, Zg(T)=T, Ualu = e,
(2) L(G) = L(T) @ L) & L(U"),
() FlaeXAT): LMU) = e, LU= Qe
(4 UxB = UuB, (u,b) — unb (0. of varietres.



Proot
(U(\U')o =R@)=e = unu- Finite

=S dim(U) =1 = dim(p)=2 = dim(c)="1.
Te Z(T) €B  (siuce Zo(T) wilpatent),
. Z(T) =T
T wotwalizes Unu™  (Fincte set)

= T centralizes UNUT

UNU™ € Gu N 2(T) =e.
U: G—U 0. TeCU by couugation.
Joae XYT): tuk)t™ = U(()x) V teT, xeBy.
o LU) € Qe
Unzs(t)=e = o0
TCU: tnubdu' £ = ntfutu' = nular@®) %) !
LU € Gy,
dim(@) =3 = L6)=LT)e (W e (),
UxB C 6, (ublg=ugb.
$: UxB—G, d(u,b) = ub" eguivariaut map.
¢'le) = WaB = Unu=e = ¢ injective.
dé: L(u)@LB) = 1G], (XY) — X-X.
Coodr UTxB =5 UR € ¢ rso. of vais,

= UxPB £, Unp (Since U™ = I/\-IUM).
O



Thw Let G be sewi-simple of vank 1.

Ju: GQLBW oV Gu—T, or: T—> G,
n€Ng(T)-T such thot

0 Lo, =2

@ w=of(-1)

@ tuX)t' = ulxlt)x) VteT, xe G,

@ nu) v = Uy ) n o) ulyY) Vye Gu = G-l = K

Example : G =Sl aud G=PGL,:
U(X) = [o (J O(V(S) [o ,g"] 0(( ) = Qt W= [—( o]
G=SL, & o comorphisk. G=PGL, & o isomorphisi.

Note: Given TCBCG:
of aud oY ave uwigue : L(BY) = gfq.
W2 Gy —=—> By cau be clogen arbitrarily.
W depends ou u.

Note: Given 1eT, Cawn afse use
W) = tul) ™ = ulor@u) and w'= £



Application
Idﬁ: B = gs u(x)} = Q;MA‘ @Q (Q( Vai"l‘e'éy)
G-B = BuV\B = Zu(y)v\fu(?-)f = Ga" Gux Ca,

Def Given we {1,231, detive

H™ = (Gux 62) LL (6o Guex Ga)

with bivary operation:

(s,x)-(t2) = (st, t" +2)

(s.x) - (y,t.2) = (s™(x+y), s't, 2)

(©.1,0)-(t,2) = (0. t,2)
(0™, 2) i y=0
(v e, -yt 2] if yto
(v,s,X)-h = (1,0 (0,1.0)-(s.%)- lh, W e H™

(0,1,0)" (y,t, 2) ={

let G, u,ot% of, n be as ju Thw. Define wiaps ot sets:
o: HRP—6G; (s,x) = o'(s)ulx)
(v,s,%) — ulv)n of'(s) u(x)

¢: 6 — HO;  tui) — (), 2)
uly)n t ufz) — (v, =), z)

Exer: (N-¢4) =  G(h-h) = d()dlks)
(nggl) = ‘l’(&u)‘(’(gm)



\'4
Note : Gu q’T O(>GIM
lor,x"y=2 = oY (s0. or e is0.

Assuwme oV Iowmorphisma :

O: Gox CuxG, —= > G-B is. of varieties.
b: H® — G bijective,
~{
Schﬁ;> H® L G 1so. of LAGs.

Assuwe o Isomorphism :

P! G-B —=— Gyx GuxG, iso. of varieties.
$: G —— HY bijective.
6 ¥ HO ¥ p6l, iso of LAGS.



