LAG 24 2026-04-16

Proot of Thw

Tdewtify T = Gou= Gp-30} = K*

Choose w® G — Bu.

For some wieZ: £uldt’ = U(£) VEeT, xe 6y,
WLOG: m >0, (Rephce t —t)

Choose wn € Ng(T)-T

n e WG, T) has ovder 2 =
WeT and Wtu' = £ ViteT,
2

W=tz S =g
Gax Tx6q —— B B =G-B
(x,t,2) — udnt u)
Bu O nBin'=e = nul)w' e G-B vvyeT
3(’?{8,'/‘) . T_> Ga XTXGQ
nu) = ulEGD v gly) ulkly)) VyeT

Note: ¥(1)*0, siuce otherwie
ul) K = () ulh) = wed %

tvouly) W't =t ulf @) n gl ulub)
= U(t"f¢) tn '(:_'3(\/) u(t*hy))

Chooge t€ Gw Such that t“F) = -1



Replace: n +— tn
T — [y )]
g +— [Y‘%fhlg(y)]
h — [y £U)]
WLOG: F0) = - aud

nuly) = u(Fy)) v gl ulht)).
u(FC) 1 9l-v) ul(=n)
= nu-n vt = (Mul) )™
= (u(E&) n gly) ulhi)))
= ul-kly)) g6 W' ul-$6)
= ul-W) n V\zg(\/) u(-%(y))
s ¥y = -y and g(-Y) = MZQ(Y).

WEEY) 1 glt™y) ulh(ty)

= nuty) vt = Fuuly)n't

£ ulF&) v gly) ulnin)t

(™ FG) v tgly) ult™hk)

For s=¢", y=1: F(s) = sf() = -5~
his) = ~§6s) = -5”

nu ! = uly) W uly

n



ul-G+) ) B = nuly+Dn'B
nuy)n*null)n™*B
uy™) n 9l uCy) ul-0nB
ut~y") g™ n uly* - nB
uly) o) wl(y'+)"Yn B

= uly") ulgy) ™G +1)") nB
Sy =yt g (el

= g™ = (Y- () [y +1) = 2

i

1

m=1 gly) = y*

m=2 gy) =y: g =gy, £=tt
nuly) v = ul-y" ney ul-v"

Note: £uly) &' = ug?y) = uy).

Replace: n +— ne. WLOG: gy)=Yy.

)

Define: o: T—> Gu, ort)=t"
o't Gu— T, o) = gt) = £
Now: - (ef, ") = 2
« tuk)t = U(er(#)x)
cnuly) ' = uly) neMy) ul-y)
()™ = g(-v) = W gly) = n* y¥

m=1: nrt=l=o-1), m=2: n=-l=ao%I),
O



Prop 6 reductive LAG.

(N RG) = Z(6)° ¢ a central tovus.

(2) REG) N (6,6) is Finite.

Proot

R(¢) couvected solvable, R(G)y =€ = R(6) torus.
Zo(R6))° = NG (RG))° =6 = R(G) < 2(6).
2(6)° € G closed comn. solvable normal = 26\’ < R(G).
G € GL(V) closed.
V=0Ve , xe X*(R@)).

ve Ve, 9€G, s€REG) = s.(g.v) = g.(s.v) = 2()gv
G Ve = V.

let geREN (6,6).

Q: Vx_> Vo weelt. by 95(9)

ge(6,6) » 1 =detlg:y—V) = xlg)*™M<)

O

Note: G wnot solvable = dwm(c) 23,
Must have e *+T € B & G.



Reductive of semi-simple paule 1

Assume G is reductive, sSrauk(G)= L.
Fix TS B <SG, T wax. tores, B Borel.

(1)

(2)

(3)

(4)

dim(6/r) =2, dm(S/p)=1.

S/(e) semi-simple of vaule 1.

dim (&) = 3. dim(T/@®) =1.
2(T)=T.

T S Ze(T) ¢ B,

(6.6) sewmi- simple of vank 1.

(6,6) wnot solveble = dim(6.G6) = 12.
6.6) — G/R(e) Tinite aud surjective.

R(6.6) — fe¥ = R6.0) =e.
Must have vank(G,G) = 1.

T=@@6)NT, B =(@@6)NB =T xBy,.

T, € B, € (6:6) max. torus, Borel.

RE) €T (66) —> G/ —» GA

dim (66 nT) =1, dim((c6)nR)=1.

T° < B, € (6:6) max. torus, Borel. (B.:=(6¢:6) NB)
T € Ze)(T°) =T°

dim Bu= dim (BY)u=1 = B.=(B))y € 6.6).

B, = G.6) n(TxB,) =T xBy.

Note: T=T,RG), B = B R@®.



Choose U : Go— Bu.

Jlore XHT): tuk)t' = uleo(t)x) VteT, xe G,

(5) LG)=LT)® P ® Fox 5 P = L(Bu),
B =TxB.. L(B)=LT)e® L(B.).

Def: REG,T) = %D{, -t} poots of @, M),
Note: o e X*(T) voot of (6,T) & o ¥0 aud L(G), *0.

6) L(G,G) = LT)® Gor ® o

() w(.6), T) = W(e,T)
Sq € W represented by .i,,éN(G(G)(T«),

(8) o€ Xu(T) € X (T):
Def o”:G,—>T, by ¥, o™ = 1.
Show:  Sq.0f" = —of"
(8- %) (t) = 8, (")) = &, oA"R) ] = a"t)”

(9) | MGN(G_‘G)(T:) - T such that:
W= Y-y aund
nui) n = uly) nely) ul-y) Yye Gu.



