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Note: Assume T<B <G, B Bovel
Auy chavacter %€ X(T) extends uniquely to Z:B—> Gu.
B=TwB,. x(u) = X{).

Prop G semi-sjmple of vaule f, T€B< ¢, B Borel,
L(B) = L(T)@ L(G).
Assume X€ XNT), o* Fekl6] caticfy:
V 3€G, beB: F(gk) = XY F(9). Then:
(1) {x,%%) 2 0.
(1) (X, VY =0 & £ coustont.

Proot
NBu'B € G deuse subset = £ uwot zero on B!

fn ut) w') = Fuly) noly) ul-y™)
k._..-—y—--_.._._./ Vv
poly(y) 0 = \/<x'°f 2 Flulyn)
poly(y™).

o,y 2 0.

(o) =0 = fnuly)w') constant

a = £ constant = {(Xa%) =0.



Assume ssprank(G) =1:

TCBCG wax. torue, Borel.

6 ——> & = 6/ps)
U U
B > B = B/pue)
u o v o_
T — T2 546,
t&
Iy

T

Note: Given b€ X*(T):
peR(GT) & 240 aud LIRSy + 0.

Note: oV = &Y € XulT).

oots

G counected LAG. T S G wax. torus.
Given ore X¥T):
Tu = Ker(=)° €T, Gy =Zs(T), Ry= RulG).

Recal(: sStanl(Gy) £ 1
Def: R(6,T) = fore X(T) | o0 andl L(Ga/Rer)er #0 3.



Llewma o+ e RG,T = oa'+pY

Proof
Assume oV = B

let (-,-) be W-iuwvariaut, Syw, pos. deFinite,

Z(qIP) _ vy — v\ — — 2_(%,0()
(%% B <°('?)> - <c¥'°{> 2= (orser)

= (er,or) = (+,8) = (¢, B).
(-8, or-p) = (er,or) = 2(=, @) + (B, &) = 0.
a
Root datum: Y = P(E,T) = (X R, X RY)

X=X(T)EZ" lattice.

R=RGT) & X

X" = Xu(T) olual lattice.

R = for | ereR}

Twplicit: Bijection Re—> 1R’ of <=>ofY

Proper-ties /Axioms

) <ef, q¥) = 2 VereR.

® s, R=R and s..R"=R"
= s'c,GPé;‘,

True since G
S S b

YR, T) is reduced: o€R > R AR = jord
Teue since pelear = To =T, = G = Gq.
Notes
* Risa root system in Spang(R) < X(Ty.
+ Dual oot datum (X%, RY, X, R) satisfies same axiows.
« Weyl group of (X, R, X R'): W=<So: A€R) € Aut(X),



Positive roots

let xeR L(6/Re) = L(T) ® ko ® Koo

B(GW)T = EB‘){, B—o{}.

By € G, unique Bovel st. T<By aud L(Bu/Raly * 0.

let BSG Borel, TS BEG
R*(B) = §ereR | B,cBY, R(B)=§ereR|B.,<BE

Note: « R(C,T) = R*(B) L R(B)
o €R'(B) © By=GaNB & L(S~0B/p.). #0.

Prop R'(B) SR, T) is a system of positive roots:

JLeXNT): R*(B) = $ere R | {x,o"p> > O},
Proot
G/B < P(v) equiV. pio). embeda(fmg.

G — GL(V) vat pep., LB =[] € PW)®
Jx:B—G6Gu: b.v=2X0Lv VbeB.

Choose £:V—> L linear such that

L(Mer.v) £ fv) VeareR where Wy € (6,Gy) ~B.
Def. F:G—k, F(g) = L(gv).

Fe k{G] and F(qb) = Z(b)F(g) VYV géG, beB.

let ereR*(B). G, = Gy/Rx veductive, sstank(G) = 1.
x(Re) =1 = Flg, < k6™ = kIG].

B,S B = F(gb) = A(b) F(3) V g€ Gy, b€ By,

F(V\,f) * Fe) = F|@°‘ not constaut on (Gu,Gx).

oAy >0
a



Two voots

(X, R, X% RY) voot datum.

Assuwe o, B € R wot parallel.

o= SySp € Gllv), V= Spqmﬂf_ot’,%g.
T *1 and det(e)=1 = (1) #0.
a = (&, pO(p,x") e

rop a€i0,1,2,3% ord(o)€$2,%,4,6%
and Lo, ') =0 & (B, =0.

g

of
Q.o = Se{.(c{—<q/,‘?;">g) = (a—()o( - <°f'?’v>e’
g.p = -S4.p = (p, et — B

g

xe(A) = (A+1-a)a+D +a = (a+1)2 - a(a+l) +a.
X)) =0 & A= 3za-1t3l-t.

O €W hes finite order = o dl'agoua(l'zab(e /C.
E;Bemva/ue.s are roots of unity * 1.

a<0 o~ ax¢: Real egenvalue *-1. %

a=0: A=-l, ool (o, f)= D=0
a=1: A=-3t3J2  ardo) = 2

a=2: )= t\-1 ord(s) = 4.

a=23: A= 3*3V3 ord(s) = 6.

O



