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Assume o1, B € R wnot parallel.

Cor Lo, B> <0 = or+peR
(r,B>>0 = o-peR

Proof

(e, =-1 = o+p = spor e

(B> =-1 = or+p = 5,8 €R,

,8'3>0 = (-e,B'd<0 > -or+peR
O

let R*S R be a choice of pesitive yoots.

Cor J we (S, Spd: Wor >0 aud w.p>0.

Proof

o= SQ,S‘%.

o%=1 and X(l)*#0 = 1+5+~+gl+g''=0.
WLog: p>0  (Else replace o> Spor, pr>S.B.)
Choose d20 minimal with 0% >0 or o%4.0>0.
0% <0: w= g%, worlks.

o0 >0: w=09 worlks

- since 4B = 0% s, (-B) > O.



Unipotent Radical
G counected LAG, T €6 wax. torus.

( N Bu>

BT

Bovel

Given o€ R(G,T), set Coy=<C,(Bu).

Lemma Co ic unipatent and dim(Ce/c) ¢ 1.

Proot
T wormalizes C and Ce.

L(C) =@ L(C)x c L(Cor) =& L(Cor)x, ¥ € X*(T).

Show : L(C)x = L(Co{)x for Y#o and
dim L(Co)ey £ dim L(C)ey + 1.

¥=0: L(G)o = L(G.), Go= Zg(T) =T xZs(T)u
Ze(Mu € C. Lo = L{Ze(Mu) = LCw)o.

Assume ¥ *O.
Note: B>T = R, € (BNG)u € Bu.
. Ry € C.

L(R¢)y < L(C) S LGy = LGyly
ctim (LE)/1(c)y) < dlim L(Ce/Re)y €
Evough : L(C)?f & L(Co{)x = ¥ =c.

Assume L(C)y § L(Co)y amd ¥ #of.
Then YeRE.T) aud L(Co)y = LG)y.




Cloose B2 T.
Chicose weW st were R (B), w.¥ e R(B)
Replace B — w'Bw.
o e R'(B), YeR(B). B.< B, By <B.
Coq = {C, (Bx)u? € Bu = Cq unipotent.
L(C¥/Rg) = L(T) @ ky @ ky

L(B-¥/Ry) = L(T) @ ky
S L(Co)y € LB), = L(B-y)y & L(6y)y. #
Thw Ru(6) = () Bu)”
Proot
B>T = Ru6) € Bu

. Rul6) € ¢ = () Bu)
C closed connected unipotent.

Enough: C< G wnorwmal.

G geverated by Gy For all ¥ X*(T).

G geverated by T, C, Cx For all 4eR(G/T).

Cor conn. unipotent, C § Co proper cloged comm.
= C§ N (€)°  (LAG 23)

. C wnormalized by Ce.

. C< G wnormal.
O



Reductive groups
Assume G s reductive (and connected).
T <6 wax. torus. R = REG,T).

(1) S €6 subtorus = Zg(S) is peoluctive.
wLoGe S<T. Z = Zg(S), T<Z wax torus.

Ral(Z) = (10 ,B)°
(gg (ZOB)“) < (BQTBu)°=e

(2) Ze(T) =
Zs(T) is veductive and Wilpatent.

(3) Z(G) €T

(1) R=S5e X¥T) |or+0 aud [(6)s £0}
o e RHS = G, = Zs(Tx) is reductive.
L(Gor)or = L(G)c{ 0

5) veR = dim L(6)y =1.
€ L6)= LT & & LG),
or€R

LB) = LT & & LEG),, B>T Borel
o eRt

I

(7) dim(c) = dim(T) + IRI.
dim(B) = dim(T) + 3[R,



Connected [AG
G any couvected LAG. T € G wax. torus.

T: G— G = 6/Ru(e) reductive quotient.
Tolentify T = T(T), wmax. torus in G.

() U< G closed unipotent normal = U< Ru(G)
U < Ru(6).
m(U) € G Finite normal unipotent,
mu) € Z(G) € T.
mu) = e.

let SS G be a subtorus. Set 7= ZG(S)_
2 Ru(Z) = ZnRu6).
WLOG SCT

Ru(6) < G wormal

= ZnRu6) QZ uarmal & unipotent.
= /Zn Ru(@) c Ru(Z)

(3) Z/Ru(z) —> Z5(S) is injective.



(4)

(5)

oe XHT) > Gu/p,—=> G,

G"‘/Rof = 50:

Both groups are veductive ot ssvomk £ L.
Same woax. torug T,

ssvamie(Go/p) =1 = ssvauk(G) = 1.

Assuwe ssvani(G,) =1.
So € W(G,,T) ¢ W(G,T) = W(G,T).
Sec € Na(T) vepresentative.

T, € Z2(G,) = S identity on T,
= ,.SO(E ZG(T«) = Go(.

Sy € W(G,T) = WG/R,,T)
= ssvauk(G/p,,) = 1
L(T) S L), LGo/Ra)e = L(Gar,

R(6,T) = R(&,T).
L(G/R)e ¥0 < L(Gy)y 0.

(%) Z/p.(2) =5 Zz(8)  isomorphism,

R(Z,T) = §er e RGT) | x(s)=1} = R(Zz(s),T)
dim(Z/2.(2)) = dim(T)+|RZ,T)| = dim(Zz(s)).



