LAG 27 2026-0¢-23
From wow: G veductive (comnected) LAG. TS G wax. torus.

R=RET) wot systeus.
W=WC(E,T) = Ne(T)/T Weil group.

Givew o eR: T = Kew(er)®, Gy = Z6(Ty).
By € Gor uunique Bovel st T<Bs ouol L(Bo)ey = 0.
Usy = (Bay)u & Ga.
Note: G = (T, Uy €R)
L) = Un e (L))

Note: (Gu,6er) = {Usr, U-er),
H = {Utx) € (6o,Go) by LAG 24
HS (6,6o) = olim H =2
= H < (6+,6) Bovel = HyuZ6a 4

Thwm G semi-simple 2 G = (6,6) = (U 7R
Proot

H= (0 l(e\r(w))o < T

H STy € Z(6y) $orall xeR = HeZ2(¢)=e.
= Spamp(R) = X*(Mp = T= (o(6u) : oreR>
FY(6u) € (Go, Goy) = {Uster)
6 =T, Uy TR = (Uy = re >
(é.,, < (&,6%) ¢ (6,6) = G=(606)




Cov G veductive.
() G = R6)(6,6).
(0 (6.6) i sewi-simple.

(3) (6.6) — G/pe) is Fiwte aud surjective.
Proot

G = G/RE) semi-simple = G = (§,8) = G =R(6)(6.6).
Recall: R(6) n (6.6) is Finite,

Usr € (G, 6) € (G,6) VoreR,

" 6,6) —> GR©G) Fiuite & suv:jec:ﬁive,

2G.6) —e = 6.6) =
O

Prop. I H counected solvable LAG, S€H max. tonus,
Ui, .., U € H closeol subgps. Assuwe

(1) U; £6a

@) L(HS) = L) & ~© L{U).

3 S¢ NG.(U,).

“ L(u) = LH),; , e XTs).

(s) l.'*j = &,4-'@%
Then U, x Upx -~ x Uy, = Hu 0. of vareties.

(), by, oy ty) > Uil Ui,



Proof )
Show: Sx Ux-xUs—=> H

WLOG wn2|.

3 closed vormal NAH st N6, and N <€ Z(Ha) (LAG (3).
LIN) € L(H..) S$-stable subspace.

LIN) = L) For some .

H'= Zp( Ker(95)°).

L(H") =K§__ijz.<m?r = [(s)e L(W).

SKN = H' = SxUj.

. N = H; = b(J.

WLOG: N= Uy (since N ¢ Z(Hu).)

T H—> . Ker(dm) = L),

Note: U; N Uu = € Tor (%1

U; = ™Us), S =5 r(s). .
Tuduction om . = Sx Ucx -~x Uy —> H/um.
$Y: SxUx-xU, — H bi(jective.
A%, e, o bijective = U bivatioual,

Zarisk] = ¥ fsowowphiswt.
d

Fix totel order ou R,

Cor TSBSG, B Bovel = T Uy —> Bu.
ore R*(B)



Choose Uy : G —> Uy for each seR.

PV‘OBQ Let or,pe R, o348 I constants i€l

(Uylx), uply)) = MH%&R Uiegajp(Cij XTY)
i,y >0
Proot
WLOG: of, g€ R*= R*(B), T<B<G
(us(x), C(p(\/)) € Bu = (uylx), UQ(Y)) = ﬂ_‘_ub’(%(xl‘f)).

Bly) = 2 Cx xiys € Kix,v].

),J>O

t (Urtx), @) = ;Q;z* T Uy(Rel,y) £
= (Uglere)x), up(plly)) = TT o e (¥(0) Belsir).

V) Rlxy) = R(r®x, 8] = T b (ertede) (pov)®

UJ>O

= Z(C” xy3) (ier +jp) (t)

I,J>O
Linear indepencdlence of characters:
c}{-‘ *0 > Y= ier+jp, P,(x,y)=c,§xfy.i,
ote: e = (U0, Uplo)) = tu(Chx).

. Clo = 0.

Symumetry ci=o.
O



Clioose system of positive roots R¥C R

Def The height of oreR™ is
Wt(r) = max §unelN |ore R*+ RM-+R*Y

n

Prop.3 Assume A € RY sotisties
or,peAd = (INer+INg) N R < A

Then H = {Ux: X€A) s unipotent aund
JGFA Uey =5 H o of varieties.

Proof

Choge BeA with Wi(p) minimal.

A=A-58Y, H'=(Us: oeA)

Tudluction o Al = HlMMiPO'fer and ;rl-ﬂ‘uqi”? H!

Prop.2 = U worwalizes H'

S H= Up X H'

(H,H) € H' = H solvable.

Up € Hu aud HuSH subgroup = H=H, unipotent.

T normalizes H = TxH solvable.

g\rop. L = WUAL H.

Cor RYSR system of positive roots

= B= (T, Ues: °f€Q+> € G Bopel sub3v~oup.
Proof

H_:-,(uq :or € R s unipotent, T ¢ Ng(H).

B = TXH is solvable, diwm(B) = dim(T)+ [R*].
)



Note: :BT: fB ?_Tz —> E‘R*‘QR gsteM of pos woots‘i
B +— RX(B)
(T, Uy Ry «—1 {7

WC R simply trancitive.
R*(w.B) = w.R'®B)

Def: R, R* are adjacent if IR*n R+ = |RY - 1.

Lemma R, g adjacent = 3! peRT: = SB'R+
Proof

A= T R*=Augp}, R*=Aui-pl

let r€A. spox =% —{,pDp.

(e, BY> € O: Spor € R+\§P§ = A

(o, 8 2 0t Sper € RIi-p} = A,

“e SQ.A = A. S?’% = '%.
O



