Primal Problem:
Maximize z = 3x2 — T3 — T4 — T5 — Ts
subject to
X + x3 + x5

To + T3+ T4 =
x1 + T2 + x5 <

T3+ T4 + x5 + 226 >

X1, %2, X3, T4, T5,Te > 0

_ NN ==



Dual Problem:
Minimize 2’ = wy + wy + 2w3 — wy
subject to

w1y + ws >
W + W3 >
w1 + wa — wy > —1
Wa — wy > —1
w1 — wy > —1
wg — 2wy > —1

w1, wo unrestricted; ws,wyq >0



Phase 1 Problem:
Minimize 2" = y; + y2 + y3
subject to
1 + 3 + Ts + U =
To + T3+ T4 + Y2 =
Tl + X2 + g+ X7 =
T3 + x4 + x5 + 276 — Ts +ys =

— N =

T1,T2,T3,T4,T5,T6,L7,T8,Y1,Y2,Y3 > 0

Slack variables: z7,x5 Artificial variables: y1,y2, Y3



yl
y2
X7

y3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 1 0 1 0 0 0 1 0 0
0 1 1 1 0 0 0 0 0 1 0
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 0 0 0 0 0 0 0 1 1 1




yl
y2
X7

y3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 1 0 1 0 0 0 1 0 0
0 1 1 1 0 0 0 0 0 1 0
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 0 0 0 0 0 0 0 1 1 1




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

X3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
-1 -1 0 1 1 4 0 -2 0 0 3




yl
y2
X7

X3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
-1 -1 0 1 1 4 0 -2 0 0 3




yl
y2
X7

X3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
-1 -1 0 1 1 4 0 -2 0 0 3




X8
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
1 1 0 0 0 1 1 0 0 0 0
1 0 1 0 1 0 0 0 1 0 0
1 -1 0 -1 1 0 0 0 2 0 1




X8
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
1 1 0 0 0 1 1 0 0 0 0
1 0 1 0 1 0 0 0 1 0 0
1 -1 0 -1 1 0 0 0 2 0 1




X8
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
1 1 0 0 0 1 1 0 0 0 0
1 0 1 0 1 0 0 0 1 0 0
1 -1 0 -1 1 0 0 0 2 0 1




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
2 0 0 -1 1 1 1 0 1 -1 0
1 0 1 0 1 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 1 1




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
2 0 0 -1 1 1 1 0 1 -1 0
1 0 1 0 1 0 0 0 1 0 0
0 -3 1 1 1 1 0 0 0 0 0




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
-1 1 0 1 -1 0 0 0 -1 1 0
2 0 0 -1 1 1 1 0 1 -1 0
1 0 1 0 1 0 0 0 1 0 0
0 -3 1 1 1 1 0 0 0 0 0




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
-1 1 0 1 -1 0 0 0 -1 1 0 0
2 0 0 -1 1 1 1 0 1 -1 0 2
1 0 1 0 1 0 0 0 1 0 0 1
-4 0 0 4 -3 1 0 0 -4 3 0 -1




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
-1 1 0 1 -1 0 0 0 -1 1 0 0
2 0 0 -1 1 1 1 0 1 -1 0 2
1 0 1 0 1 0 0 0 1 0 0 1
-4 0 0 4 -3 1 0 0 -4 3 0 -1




X8

X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
-1 1 0 1 -1 0 0 0 -1 1 0 0
2 0 0 -1 1 1 1 0 1 -1 0 2
1 0 1 0 1 0 0 0 1 0 0 1
-4 0 0 4 -3 1 0 0 -4 3 0 -1




x1

X2

X7

X3




x1

X2

X7

X3




x1

X2

X7

X3




x1

X2

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
0 0 0 1/5 15 1 1/5 -2/5  -15 -15 2/5 2/5
0 0 1 1 1 2 0 -1 0 0 1 1
0 0 0 0 -3 -7 0 4 0 3 -4 -1




x1

X2

X6

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




x1

X2

X6

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




x1

X2

X6

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




x1

X2

X6

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 0 5/3 1 1 0 213 -1/3 2/3 2/3 13 13
0 0 0 715 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




x1

X2

X6

x5

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3

1 0 -2/3 -1 0 0 2/3 13 13 -213 -1/3 2/3
0 1 1 1 0 0 0 0 0 1 0 1
0 0 -1/3 0 0 1 1/3 -3 -1/3  -13 13 13
0 0 5/3 1 1 0 213 -1/3 2/3 2/3 13 13
0 0 8/3 3 0 0 1/3 2/3 -1/3 8/3 -2/13 7/3




Ty T2 Z3 Ty T5 Tg X7 €8 Y1 Y2 Ys
T 1 0 —2/3 -1 0 0 2/3 1/3 1/3 —2/3 —1/3 2/3
To 0 1 1 1 0 0 0 0 0 1 0 1
|0 0 -1/3 0 o0 1 1/3 -1/3 -1/3 -1/3 1/3 | 1/3
x| 0 0 5/3 1 1 0 -2/3 -1/3 2/3 2/3 1/3 |1/3
0 0 8/3 3 0 0 1/3 2/3 -1/3 8/3 —2/3 7/3

Opt. sol. to Primal Problem: 7 = (2,1,0,0, 3, £)
¢’+ final obj. row = (0,3,3,2,-1,-1
Opt. sol. to Dual of Canonical: w = (—%, ,
Opt. sol. to Dual of Primal: w = (-3, % 3,5)



Rerun two-phase algorithm.

Stop Phase 1 as soon as 2" = y; + y2 + y3 reaches zero.



yl
y2
X7

y3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 1 0 1 0 0 0 1 0 0
0 1 1 1 0 0 0 0 0 1 0
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 0 0 0 0 0 0 0 1 1 1




yl
y2
X7

y3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 1 0 1 0 0 0 1 0 0
0 1 1 1 0 0 0 0 0 1 0
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 0 0 0 0 0 0 0 1 1 1




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

y3

x1 X2 X3 x4 X5 X6 x8

1 0 1 0 1 0 0 1
0 1 1 1 0 0 0 1
1 1 0 0 0 1 0 2
0 0 1 1 1 2 -1 1
-1 -1 -3 -2 -2 -2 1 -3




yl
y2
X7

X3

x1 X2 X3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
-1 -1 0 1 1 4 0 -2 0 0 3




yl
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 -3 1 1 1 1 0 0 0 0 0




yl
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3
1 0 0 -1 0 -2 0 1 1 0 -1
0 1 0 0 -1 -2 0 1 0 1 -1
1 1 0 0 0 1 1 0 0 0 0
0 0 1 1 1 2 0 -1 0 0 1
0 -3 1 1 1 1 0 0 0 0 0




yl
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 1 0 0 0 1 1 0 0 0 0 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 -3 0 0 0 -1 0 1 0 0 -1 -1




yl
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 1 0 0 0 1 1 0 0 0 0 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 -3 0 0 0 -1 0 1 0 0 -1 -1




yl
y2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 1 0 0 0 1 1 0 0 0 0 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 -3 0 0 0 -1 0 1 0 0 -1 -1




yl
X2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 0 0 0 1 3 1 -1 0 -1 1 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 0 0 0 -3 -7 0 4 0 3 -4 -1




yl
X2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 0 0 0 1 3 1 -1 0 -1 1 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 0 0 0 -3 -7 0 4 0 3 -4 -1




yl
X2
X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

1 0 0 -1 0 -2 0 1 1 0 -1 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 0 0 0 1 3 1 -1 0 -1 1 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 0 0 0 -3 -7 0 4 0 3 -4 -1




X2

X7

X3

x1 X2 x3 x4 x5 X6 X7 X8 yl y2 y3

-1/2 0 0 1/2 0 1 0 -2 -12 0 12 0
0 1 0 0 -1 -2 0 1 0 1 -1 0
1 0 0 0 1 3 1 -1 0 -1 1 2
0 0 1 1 1 2 0 -1 0 0 1 1
0 0 0 0 -3 -7 0 4 0 3 -4 -1




X6

X2

X7

X3

x1

X8

yl

y3

-1/2

5/2

-1/2

12

-1/2

3/2

12

-1/2

712

12

712

-1/2




X6

X2

X7

X3

x1

X8

yl

y3

-1/2

5/2

-1/2

12

-1/2

3/2

12

-1/2

712

12

712

-1/2




X6

X2

X7

X3

x1

X8

yl

y3

-1/2

5/2

-1/2

12

-1/2

3/2

12

-1/2

712

12

712

-1/2




X6

X2

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

-1/2 0 0 1/2 0 1 0 -2 -12 0 12 0
-1 1 0 1 -1 0 0 0 -1 1 0 0
1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
1 0 1 0 1 0 0 0 1 0 0 1
=712 0 0 712 -3 0 0 12 =712 3 -1/2 -1




X6

X2

x1

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




X6

X2

x1

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




X6

X2

x1

X3

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 0 1 3/5 3/5 0 -25  -1/5 2/5 2/5 1/5 1/5
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




X6

X2

x1

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

0 0 0 1/5 1/5 1 1/5 25  -15 -1/5 2/5 2/5
0 1 0 2/5 -3/5 0 2/5 1/5 -2/5 3/5 -1/5 4/5
1 0 0 -3/5 2/5 0 2/5 1/5 3/5 -25  -1/5 4/5
0 0 5/3 1 1 0 -213 -1/3 2/3 2/3 13 13
0 0 0 7/5 -8/5 0 7/5 6/5 -7/5 8/5 -6/5 9/5




X6

X2

x1

x5

x1 X2 X3 x4 x5 X6 X7 x8 yl y2 y3

0 0 -1/3 0 0 1 1/3 -3 -1/3  -13 13 13
0 1 1 1 0 0 0 0 0 1 0 1
1 0 -2/3 -1 0 0 2/3 13 13 -213 -1/3 2/3
0 0 5/3 1 1 0 -213 -1/3 2/3 2/3 13 13
0 0 8/3 3 0 0 1/3 2/3 -1/3 8/3 -2/13 7/3




