SoLuTION TO HW 7

2.4 5(F).
Definition: Let {4; : i € N} be an indexed family of sets.
Set U1 = Al.

For n e N, set Upy1 = Uy, U Apg1.
For n € N, we define (J!_, A; = U,.

2.4 5(g).
Definition: Let x1,x2,... be a sequence of real numbers.
Set p1 = 1.

For n € N, set Pn+1 = Pn * Tn+1-
For n € N, we define [[\, z; = pj.

2.4 6(c).
Theorem: Vn € N: Y7 20 =2n+l — 3

Proof. (i) Basis step: For n =1 we have Y 2/ =2 =2""1 2,
(ii) Inductive step: Let n € N.
Assume that 1, 2¢ =27t — 2,
[Note: We assume the identity for this specific n.]
Then we obtain

ZZH-ll 21 _ (Z?:l 2L) 4 2n+1 _ (2n+1 _ 2) + 2n+1 —9. 2n+1 _9— 2(n+1)+1 —9.

[Note: And now we have proved that the identity holds for n 4 1.]
(iii) Conclude by PMI: Vn € N: Y% | 20 =27+l — 2, 0O
2.4 6(e).

Theorem: Vn € N: Y1 i —(%)2.

Proof. (i) Basis step: For n =1 we have > ;i* =1= (%)2
(ii) Inductive step: Let n € N.
n . 1)\2
Assume that Y 3 = (%) .
Then we obtain ) , )
Z;Hll i3 = (Z;z . i ) 7’L+1 (n(n+1)) 7’L+1)3 _n (n4+1) + (4n+4)4(n+1)

_ (n? +4n—&-4)(n—|—1)2 (n+2) (n—&-l)2 ((n+1)(n+2))
- 4 2

(iii) Conclude by PMIL: Vn € N: 37 | % = (@) ' 0




2.4 7(h).
Theorem: Vn € N: 3" > 1 4 2™,

Proof. (i) Basis step: For n = 1 we have 3" =3 =1+ 2".
(ii) Inductive step: Let n € N.
Assume that 3" > 1 + 2™.
Then we obtain
3l =3.3">3(142")=3+3-2">1+2-2"=1+2"F
(iii) Conclude by PMI: Vn € N: 3" > 1+ 2™

2.4 7(m).
Theorem: Vn € N: %34—%0—&-%‘ € 7.

Proof. (i) Basis step:
Fornzlwehave%34—%5—1—%:%—i—%—l—l—g:}—g:1,Whichisaninteger.
(ii) Inductive step: Let n € N.

3 5
Assume that % + % + % €.
Then we obtain
1)3 1)° 7(n+1
(nJg ) + (nJg ) + (Tg )
_ n®43n%43n+1 n®+5nt+10n3+10n°45n+1 Tn+7
- 3 + 5 + 13

_n® 32 | 3n ;1 , n® | 5n?t 10n® 10n% | 5n ;1 , Tn | T
=3t T3 ts3ty+5 +t 5 +t5 t5+ts5+tm 15

3 5 2 4 3 2
(5 E R (g (b
= (T +2+2)+ (n*+n+nt+2n°+2n2 +n) + 1.
The first parenthesis is an integer by the induction hypothesis,
and the second is an integer because n is an integer.

It follows that (ED% 4 (4?4 Tetl) ¢ g7
(iii) Conclude by PMI: Vo € N: = 4+ 2 4 T2 ¢ 7,




