Giambelli formulas for orthogonal Grassmannians
Anders S. Buch

Joint with Kresch and Tamvakis.

Type A: X = Gr(m, N) = {V c CV | dim(V) = m}

B= ;; | c GL(N) acts on X
Schubert variety = B-orbit closure
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— Partitions A\ =(A\; > Ay >--- >\, 20) =4 C m x (N —m)

Xn={VeX|dm(VNCPri)>jVl<j<m}

pj = N —m +] - )‘j

codim(Xy) = |Al = >\

H(X;Z) = @, 2 [X]

Schubert caleulus: [Xi] - [X,] =>_, ¢§,[X)]

say: applications to enumerative geometry

c5,, = Littlewood-Richardson coef.

say: Rep. theory of GL(m), sym. fcns., eigenvalues, etc. LR rule.

0-S—-C¥—-Q—0

cp = cp(Q) = [Xp] = [Xorm]

H*(X;Z) =Zlci,...,cN—m] / (relations)

Pieri rule: ¢, - [X,] = EH[XM}

1 = A+ horiz strip of p boxes = PICTURE

Giambelli formula: [X,] = DETERMINANT = det [cx,+j—i]

Set co=1and ¢, =0 for p <0

Compute LR coefs: [X,)] - [X,,] = det(ex,+5-i) - [Xu] = D2, X ,[Xu] — compute
with Pieri rule.

€ H*(X)

mXm

Orthogonal Grassmannians.
Orthogonal form (—, —) on CV def. by (e;,e;) = 6itj N+1
Y = 0G(m,N) ={V c C¥ | dim(V) = m and (V,V) = 0 (isotropic) }
Write N =2m + K, so Y = OG(m,2m + K)
Def: A=(A > Xy > > \,,) is K-strict if no part > K/2 is repeated.
Example: A = (6,5,3,2,2,1,1,1) is 4-strict.
Assume ACm x (N —m—1)
YAa={VeY |dm(VNCPr)>;jVl<j<m}
pj:N—m+j—/\j—#{i§j\)\i+/\j2K+j—iand/\i>K/2}.
N odd: Y = SO(N)/P of Lie type B. {¥3} = set of Schubert varieties.
N even: Y = SO(N)/P of type D.
K/2 ¢ \: Yy is a Schubert variety
K/2 ¢ A Y\ =Y/ UY, union of two Schubert varieties
v = {V eV, | dim(V NCN/2) > £ (\)}
) = #5: N > K/2)
GN/2 (..., %,%,0,0,...,0) if N/2+lx(N)+1iis even
(k..o %,0,%,0,...,0) if N/2+ lx(N)+1is odd
DYNKIN DIAGRAM, involution ¢, t(Yy) = Yy, ¢(Y)) =Y
Say: Schubert varieties in even OG behave like roots of real polynomial!
H*(Y;Z) has Z-basis {[Ys] : K/2 ¢ A} U{[Y]],[Y)]: K/2 € A}
Say: Combinatorics of Schubert basis for even OG is special case soup!
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Y, ifp< K/2
Cp — cp(Q) — [ P] . /

2ly,] ifp> K/2
N odd: H*(Y;Q) = Qle1, ¢y ..., c] / (relations) , L:=N—m—1.
N even: H*(Y;Q) :Q[cl,...,c}(m,c’}’(/z,...,cL] / (relations)

CIK/2 = [YI/(/2]’ C/I/</2 = [Yllé/z]a CK/2 = C/K/2 + 0/1/</2

Max orthogonal Grassmannian.
Assume K =1, Y = OG(m,2m + 1)
Schub varieties Yy given by strict A = (A > -+ > A\ > 0) with \; < m.
Pieri rule (Hiller and Boe): ¢, - [Ya] =3, 2Ny, ]
sum over strict g = A + horiz strip of p boxes
N(X\, u) = # components of 11/
Giambelli formula: Set oy = 25N [Yy] € H*(Y)
Ta,b = CaChb + 2 Zj21(_1)jca+jcb*j

Schur: o), = Pfaffian [‘Uw\j]me = ,/det [U,\i,,\j]

Other extreme.
Y = 0G(m,2m + K), K > )\ : Behaves like type A.

Raising operators.
a=(ag,ag,...,qp)
Def: Rijjoo= (a1,...,a; +1,...,a; —1,...,ap)
Set co = [, o,
If R monomial in R;;’s, set Rco = Cra ACTS ON INDICES!!!
Type A (K > /\1) : [Y)\] = det [Cz\i-l-j—i]me = (Hi<j(1 — Rl])) C)

Max OG (K =1) : [V;] =27/, [det [ox,2,] = 27N ([],; T7t) e

. '71731,-
Def: For A K-strict, set Ry = I n<rxrjmi( = Big) I o0, > 04— TR,
Thm (BKT): [Ya] = 27« MR} ¢y € H* OG(m,2m + K)

Say: Thm also true in QH — no ¢ correction terms.

Even orthogonal Grassmannians.

Assume N even.

v: H*(Y;Q) — H*(Y;Q) involution.

H*(Y;Q) = H*(Y;Q)1 & H*(Y;Q) 1

Prop: H*(Y;Q)1 =Qley,...,c] =@, Q- [Y)]

Set A, — {[Y/\’} — Y/ i K/2€A

else

Set Y = OG(m —1,N —1)

Note: Qlcy, ..., cr] acts on both H*(Y) and H*(Y).

Def: /\+K/2 = (Al,.. .,)\j,K/Q,)\j+1,.. .,)\g) where j ZEK(A)

Prop: The linear map ¢ : H*(Y;Q) — H*(Y;Q)_1 defined by [Y ] — A, ko
is an isomorphism of Qlcy, ..., cr]-modules !!!

H*(X;Q) = Qlex, ... en] - Axjo = D52 Q- Ax

Ax/2 = Cipy = Co



General Giambelli formula.
Assume A = p+ K/2.
V3] = 53] + 380 = 3] + 30(V )
=27 (Ryen + G (R 10)
=27x M1 (Ryey + Agjo Rl ic)

Remarks.

1) Giambelli formula also true in quantum cohomology — no ¢ corrections.

2) The Giambelli formula implies a new construction of Billey-Haiman polyno-
mials for Grassmannian Weyl group elements, in terms of raising operators.



