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8. APPROXIMATION OF INTEGRALS

Basic idea: replace the function by its interpolating polynomial and use the integral of the
interpolating polynomial as an approximation to the integral of the function.

8.1. Basic Numerical Integration Rules. Let P, be the polynomial of degree < n in-
terpolating f at zg,...,x,. Then f(z) = P,(z) + flzo,...,zn, x]tb,(z), where ¥, (x) =

[[j_o(z — ;). Hence,

b b b
/ f(z)dx = / P,(x)dz + / flzos - -y xn, x|t (x) du.
To simplify the error formula, we can use the Mean Value Theorem for integrals, i.e.,

Theorem 8. Let g(x) be integrable and of one sign on [a,b]. If F(z) is continuous on [a,b],
then

ijFWz»g<x>dx:=<F<5>]Cbg<m>dx

for some £ € [a, b].

Applying this theorem, we get that if ¢, (x) is of one sign on (a, b), then
b b b
/ f(x)dr = / P.(x)dx + flzo,...,zn, €] / () de.
Furthermore, if f € C™*!, then
b 1 i) b
_ _ n—+
B() = [ @) = Pl de = gm0 [ o),

There is then a further simplification, since ¢, (z) can be integrated exactly.

Another case when the error formula can be simplified is when fab tp(x) dr = 0. Noting
that

flxo, - s T, Tpy1, 2] = flTns1, o5 - o Tp, ] = lwo, s @ny 2] = flTni, 2o, 2]
T — Tntl
~ flro, @, 2] — flwo, ..o Ty T
B T — Tpyt ’
we get the identity:
flzos - s xn,x] = flxo, .., Ty Tnga] + flzos - o Tpy Tngr, ) (2 — 2p01).

Hence

b b
E(f):/ f[xo,...,xn,x]¢n(x)dx:f[arg,...,xn,xn+1]/ p(x) dx

b b
—I—/ f[xo,...,mn,xnﬂ,x](:v—xnﬂ)ﬂ)n(x)dm:/ flzo, - xn, g, ) (2 —2pg1)n(x) de,
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since f V() dz = 0.

If we can choose x,11 € [a,b] so that (z — z,,41)1,(z) is of one sign in (a,b), then we will
get

1

b b
E(f) = f[g:(): s 7xn>xn+1>€] / (l‘ - xn+1>¢n($) dx = mf(nJrQ)(n)/ wnﬂ(x) dx

for some 7 € [a, b].
Examples:

n=0. f(z) = f(xg) + flxo,z](x — x0). Then

/f Ydz = (b—a)f(xo) /f:vo, (x — x0)

If g = a, then ¥y(x) =  — a is of one sign, so

/f Vdo = (b— a)f(a) + /(1 >/<x—a>dz=<b—a>f<a>+f’<n><b—a>2/2.

If xy = b, then ¥y(x) = x — b is of one sign, so

/f Ydz = (b—a)f(b) + F'(n >/<o:—b>d:c=<b—a>f<b>+f'<n><b—a>2/2.

These formulas are known as rectangle rules.

If zg = (a+b)/2, then 1y(z) is not of one sign on (a,b), but [ ¢o(z)dzr = 0. If we choose
T = X, then ¢ (x) = (z — x¢)? is of one sign, so we obtain

b 1 b
| i == asar i+ g0 [ o @ b/Pd
= (b~ a)f(fa+B)/2)5 ()b — )

This formula called the midpoint rule.

n=1 f(x)= f(zo)+ flzro, z1)(z — xo) + flro, z1, 2|(x — 20)(x — 21). If we choose zp = a
and z1 = b, then ¢y (z) = (z — a)(x — b) is always of one sign on (a, b), so we get

b b b
[ #@ris = [ f@)is@ + flaie - aydo+ 57 [ @ o= bda

= (@)~ a) + fla b6~ a)*/2 ~ =5 ()b~ a)

= 222 H @) + 1)~ 5 £ )b — )’

2
Formula called Trapezoidal Rule.

n=2 f(x)=f(xo)+ flro, z1](x — o) + f[x0, T1, To](x — x0)(x — 21) + flT0, T1, T2, T| (T —
x)(z—x1)(x—1x9). Now for g, x1, 22 distinet points in [a, b], ¥e(z) = (x—x0)(z—21)(z—22)
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is not of one sign in [a,b]. But if g = a, 1 = (a + b)/2, x5 = b, then f Po(x)dr = 0. If
we choose 23 = z1, then 13(x) = (z — a)(z — [a + b]/2)*(z — b), which is of one 81gn in [a, b].
Hence, we get the error formula

/abf(x) dx—/abP2<x> dr = (b;a)5f<4><n>.

The resulting quadrature formula is:

/abf(x)a@z

In general, formulas obtained by integrating interpolation points using equally spaced
interpolation points are called Newton-Cotes quadrature formulas. There are two types: (1)
closed formulas in which the end points of the interval are used in the integration formula
and (2) open formulas in which the end points of the interval are not used and the other
points are symmetrically placed.

- [f(a) +4f([a+b]/2) + f(b)], Simpson’s rule.

8.2. Composite Numerical Integration Rules. In practice, we use composite formulas
based on integration of piecewise polynomials, i.e., we subdivide the interval [a, b] into subin-

tervals [xz 1,%;], where a = g < 1 < ... < zxy = b and use the fact that fff(x) dr =
Z ~1 J,,, f(x)dx. We then approximate each of integrals f;’_l f(x) dz by one of the formu-
las Just developed and add the results.

Consider the case when the interpolation points are equally spaced, i.e., x; = a + ih,
i=0,...N,sothat h = (b—a)/N. Set f; = f(a+ sh) so that f; = f(x;). We then obtain

composite quadrature formulas.

Example: Composite Midpoint rule

/ F@) de = hfiyn + BB FOE)/24, & € o,
Ti—1
so that

/ I x—hZfH/ﬁ Zf@)(@)

The error term can be simplified by using the mean Value theorem for sums:

Theorem 9. Let F(x) be a continuous function on |a,b], let z1, - - - , x, be points in [a,b], and
let gv,- -+, gn be real numbers all of one sign. Then Y. | F(x;)g; = F(§) >, g; for some
¢ € [a,b]. Choosing F(z) = fP(z), x; = &, g; = h/24, we get that if f@ is continuous on
[a,b], then

’ A P e
flayde —hY  firp = NO(E) = ——h ().
a i=1
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Note that if | (x)| < M for all 2 € [a, ], then by choosing h sufficiently small, we can
achieve any desired accuracy (neglecting roundoff error in the computation).

Composite Trapezoidal rule:

/I flx)dx = g[fm + fi] =B fONE) /12, & € [wiy, @)

so that
N

[ rwyde - hZ[leJrfz——Zf (©)

i=1

:h[lf0+f1+f2+"'+fN—1+§fN]_

2 12

Composite Simpson’s rule: (on N subintervals)
N h 1 (0" L
f(z)dz = g[fifl +4ficip+ fil - 90\ 3 &), & €[z, v

so that

5 N
/f Z[fz l+fz 1/2+fz ( ) Zf fz

_h SN f oy b—a (h\"
—g[fo+fN+ ;fri- ;fim]— 130 (5) ).

If an upper bound on the proper derivative is known on the interval [a, b], then the error
formula could be used to determine a value of h (or equivalently the number of subintervals)
that would guarantee any desired accuracy. Since often a bound is not known, or even if
known is a worst case estimate, one does not usually precalculate the number of subintervals
needed to guarantee a given accuracy. A more usual approach is to define an iterative proce-
dure which is know to converge to the integral and stop when two successive approximations
agree to a prescribed tolerance.



