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4.6. Divided differences. Defining the divided difference f[xo] = f(x¢), we can generate
the polynomials P,(z) recursively. Beginning with Py(x) = f(x¢) = f[zo], we obtain
Pi(x) = Po(x) + flxo, z1)(z — xo) = flxo] + flxo, z1](x — o).
Then
Py(z) = Pi(x) + flxo, x1, 22|(x — o) (x — 27)
= flxo] + flxo, z1)(x — x0) + flxo, 21, T2](x — 20) (2 — 27).
In general, we get the formula:
n i—1
(4.2) Pu(z) =Y flxo, ..z [[(= = ),
i=0 =0

where we define H]_:lo(x —xz;) =1
Formula (4.2) is known as the Newton form of the interpolating polynomial.

In order to use formula (4.2), we must of course be able to evaluate the divided difference
flzo, ..., x;]. Using (4.1), we have that

f (o) f(a1) f(z1) — f(z0)

flwo, m1] = + - '
To— X1 T1— X T — o
and
X, T1, Ta] = [ (o) fla) f (@)
flzo, w1, 2] (2o — 21)(z0 — T2) + (1 — o) (21 — 22) " (22 — o) (2 — o)

Observing that
f(x1) B f(x1) f(x1)

($1 - $o)($1 - 302) B ($1 - -’Eo)(xo - 952) ($1 - IQ)(% - $2)’

we can rewrite
f[x())mlaxQ] == {

The reason for writing f|zg, 1, 23] in this form is that it indicates an easy way of generating
divided differences recursively. We can show in general that
f[wla"'axn] _f[x[)?"'axnfl]

flzo, - 2n] = .
Tn — Zo

fx2) — f(z1) _ f(a1) — f(xo)

T2 —951) € —530)

}/($2 — 1) = flr, o] — f[%,a:l]'

To — Xo

This formula allows us to generate all the divided differences needed for the Newton formula
in a simple manner by using a divided difference table, rather than using formula (4.1). We
illustrate such a table in the case n = 4.

The divided differences in the table are calculated a column at a time using the formula

Flos o i) = flwicn, - ] — flog, . >$i+k71]‘
Litk — Ly
The coefficients needed for the Newton formula are then found at the beginning of each
column.
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TABLE 1

Divided difference table

Tk f(xk) f[a] f[??] f[vw] f[mv]
zo  f(20)
f[x(h 1’1]
1 f(21) [lxo, z1, 7]
f[xlax2] f[l'o,xl,l'g,mg]
T2 f(952) f[9617962,373] f[ﬂUo,l“l, T2, 1’37%4]
f[fUz, 563] f[fli'l, T2, 553,334]
vz f(x3) flaa, 23, 4]
f[x37 1’4]
vy f(24)

Note how entries are added to the table each time a a new data point is added. For
example, if we started with the entries in the table involving only the points g, x1, 2, 3, and
added the point x4, we would successively generate f[zs,x4|. flxe, xs, x4, flr1,xe, T3, 24],

and finally f[xg,z1, 22, 3, 4], the additional divided difference needed for the construction
of Py(x).

We shall return frequently to the idea of degrees of freedom of a function f. These are
quantities that uniquely determine the function f. In all our applications, these will be
values of f or its derivatives at specific points, or possibly moments of f, i.e., quantities
of the form f x) dx for some integers f > 0. Note that a function may be uniquely
determined by several sets of degrees of freedom, and the choice of which ones to use and
how to represent the function will depend on the application. For example, we can also
represent any polynomial of degree < n by its Taylor series expansion about a point g, i.e.,

" PO (g ,
Py(x) =) L()(x — 20)’.

=

In this representation, we see that P,(x) is uniquely determined by the quantities PU) (),
e., its derivatives up to order n at the point xg.

4.7. Interpolation error. We now turn to an analysis of the error f(z) — P,(z), for = #
Xg, ... Z,. For the moment, consider z fixed, and let P,.; denote the polynomial of degree
< n+1 interpolating f(x) at zg, x1, ..., x, and . Using the Newton form of the interpolating
polynomial, we know that

Poii(x) = Py(x) + flzo, ..., &0, T H T — ;).
7=0
Since P,4+1(z) = f(Z), we have by the above formula that

f(Z) = P.(Z) + flxo, ..., Tn, T H T —xj),

j=0
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and so a representation of the error is given by

(4.3) f(@) = Po(z) = flzo, ..., 20, 7] [ (2 — ).
7=0
We next find an equivalent expression for f[zo, ..., z,, Z], valid when f is sufficiently smooth.

Definition: Suppose r is a non-negative integer. Then f is a function in C"[a,d] if f and
its first r derivatives are continuous on [a,b]. So C°[a,b] denotes the space of continuous
functions on [a, b] and we shall use C~![a, b] to denote functions which may be discontinuous
on [a, b|.

Lemma 1. Let f € C*[a,b] and xq, ..., x) be distinct points in [a,b]. The there exists a
point € € (a,b) such that f[xo,x1,..., 7] = fFF(E) /K.

Proof. Let Py(z) denote the polynomial of degree < k interpolating f at xz,...,x; and
define e (z) = f(x) — Py(x). Observe first that ej(z) has at least k£ + 1 distinct zeroes at
the points x, ..., zg. Since f and therefore ey is differentiable on (a.b), we can use Rolle’s
theorem to conclude that between each two adjacent zeroes of ey(z), there exists at least
one zero of e (x). Hence e (x) has at least k zeroes in (a,b). Since f and therefore eg(x) is
k times differentiable in (a,b), we can continue this argument to conclude that e} (z) has at

least k — 1 zeroes in (a,b), and finally that ek ) has at least one zero in (a,b). If we denote
that zero by the point £, then

0=e(&) = FP () - P (©).
Now by formula (4.2),

k i—1
Py(x) = Z flzo, -,z H(x — ;) = flzo, ..., vx)z" + polynomial of degree < k.
=0 i=0
Hence Pk(k)(m) = flzo,...,z]k! for all z and so flxo,...,zx] = f®(&)/k! for some £ €
(a,b). O

Combining Lemma (1) with the representation of the interpolation error given by formula
(4.3), we get the following result.

Theorem 4. Suppose that f € C"[a,b] and that P,(x) is a polynomial of degree < n that
interpolates f at the n + 1 distinct points xy, ..., z, € (a,b). Then for all x € [a,b], there
exists a point £ € (a,b) (depending on x) such that

fn+1 n
R O H

Proof. If x is equal to any of the interpolation points x;, then the equation holds since
both sides are zero. If x is not equal to any of the interpolation points, we have from the
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representation of the error given by (4.3) with £ = x, that

n

f(x) = P,(z) = flzo, ..., zn, 2] | |(z — ;).

5=0
Since the n + 2 points zy, ..., T,,z are all distinct, we can apply Lemma (1) to conclude
that flx, ..., o, x] = fPF(€)/(n + 1)! for some & € (a,b) (depending on ). Substituting
this result gives the theorem. U

Note that since £ is not known explicitly, this formula can not be used to find the actual
error. This is not surprising, since f can take on any value at non-interpolation points.
However, the theorem can be used to find an upper bound on the interpolation error if we
have more information about the way the derivatives of f behave. The following results
follow directly from the theorem.

Corollary 3. Suppose the conditions of Theorem (4) are satisfied. If max,<e<p |f™HD(€)] <
M, .1, then

(4.4) |f(x) — P.(x)| < me—xo)(aﬁ—xl)---(x—xn)|, for all x € [a,b]
and

M,y
(4.5) max |f(z) — Fu()] < (1)1 e, |(z = zo)(x — z1) -+ (& — mn)].

Let us now consider an application of these results to find a bound on the error in linear
interpolation. Recall that the linear polynomial interpolating f(z) at xo and x; is given by
Pi(z) = f(xo) + flro, x1](x — o). If & € [wo, z1] and max, <e<y, | ()] < Ma, then we have
by (4.4) with a = x¢, b = x; that

M.
7@) = Pi(o)] € 2w = o) (@ — )|, forall 2 € [o,)

and by (4.5) that

MQ M2
soSase; |[f(2) = Pi()] < Ty aolax [(z = zo)(z —11)| < ?(951 — )7,

since the maximum occurs at the midpoint (z¢ + x1)/2.



