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5.3. Bounds for eigenvalues. For some iterative numerical methods for finding eigenval-
ues, one needs to have an initial guess for the eigenvalue. In that case, the following result
can sometimes be useful.

Theorem 18. (Gershgorin) Let A = (a;;) and let C; denote circles with centers a;; and radii
ri = 2%1 la;j|. Let D = U}, C;. Then all the eigenvalues of A lie in the set D.

Proof. If X is an eigenvalue of A, then there exists an eigenvector x # 0 such that Az = Az,
ie, Y0 agx; = Avi, i =1,...,n, which we rewrite as

(A—aii)xi:Zaiﬂ:j, Z:L,n
o
Let zj, be the largest component of z in absolute value (so zj # 0). Then applying the above
with ¢ = k, we have

n
A — arllzil < lang||zl-
Tk
Since |z;| < |zy| for j # k, we get

‘)\ — akk] S Z \akj\ =Tk.
s
Hence, A € C) C D. Since A is an arbitrary eigenvalue, all the eigenvalues of A lie in D. 0O

Corollary 4. The spectral radius of A, p(A) < maxi<i<n 5y lai]-

Proof. For any eigenvalue A, there is some k such that

n
Al = ] < 1A= ape] < fawgl,
gt

n n
A<D las| < maz; y  ag;).
P =1

and so

One can also establish the following more precise version of Gershgorin’s theorem.

Theorem 19. If k Gershgorin circles of the matriz A are disjoint from the others, then
exactly k eigenvalues of A lie in the union of the k circles.

Example: Let
1 107* 1074
A=|10* 1 10
107* 107* 2
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Then
Ci=Co={N:]A=1]<2x107"}, Co={N:|]A—2/<2x107"}.

Hence two eigenvalues lie in C; and one eigenvalue lies in Cl.

5.4. Power method. We begin the study of numerical methods for finding eigenvalues
and eigenvectors of a matrix by considering the power method, which can be used to find
approximations to the dominant eigenvalue and corresponding eigenvector of a matrix A.
We will assume that A is real, has a complete set of eigenvectors, and that the eigenvalues
of A satisfy:
Al > o] = [As[ = -+ = | Al

In particular, \; is real, since if it was complex, A\; would also be an eigenvalue and since
|A1] = |A1], our hypothesis would be violated.

Let ', --- , 2™ denote a set of linearly independent eigenvectors of A, with ! the eigenvec-
tor corresponding to ;. Let ¢y denote an initial approximation to z', where we assume that
|zl = |lqo]] = 1. We may choose any norm, but for simplicity, we take ||z!||oc = ||qo]lcc = 1.

The power method then defines a sequence {g} by
Q1 = Agr/ o, where 0}, = || Agr||co-

Hence, ||gx+1|loc = 1. We then have the following result.
Theorem 20. Suppose that qo = 12t + Yow? + - - - vz, where v, # 0. Then
lim g sgn(A}) = (sgn 1),

e., {qx} converges to a unit eigenvector associated to \;.
Although 2! is not known, a random choice of gy will usually have the desired property.

Proof. Using the expansion for ¢y, we have
¢ = [nAizt +yeder? + -+ "] oo,
@ = [MAIrt + A 4 - A2 /oo,

qr = [’Yl)\]fl'l + ’YQ)\’SZCQ + -+ ’yn)\flx”]/[aoal s O'kfl],
= Mmz! + 72/ M)f2? + -+ (A /M) 2" /o001 - - ]
Since ||gx|loo = 1 for all k, [Aj/A\i| < 1for j =2,...,n, and o; > 0 for all 4,

L e I B 2
k—o0 007 * )\1 )\1 k—o0 09071 *** Of—1
Hence,
/\"”| A2 An 71
1 )\k‘ — 1 | 1 ranNk 2 " k,ny _ /1 l.
im_ggsgn(Ay) = lim P (mz +72(A1) . (Al) "] = -k

Thus, except for possible sign changes, {q,} converges to +z?. O
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The rate of convergence depends on the ratio |[A\o/Ai|. To see this more precisely, we
observe that

0' O’ ...O'k_ n )
122 = 2l = 1 oG /M)
1 =2

</l /A < e/l il < Cle/M

=2 =2
where we have assumed that the eigenvectors 2/ are normalized so that ||27|s = 1.

There are a number of ways to obtain a sequence of approximate eigenvalues. One method
is to suppose that u is any vector such that u’z! # 0. Although ! is not known, a
random choice of u will usually have this property. Now consider the sequence of eigenvalue
approximations given by py, = u? Aqy/(u’'q,). Then

)\k+1 )\2 k+1 )\ k+1
UTAQk = UkUTQk+1 =op————u [le + Yo 24t Yo [ 2 z"],
0001 Ok )\1 M
while
)\k A k )\n k
u g = ————u"[na! +72( 2) 2+, (—) z"|.
00071 "+ Og—1 A1 A\
Hence,
k+1 k+1
ul Agy u' et + 7 (f) Y <’;—”) "
= —7— = A 7
U gx

k
ulmat + 7 ( ) e <r"> "]
and it easily follows that limy . pr = A1.

When the matrix A is symmetric, a better method is to consider the Rayleigh quotient
sequence p, = qi Aqp/qt qx. Then, using the fact that the eigenvectors can be chosen to be
orthogonal, we have

ar Aqy = oxq} Qi
L Ao\ A\
=o—— et + e (2] P4t () 2T
0001 " * Oh—1 )\1 A

)\k+1 A k+1 )\n k+1
— e + 7 <—2) 2+t <—) z"]

09010k )\1 )\1

Allc 2 . ) AQ 2k+1 - ) hY 2k+1 )
o (M A2 An n
1 (0001'._0k_1> Yilletlz + 3 (/\1> 7]+ + 7 (/\1> (eI

while

)\k 2 )\2 2k A 2k
T 1 20,1112 2 2|12 2 n n||2
o =—2— 242 (2 e +~--+n<—) 2|2 .
fa= (2 ) g a2 (52) etz (52) Hz]
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Hence, it easily follows that
lim py = A\

k—o0
and the rate of convergence is proportional to (Ay/A\;)%, twice the rate of the eigenvector
convergence, and an improvement over the nonsymmetric case.

5.5. Inverse power method. Using the ideas presented above, we next consider a method
for finding an approximation to an eigenvector when a good approximation to an eigenvalue
is known. The method uses the following result.

Lemma 3. Let Ai, Aa, ..., A, be the eigenvalues of the matriz A and assume that A # A; for
t=1,...,n. Then if x* is an eigenvector of A corresponding to the eigenvalue X\;, x* is an
eigenvector of (A — A)™! corresponding to the eigenvalue (A — \;) L.

Proof. Since Ax' = \jx®, (\[ — A)z' = (A — \)z and so (M — A)~lzt = (A= \)"t2t. O

We now consider the power method applied to the matrix B = (A — A)7L, ie., qui1 =
Bqy /oy, where oy, = || Bgk||. The resulting method is called the inverse power method. We
know that this method converges to the eigenvector corresponding to the largest eigenvalue
of B. But this is the eigenvalue of A that is closest to A\. Note that we may write this
iteration in the form:

(A = A) 1 = Q1 = Gry1/ |Gyl oo
Hence, at each step we need to solve a linear system of equations. However, since we always

use the same matrix, only one LU decomposition is needed and then one backsolve per
iteration. In fact, if A is close to \;, the convergence is very rapid (a couple of iterations).

5.6. Rayleigh quotient iteration. For symmetric matrices, we can combine the use of
the Rayleigh quotient and inverse power method to produce a fast converging method for
the computation of an eigenvalue and the corresponding eigenvector. Given an approximate
eigenvalue A\’ and approximate eigenvector °, do the following steps for n = 1,2, ... until
convergence:

(i) Compute a new approximate eigenvector " by applying the inverse power method to
the eigenvector "~ ! using the approximate eigenvalue \"~!.

(i) Use the eigenvector " to compute a new eigenvalue A" by the Rayleigh quotient.



