MATH 575 ASSIGNMENT 6

1. Consider the approximation of the one dimensional heat equation u; = ou,, (for constant
o) by the generalized Crank-Nicholson method:
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% =13 (1= 0)[ufyy — 2u] + )]+ O[ufy — 2u)™ + ul ]}, 0<6<1.
a) Let 7(x,t) denote the local trunctation error for this method at the point (z,t) defined
by
u(z,t + k) — u(zx,t)
k
o
+o3 (1 —0)[u(z + h,t) — 2u(z,t) + u(x — h,t)]
+0u(z + h,t + k) — 2u(z,t + k) + u(z — h,t + k)]},
Show that the local truncation error of this method is O(k + h?).

b) If u satisfies the heat equation and is sufficiently smooth (so that uy = ouy,y) and 0 = 1/2,
show that the error in part (a) is O(k?) + O(h?).

T(x,t) = w(z,t) — ouge(x,t) —

2. Write a Matlab program to approximate the initial boundary value problem:
Up = Ugy, 0<z <, t >0,
u(0,t) = u(1,t) =0, u(z,0) = z(1 — x)
by the explicit method

g =)k = [y — 20+ ]
for the three mesh sizes (i) k& = 1/256, h = 1/16, (ii)) k = 1/512, h = 1/16, and (iii)
k =1/1024, h = 1/16. Plot the approximate solution and true solution on the same plot at
t = 1. Explain your results. Note that the true solution

8 1
u(z,t) = = Z Ee‘”%% sin(nmx)
n=1,35,...

and the first two terms of the series give a good approximation. See the file heatsoln.m for
some help in defining and plotting the exact solution.

3. Suppose the partial differential equation
Up = OUgy + Puy + au
is approximated by the difference equation
n+1
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Ul =207 + U+ ﬁ[U;lH = U]+ aUf
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and the boundary conditions u(0,¢) = 0, u(L,t) = 0 and initial condition u(x,0) = ¢(z) are
satisfied exactly by U at the appropriate mesh points. If a;, 3, and o are constants with
0>0,a#0,0<h<20/|8|, and ok/h* < 1/2, show that
a)

B < B[1+ [alk] + kr,
where

E" = Dax. lefl,  ef = u(jh,nk) = U}, 7 =max|r(z,1)],

7(z,t) denoting the local truncation error at the point (z,1).
b) By iterating this inequality and using the fact that 1 + = < e®, show that for ¢t = nk
laft _q
e

E"< —r1.
— e

¢) The local trucation error 7(x,t) has the form O(h®+k"). What are s and ¢ 7 (A derivation
is not required).



