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6. ITERATIVE METHODS FOR VARIATIONAL INEQUALITIES

We consider the iterative solution of the approximate variational inequality: Find u;, € K,
such that

a(up,vp, —up) > (fyon —uyp), for all v, € Ky,
where
Knp={v, € Vv, >4, €}
and V}, is the space of continuous, piecewise linear functions on a mesh 7, of €. If we write
up = z;\/ll a;j¢; and vy, = ZZ | Bi¢i, then the variational inequality becomes

Z&j ¢j>¢z) - Z(ﬂl_az)(fa ¢’L)7
for all a, B € K, where
k=A{8¢€R": 3 >(x;)}.
Defining A;; = a(¢;, ¢;) and b; = (f, ¢;), we can rewrite this in the form
(8 —a)’ (Ao —b) > 0,
and then in the form
(B —a)(a—la—p(Aa—1b)]) >0,

where p is a positive constant. If we define v = o — p(Aa — b), then we have that a = P,
where (Pyv); = vi if v > ¢r(x;), and (Pyy); = ¥r(x;) if 45 < r(x;). To see that this gives

the solution of the problem, let I denote the set of i where ; > ¢;(x;) and I~ denote the
set of ¢ where 7; < ¥(x;). Then for the choice o = P,7, we have

(B—a)(a—7)= Z(ﬂ — a)i(a —7);
=Y (B-a)la—7)i+ Y (B—akla—7)

elt iel—

_Zﬂ )iy = )i ‘1‘2 — ¥1(%:))(Yr(@i) —7)i 2 0,

elt el—

since the first sum is zero and the second sum is the product of nonnegative terms.

This form motivates the iterative method: Find o**! € k such that

(B =" (@ —[a* = p(Aa* b)) 20,  Benr

The solution in this case is given by o1 = P.[a* — p(Aa* — b)].

To analyze this method, we note that
Yi — i, if y; > ¥r( > Yy (
yi — (i), i yi > r( < i(
V(i) — zi, ity <r(x), 2 > dr(z;
O, lfyz<¢]($z,21<’¢(

(Pfty>i - (Pnz)z -
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Hence, [(Py)i — (Pxz)il < |yi — 2| and so

N N
1Py = Pezll* = Y 1(Pay)i = (P2l < Y lys — 2l = lly — =11,
i=1 =1

Then we get
la — a* Y| = [| Pl — p(Aa = b)] = P — p(Aa” = b)]|
< o = p(Aa = b) — [@* — p(Aa® = D)]|| = [|[[I — pA](a —2")]],
so we are exactly in the case of the corresponding analysis of variational equalities.

Since the convergence of this method will be very slow, we need to adapt the faster methods
for the solution of the linear systems arising from the discretization of partial differential
equations to the case of variational inequalities.



