
48 NUMERICAL SOLUTION OF PDES

6. Iterative methods for variational inequalities

We consider the iterative solution of the approximate variational inequality: Find uh ∈ Kh

such that

a(uh, vh − uh) ≥ (f, vh − uh), for all vh ∈ Kh,

where

Kh = {vh ∈ Vh : vh ≥ ψI , x ∈ Ω}

and Vh is the space of continuous, piecewise linear functions on a mesh τh of Ω. If we write
uh =

∑M

j=1
αjφj and vh =

∑M

i=1
βiφi, then the variational inequality becomes

∑

i,j

αj(βi − αi)a(φj, φi) ≥
∑

i

(βi − αi)(f, φi),

for all α, β ∈ κ, where

κ = {β ∈ RM : βi ≥ ψI(xi)}.

Defining Aij = a(φj, φi) and bi = (f, φi), we can rewrite this in the form

(β − α)T (Aα− b) ≥ 0,

and then in the form

(β − α)T (α− [α− ρ(Aα− b)]) ≥ 0,

where ρ is a positive constant. If we define γ = α− ρ(Aα− b), then we have that α = Pκγ,
where (Pκγ)i = γi if γi ≥ ψI(xi), and (Pκγ)i = ψI(xi) if γi < ψI(xi). To see that this gives
the solution of the problem, let I+ denote the set of i where γi ≥ ψI(xi) and I

− denote the
set of i where γi < ψI(xi). Then for the choice α = Pκγ, we have

(β − α)T (α− γ) =
∑

i

(β − α)i(α− γ)i

=
∑

i∈I+

(β − α)i(α− γ)i +
∑

i∈I−

(β − α)i(α− γ)i

=
∑

i∈I+

(β − γ)i(γ − γ)i +
∑

i∈I−

(βi − ψI(xi))(ψI(xi)− γ)i ≥ 0,

since the first sum is zero and the second sum is the product of nonnegative terms.

This form motivates the iterative method: Find αk+1 ∈ κ such that

(β − αk+1)T (αk+1 − [αk − ρ(Aαk − b)]) ≥ 0, β ∈ κ.

The solution in this case is given by αk+1 = Pκ[α
k − ρ(Aαk − b)].

To analyze this method, we note that

(Pκy)i − (Pκz)i =



















yi − zi, if yi ≥ ψI(xi), zi ≥ ψI(xi),

yi − ψ(xi), if yi ≥ ψI(xi), zi < ψI(xi),

ψ(xi)− zi, if yi < ψI(xi), zi ≥ ψI(xi),

0, if yi < ψI(xi), zi < ψI(xi).
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Hence, |(Pκy)i − (Pκz)i| ≤ |yi − zi| and so

‖Pκy − Pκz‖
2 =

N
∑

i=1

|(Pκy)i − (Pκz)i|
2 ≤

N
∑

i=1

|yi − zi|
2 = ‖y − z‖2.

Then we get

‖α− αk+1‖ = ‖Pκ[α− ρ(Aα− b)]− Pκ[α
k − ρ(Aαk − b)]‖

≤ ‖α− ρ(Aα− b)− [αk − ρ(Aαk − b)]‖ = ‖[I − ρA](α− xk)‖,

so we are exactly in the case of the corresponding analysis of variational equalities.

Since the convergence of this method will be very slow, we need to adapt the faster methods
for the solution of the linear systems arising from the discretization of partial differential
equations to the case of variational inequalities.


