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STOKES COMPLEXES AND THE CONSTRUCTION OF STABLE
FINITE ELEMENTS WITH POINTWISE MASS CONSERVATION∗

RICHARD S. FALK† AND MICHAEL NEILAN‡

Abstract. Two families of conforming finite elements for the two-dimensional Stokes problem are
developed, guided by two discrete smoothed de Rham complexes, which we coin “Stokes complexes.”
We show that the finite element pairs are inf-sup stable and also provide pointwise mass conservation
on very general triangular meshes.
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1. Introduction. In this paper we develop two families of stable finite element
methods for the stationary Stokes equations with no-slip boundary conditions:

−νΔu+∇p = f in Ω,(1.1a)

divu = 0 in Ω,(1.1b)

u = 0 on ∂Ω.(1.1c)

Here Ω ⊂ R
2 is a simply connected polyhedral domain, u and p denote the velocity

and the pressure of the fluid, respectively, ν > 0 is the kinematic viscosity (assumed
to be constant for simplicity), and f ∈ L2(Ω) is the external body force. A detailed
description of the notation used throughout the paper is given in the following section.

Our specific goal is to construct finite element pairs Xh,0 × Yh,0 consisting of
piecewise polynomials with respect to a simplicial triangulation that

(A1) are conforming, i.e., Xh,0 ⊂ H1
0 (Ω) and Yh,0 ⊂ L̊2(Ω);

(A2) are stable, that is, the Ladyzenskaja–Babuska–Brezzi (LBB) condition

C‖q‖L2(Ω) ≤ sup
v∈Xh,0\{0}

∫
Ω(div v)q dx

‖v‖H1(Ω)
∀q ∈ Yh,0(1.2)

is satisfied for a constant C > 0 independent of h;
(A3) produce divergence-free pointwise velocity approximations for the Stokes

problem.
Furthermore, we construct finite element spaces that satisfy these properties on very
general triangulations.

Conditions (A2)–(A3) address two types of numerical instabilities of the Stokes
problem (1.1). Condition (A2) implies that the divergence operator div : Xh,0 →
Yh,0 is surjective onto the pressure space Yh,0. It eliminates the so-called spurious
pressure modes and is a necessary and sufficient condition for the well-posedness of
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the discrete problem [8, 5]. Condition (A3), on the other hand, suggests the reverse
relation Yh,0 ⊂ divXh,0 and addresses the numerical instability due to poor mass
conservation. The enforcement of this condition (or the lack thereof) has been shown
to have dramatic consequences, even at moderate Reynolds numbers [17, 18, 11, 21].
More precisely, it is well known that if (A1)–(A2) is satisfied, but mass conservation
is only weakly enforced, then the error of the velocity approximation satisfies

‖u− uh‖H1(Ω) ≤ C

(
inf

v∈Xh,0

‖u− v‖H1(Ω) + ν−1 inf
q∈Yh,0

‖p− q‖L2(Ω)

)
.

If the viscosity ν is large and/or the pressure gradient is small, then the second term
in the right-hand side becomes negligible. In the other cases, the error scales like
O(ν−1).

Over the past 40 years, many finite element methods have been developed based
upon the velocity-pressure formulation of the Stokes problem on triangular meshes
(cf. [15, 5, 8]). However, the majority of these methods satisfy only conditions (A1)–
(A2); the third condition is only weakly imposed. Methods that fall into this category
include the well-known Taylor–Hood elements [5], the MINI element [2], the Bernardi–
Raugel elements [4], the Crouzeix–Raviert elements [8, VI, Example 3.6], and the
P2 − P0 finite element pair [5]. On the other hand, it was shown by Scott and
Vogelius [22, 25] that the Pk − Pk−1 pair (with Pk globally continuous and Pk−1

discontinuous) satisfy (A1)–(A3) provided (i) the polynomial degree k is greater than
or equal to four, (ii) the triangulation is quasi-uniform, and (iii) the triangulation
does not contain any singular vertices (i.e., vertices that fall on exactly two straight
lines). It was later shown that the spaces Pk−Pk−1 satisfy these conditions for smaller
values of k on very specific types of uniform triangulations [3]. Very recently, Guzmán
and Neilan constructed a family of finite elements that satisfy all three conditions
on arbitrary shape-regular triangulations. These properties are achieved by adding
divergence-free rational functions to H(div ; Ω)-conforming finite element spaces. As
far as we are aware, the Scott–Vogelius elements and the Guzmán–Neilan elements
are the only class of elements that satisfy (A1)–(A3). We remark that discontinuous
Galerkin methods [9, 10] and isogeometric methods [13, 14] have been constructed for
the Stokes problem that produce exactly divergence-free velocity approximations.

Similar to the Scott–Vogelius elements, we also consider globally continuous piece-
wise polynomials of degree k to approximate the velocity and piecewise polynomials
of degree k − 1 to approximate the pressure. Also similar is the requirement k ≥ 4.
The key difference of our approach is that we enforce higher regularity at the vertices
of the triangulation, namely, the velocity and pressure spaces are, respectively, C1

and C0 at the vertices. Due to this enhanced regularity, we are able to show that the
elements are stable on a general class of triangulations. The only assumption we make
is that the triangulation does not have any singular corner vertices. Equivalently, we
require that each triangle of the triangulation have at most one boundary edge. We
note that a similar assumption is required to carry out the analysis of the Taylor–
Hood elements (cf. [20, 6]). Besides the standard shape regularity assumption, this
is the only assumption we make on the triangulation; quasi-uniform meshes are not
required to carry out our analysis. The elements we derive have the disadvantage that
they require vertex degrees of freedom for the derivatives of the velocity functions and
are therefore not affine equivalent. On the other hand, they have significantly fewer
global degrees of freedom than the Scott–Vogelius elements.

The construction of our elements is closely related to two different smoothed
de Rham complexes (“Stokes complexes”). The first complex, originally introduced
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by Tai and Winther [19, 24] to develop nonconforming methods for the Brinkman
problem, is given by

R

⊂−−−−→ H2(Ω)
curl−−−−→ H1(Ω)

div−−−−→ L2(Ω) −−−−→ 0.(1.3)

The statement that (1.3) is a complex just means that the composition of two con-
secutive mappings is zero. The complex is exact provided the domain Ω is simply
connected [15, 24]; that is, the range of each map is the null space of the succeeding
map. In particular, the exactness of the sequence implies that (i) for every q ∈ L2(Ω)
there exists v ∈ H1(Ω) such that div v = q and (ii) if v ∈ H1(Ω) and div v = 0, then
v = curl z for some z ∈ H2(Ω). In addition, it is easy to see that

R

⊂−−−−→ H2(Ω)
curl−−−−→ H1(div ; Ω)

div−−−−→ H1(Ω) −−−−→ 0(1.4)

is also a complex. Here, H1(div ; Ω) consists of all vector-valued H1(Ω) functions
with divergence in H1(Ω). The exactness of the sequence (1.3) implies the exactness
of (1.4). Indeed, for q ∈ H1(Ω) ⊂ L2(Ω) there exists v ∈ H1(Ω) with div v = q. Then
trivially v ∈ H1(div ; Ω). On the other hand, if v ∈ H1(Ω) is a solenoidal function,
then obviously v ∈ H1(div ; Ω). It then follows from (1.3) that v = curl z for some
z ∈ H2(Ω).

A valuable tool to design stable finite element discretizations for the Stokes prob-
lem is to find analogous discrete subcomplexes of the Stokes complex consisting of
finite element spaces; i.e.,

R

⊂−−−−→ Σh

curl−−−−→ Vh

div−−−−→ Qh −−−−→ 0

and

R

⊂−−−−→ Σh

curl−−−−→ Wh

div−−−−→ Sh −−−−→ 0,

(1.5)

with Σh ⊂ H2(Ω), Vh ⊂ H1(Ω), Qh ⊂ L2(Ω), Wh ⊂ H1(div ; Ω), and Sh ⊂ H1(Ω).
We point out that the exactness of the discrete complexes implies condition (A3)
above. A natural starting point is to take Σh to be the generalized Argyris space of
degree k + 1 with k ≥ 4 (also known as the TUBA family) [12, 7, 1]. These spaces
consist of globally C1 piecewise polynomials of degree k + 1 (k ≥ 4) that are C2 at
the vertices of the triangulation.

The organization of the paper is as follows. After laying out the notation and
stating some preliminary results in section 2, we introduce the family ofH1(Ω)×L2(Ω)
conforming finite element pairs in section 3. Here we state the spaces and their
corresponding degrees of freedom and prove the LBB condition (1.2). In section 4 we
modify these spaces to construct a family of H1(div ; Ω)×H1(Ω)-conforming Stokes
elements and prove analogous results. Section 5 is devoted to the convergence analysis
of the Stokes problem. In section 6 we briefly describe a variant of the lowest order
elements with fewer degrees of freedom. We provide some numerical experiments in
section 7 which back up the theoretical results, and we end the paper with an overview
and some extensions in section 8.

2. Preliminaries. For an open set S ⊂ Ω and nonnegative integer m, we de-
note byHm(S) the Hilbert space consisting of all L2(S) functions whose distributional
derivatives up to order m are in L2(S). The space Hm

0 (S) consists of Hm(S) func-
tions with vanishing trace up to order m−1, and the space H̊m(D) consists of Hm(S)
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functions with vanishing mean. The corresponding vector Hilbert spaces are given by
Hm(Ω) := [Hm(Ω)]2 and Hm

0 (Ω) := [Hm
0 (Ω)]2. The divergence of a vector valued

function v = (v1, v2)
t is defined as div v = ∂v1/∂x1 + ∂v2/∂x2 and the curl oper-

ator applied to a scalar function is defined as curlw = (∂w/∂x2,−∂w/∂x1)
t. The

corresponding Hilbert spaces are given by

H(div ; Ω) : =
{
v ∈ L2(Ω) : div v ∈ L2(Ω)

}
,

H1(div ; Ω) : =
{
v ∈ H1(Ω) : div v ∈ H1(Ω)

}
.

Let Th be a shape-regular, simplicial triangulation of Ω [12, 7] with hT = diam(T )
for all T ∈ Th and h = maxT∈Th

hT . We denote by Eh the set of edges in the
triangulation Th and by Vh the set of vertices. Given a triangle T ∈ Th, we let Eh(T )
be the set of three edges of T and let Vh(T ) be the set of three vertices of T . We
denote the “patch” of the simplex T as ω(T ) := ∪T ′∈Th T̄∩T̄ ′ �=∅ T

′. For given T ∈ Th

we let nT denote the outward unit normal of ∂T . When there is no ambiguity we
simply write n, and if we want to emphasize that n is normal to an edge e ⊂ ∂T , we
write ne. The unit tangent of ∂T obtained by rotating n 90 degrees counterclockwise
is denoted by tT . Again, when there is no confusion, we simply write t.

For a simplex S ⊂ Ω and nonnegative integer m, we denote by Pm(S) the set of
scalar polynomials of degree less than or equal tom with domain S. The corresponding
set of vector polynomials is defined as Pm(S) = [Pm(S)]2.

We end this section by stating some well-known inverse and trace inequalities [7,
12] that will be used extensively in the analysis. In addition, we state a local surjective
property of the divergence operator on vector polynomials shown by Vogelius [25].
Below and throughout the paper, the letter C denotes a generic positive constant
independent of h that may take different values throughout the paper.

Lemma 2.1. Let k, m, and p be integers satisfying 0 ≤ p ≤ m and k ≥ 0. Then
there exists a constant C > 0 such that

‖v‖Hm(T ) ≤ Chp−m
T ‖v‖Hp(T ) ∀v ∈ Pk(T ), ∀T ∈ Th.(2.1)

Lemma 2.2. For any simply connected domain S with piecewise smooth boundary
∂S, there exists a constant C > 0 such that

‖v‖L2(∂S) ≤ C‖v‖1/2L2(S)‖v‖1/2H1(S) ∀v ∈ H1(S).

Hence by scaling, we obtain the following estimates on any element T ∈ Th:

‖v‖2L2(∂T ) ≤ C
(
h−1
T ‖v‖2L2(T ) + hT ‖v‖2H1(T )

)
.(2.2)

Lemma 2.3 (Lemma 2.5 in [25]). Let T ∈ Th and k be a positive integer. Then
for any q ∈ Pk−1(T ) with q(a) = 0 for all a ∈ Vh(T ) and

∫
T
q dx = 0, there exists

v ∈ Pk(T ) ∩H1
0 (T ) such that div v = q and ‖v‖H1(T ) ≤ C‖q‖L2(T ).

3. A family of H1(Ω) × L2(Ω) conforming finite elements.

3.1. The finite element spaces without boundary conditions. To describe
the first family of Stokes elements, we must define the corresponding H2(Ω) finite
element space and its degrees of freedom. We denote by Σh the C1 finite element
space consisting of piecewise polynomials of degree (k+1) that are continuous at the
following values (cf. Figure 3.1):
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Fig. 3.1. The degrees of freedom of the lowest order (k = 4) Argyris element. Here, solid circles
indicate function evaluation, larger circles indicate first and second derivative evaluation, and lines
indicate the mean of the normal derivative.

Fig. 3.2. The degrees of freedom of V (T ) (left) and Q(T ) (right) in the case k = 4.

Dαz(a) ∀|α| ≤ 2, ∀a ∈ Vh,

∫
e

∂z

∂ne
p ds ∀p ∈ Pk−4(e), ∀e ∈ Eh,(3.1a) ∫

e

zq ds ∀q ∈ Pk−5(e), ∀e ∈ Eh,

∫
T

zr dx ∀r ∈ Pk−5(T ), ∀T ∈ Th.(3.1b)

In the case k = 4 the last two sets of degrees of freedom are omitted.
Let Vh be the space of Hermite vector polynomials of degree k ≥ 4 [12, 7]. This

space consists of globally continuous piecewise polynomials whose degrees of freedom
are given by (cf. Figure 3.2)

Dαv(a) ∀|α| ≤ 1, ∀a ∈ Vh,

∫
e

v · q ds ∀q ∈ Pk−4(e), ∀e ∈ Eh,(3.2a) ∫
T

v · r dx ∀r ∈ Pk−3(T ), ∀T ∈ Th.(3.2b)

The pressure space Qh consists of piecewise polynomials of degree (k − 1) that are
continuous at the vertices. A set of degrees of freedom that uniquely defines such a
space are given as follows:

p(a) ∀a ∈ Vh,

∫
T

qr dx ∀r ∈ Pk−1(T ) with r(a) = 0, ∀a ∈ Vh(T ).(3.3)

It is simple to check that the degrees of freedom given above form a unisolvent set
for the finite element spaces Σh, Vh, and Qh. Moreover, the inclusions curlΣh ⊂ Vh

and divVh ⊂ Qh hold. To show that the first discrete complex in (1.5) is exact, it
suffices to show that dimΣh + dimQh = dimVh − 1.

From the degrees of freedom (3.2)–(3.3), one sees that dimΣh = 6V + (2k −
7)E+ 1

2 (k− 3)(k− 4)T , dimVh = 2(3V +(k− 3)E+ 1
2 (k− 1)(k− 2)T ), and dimQh =
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V +
(
k
2 (k + 1) − 3

)
T , where V, E, and T denote the number of vertices, edges, and

triangles, respectively, in the triangulation of Ω. Hence, dimΣh +dimQh − dimVh =
V + T − E = 1 by Euler’s formula. It then follows that the first sequence in (1.5) is
exact. In particular, for every q ∈ Qh there exists v ∈ Vh such that div v = q. The
stability of such a construction is established in the next lemma.

Lemma 3.1. For every q ∈ Qh there exists v ∈ Vh such that div v = q. Moreover,
there exists a constant C > 0 independent of h such that ‖v‖H1(Ω) ≤ C‖q‖L2(Ω).

Proof. Let w ∈ H1(Ω) satisfy divw = q and ‖w‖H1(Ω) ≤ C‖q‖L2(Ω), and
let wh ∈ Pk denote the Scott–Zhang interpolant of w [23]. We then define v1 =
(v1,1, v1,2)

t ∈ Vh by the following set of conditions:

v1(a) = wh(a),
∂v1,i
∂xi

(a) =
1

2
q(a),

∂v1,i
∂xj

(a) = 0 (i �= j)

for all vertices a ∈ Vh;∫
e

v1 · q ds =
∫
e

w · q ds ∀q ∈ Pk−4(e)(3.4)

for all edges e ∈ Eh; ∫
T

v1 · r dx =

∫
T

w · r dx ∀r ∈ Pk−3(T )

for all triangles T ∈ Th. We clearly have div v1(a) = q(a) at all the vertices. Moreover,
by integration by parts and (3.4) we have∫

T

div v1 ds =

∫
∂T

v1 · n ds =

∫
∂T

w · n ds =

∫
T

divw dx =

∫
T

q dx.

Thus, (q−div v1) ∈ Qh vanishes at all the vertices and has vanishing mean on each tri-
angle. Therefore by Lemma 2.3, for each T ∈ Th, there exists v2,T ∈ Pk(T ) such that
div v2,T |T = (q − div v1)|T , v2,T |∂T = 0 and ‖v2,T ‖H1(T ) ≤ C‖q − div v1‖L2(T ) ≤
C
(‖q‖L2(T ) + ‖v1‖H1(T )

)
. We then define v2 by v2|T = v2,T |T ∀T ∈ Th. The

function v2 is C1 at the vertices of the triangulation since ∇v2,T |T (a) = 0 for
all a ∈ Vh(T ). Thus, v2 ∈ Vh. Setting v = v1 + v2, we have div v = q and
‖v‖H1(Ω) ≤ ‖v1‖H1(Ω) + ‖v2‖H1(Ω) ≤ C

(‖q‖L2(Ω) + ‖v1‖H1(Ω)

)
. Thus, it remains to

show ‖v1‖H1(Ω) ≤ C‖q‖L2(Ω).
Set z = v1 − wh and ẑ(x̂) = z(x), where x = FT (x̂) and FT (x̂) = Ax̂ + b is

the affine mapping from T̂ to T . Here, T̂ denotes the reference triangle with vertices
(0, 0), (1, 0), and (0, 1). Since the degrees of freedom (3.2) form a unisolvent set over
Pk(T ), and since all norms are equivalent in a finite dimensional setting, we have
(m ≥ 0)

‖ẑ‖Hm(T̂ ) ≈
∑

â∈Vh(T̂ )

|∇̂ẑ(â)|2 +
∑

ê∈Eh(T̂ )

∣∣∣ sup
q̂∈Pk−4(T̂ )

‖q̂‖L2(ê)=1

∫
ê

ẑ · q̂ dŝ
∣∣∣2(3.5)

+
∣∣∣ sup
r̂∈Pk−3(T̂ )

‖r̂‖L2(T̂ )=1

∫
T̂

ẑ · r̂dx̂
∣∣∣2,

where we have used the fact that ẑ vanishes at the vertices of T̂ . By standard scaling
arguments, we have
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∑
â∈Vh(T̂ )

|∇̂ẑ(â)|2 ≤ Ch2
T

∑
a∈Vh(T )

|∇(v1 −wh)(a)|2 ≤ C
(‖q‖2L2(T ) + ‖wh‖2H1(T )

)
.

(3.6)

Next, let r̂∗ ∈ Pk−3(T̂ ) be a function satisfying ‖r̂∗‖L2(T̂ ) = 1 and

sup
r̂∈Pk−3(T̂ )

‖r̂‖L2(T̂ )=1

∫
T̂

ẑ · r̂dx̂ =

∫
T̂

ẑ · r̂∗dx̂.(3.7)

Set r∗(x) = |JF |−1/2r̂∗(x̂), where |JF | is the determinant of the Jacobian of F , i.e.,
|JF | = det(A) = 2|T |. Then ‖r∗‖L2(T ) = 1 and by (3.4) we have

∣∣∣ sup
r̂∈Pk−3(T̂ )

∫
T̂

ẑ · r̂dx̂
∣∣∣2(3.8)

= |JF |−1
∣∣∣ ∫

T

z · r∗ dx
∣∣∣2 ≤ Ch−2

T

∣∣∣ sup
r∈Pk−3(T )

‖r‖L2(T )=1

∫
T

(w −wh) · r dx
∣∣∣2

≤ Ch−2
T ‖w −wh‖2L2(T ).

Similar arguments show

∑
ê∈Eh(T̂ )

∣∣∣ sup
q̂∈Pk−4(T̂ )

‖q̂‖L2(ê)=1

∫
ê

ẑ · q̂ dŝ
∣∣∣2 ≤ Ch−1

T ‖w −wh‖2L2(∂T ).(3.9)

Applying the estimates (3.6) and (3.8)–(3.9) to (3.5) and using the approximation
properties of wh [23] we obtain

‖ẑ‖Hm(T̂ ) ≤ C
(‖q‖2L2(T ) + ‖wh‖2H1(T ) + h−2

T ‖w −wh‖2L2(T ) + h−1
T ‖w −wh‖2L2(∂T )

)
≤ C

(‖q‖2L(T ) + ‖w‖2H1(ω(T ))

)
.

Therefore by scaling,

‖v1 −wh‖2H1(T ) ≤ C
(|ẑ|2

H1(T̂ )
+ h2

T ‖ẑ‖2L2(T̂ )

) ≤ C
(‖w‖2H1(ω(T )) + ‖q‖2L2(T )

)
.

Employing the triangle inequality and summing over T ∈ Th, we obtain ‖v1‖H1(Ω) ≤
C
(‖w‖H1(Ω) + ‖q‖L2(Ω)

) ≤ C‖q‖L2(Ω). This completes the proof.

3.2. The finite element spaces with homogeneous boundary conditions.
We now discuss the finite element spaces incorporating homogeneous boundary con-
ditions. A natural approach is to take the spaces as Σh,0 = Σh ∩ H2

0 (Ω), Vh,0 =

Vh ∩H1
0 (Ω), and Qh,0 = Qh ∩ L̊2(Ω). Here we argue that this construction does not

form an exact sequence; in particular, the space Qh,0 is strictly larger than divVh,0.
Therefore these two spaces do not form a stable finite element pair for the Stokes
problem.

We arrive at these conclusions using a similar counting argument as in the previous
section. Clearly the zero mean value restriction implies that dimQh,0 = dimQh−1 =
V +

(
k
2 (k+1)−3

)
T −1. The requirement Vh,0 ⊂ H1

0 (Ω) can be achieved by imposing
the following constraints for v ∈ Vh,0: (i) v = 0 and ∂v/∂t = 0 at all boundary
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vertices; (ii) the (k − 4)th order moments of v vanish on each boundary edge. Note
that ∇v = 0 at all corner vertices of the triangulation. A corner vertex is a boundary
vertex such that the two adjacent boundary edges do not lie on a straight line. Denote
by V0 the number of interior vertices, E0 the number of interior edges, and Vb the
number of boundary vertices not including corner vertices in the triangulation. We
then find dimVh,0 = 2(3V0+(k−3)E0+

1
2 (k−1)(k−2)T+Vb). Last, we construct the

space Σh,0 by requiring all z ∈ Σh,0 to satisfy the following properties: (i) z = 0 and
∇z = 0 for all boundary vertices; (ii) the (k−5)th order moments of z and the (k−4)th
order moments of ∂z/∂n vanish on each boundary edge; (iii) the second tangental
derivative ∂2z/∂s2 and the mixed tangental-normal derivative ∂2z/∂s∂n vanish at all
boundary vertices. We then have dimΣh,0 = 6V0+(2k−7)E0+

1
2 (k−3)(k−4)T +Vb.

Since curlΣh,0 ⊂ Vh,0 and divVh,0 ⊂ Qh,0, it is easy to see that the sequence

0
⊂−−−−→ Σh,0

curl−−−−→ Vh,0

div−−−−→ Qh,0 −−−−→ 0

will be exact provided dimΣh,0 + dimQh,0 = dimVh,0. However, using the identities
T + V − E = 1 and E − E0 = V − V0, we find

dimΣh,0 + dimQh,0 − dimVh,0

= 6V0 + (2k − 7)E0 +
1

2
(k − 3)(k − 4)T + Vb + V +

(
k

2
(k + 1)− 3

)
T − 1

−
(
2(3V0 + (k − 3)E0 +

1

2
(k − 1)(k − 2)T + Vb

)
= T + V − 1− E0 − Vb = E − E0 − Vb

= V − V0 − Vb = Vc,

where Vc denotes the number of corner vertices in the triangulation. Above, we have
used the identity V = V0 +Vb +Vc. Since Vc > 0, we clearly see that the spaces Σh,0,
Vh,0, and Qh,0 constructed above do not form an exact sequence. In fact, this is easy
to see without relying on the counting argument above. Indeed, since v ∈ Vh,0 has
vanishing derivatives at the corners of the domain, the divergence of v vanishes at
these points as well. Since no restriction is imposed on Qh,0 at the corner points, the
sequence cannot be exact.

We now discuss an alternative construction of the finite element spaces Σh,0,
Vh,0, Qh,0. The idea is to modify the spaces constructed above on triangles with
corner vertices. To construct these spaces, we make the following assumption about
the mesh:

(M) Every corner vertex is nonsingular.
We recall a boundary vertex is singular if all the edges meeting at this vertex fall on
two straight lines (see [22] and [25] for details). It is easy to see that assumption (M)
is equivalent to the assumption that no triangle has more than one boundary edge.

We define the finite element spaces with homogeneous boundary conditions as

Σh,0 =
{
z ∈ H2

0 (Ω) : z|T ∈ Σh(T ), z is C2 at all noncorner vertices
}
,(3.10a)

Vh,0 =
{
v ∈ H1

0 (Ω) : v|T ∈ V (T ), v is C1 at all noncorner vertices
}
,(3.10b)

Qh,0 =
{
q ∈ L̊2(Ω) : q|T ∈ Q(T ), q is C0 at all noncorner vertices

}
.(3.10c)

Remark 3.2. If the corner vertices are all singular, then the finite element spaces
(3.10) are the same as those considered earlier.



1316 RICHARD S. FALK AND MICHAEL NEILAN

Denote by Ec,0 the number of interior edges that have a corner vertex as one of its
endpoints. Then by following similar arguments discussed above, we have dimVh,0 =
2(3V0+(k−3)E0+

1
2 (k−1)(k−2)T +Vb+Ec,0) and dimQh,0 = v+(k2 (k−1)−3)T −

1+Ec,0. Furthermore, using the arguments above and arguments found in [22, section
6], we find dimΣh,0 = 6V0+(2k− 7)E0+

1
2 (k− 4)(k− 3)T +Vb+Ec,0−Vc. It is then

an easy exercise to show dimΣh,0 +dimQh,0 = dimVh,0, implying the corresponding
sequence is exact.

We also have the following stability result, analogous to Lemma 3.1.
Lemma 3.3. Suppose that assumption (M) holds, and let Vh,0 and Qh,0 be defined

by (3.10b) and (3.10c), respectively. Then for any q ∈ Qh,0, there exists a v ∈ Vh,0

such that div v = q and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω). Consequently the LBB condition

C‖q‖L2(Ω) ≤ sup
v∈Vh,0\{0}

∫
Ω
(div v)q dx

‖v‖H1(Ω)
∀q ∈ Qh,0

holds for a constant C > 0 independent of h.
Proof. The proof strongly resembles the proof of Lemma 3.1. As before we let

w ∈ H1
0 (Ω) satisfy divw = q and ‖w‖H1(Ω) ≤ C‖q‖L2(Ω) [15, Corollary 2.4], and let

wh ∈ Pk∩H1
0 (Ω) denote the Scott–Zhang interpolant of w. We then define v1 ∈ Vh,0

as follows. At all vertices in the triangulation, we set v(a) = wh(a), and at all interior
vertices of the triangulation we set

∂v1,i
∂xi

(a) =
1

2
q(a),

∂v1,i
∂xj

(a) = 0 (i �= j).

For all edges e ∈ Eh, we impose the condition∫
e

v1 · q ds =
∫
e

w · q ds ∀q ∈ Pk−4(e),

and for all T , we specify that∫
T

v1 · r dx =

∫
T

w · r dx ∀r ∈ Pk−3(T ).

Note that at this point, v1 is uniquely determined in interior triangles, i.e., triangles
T ∈ Th that satisfy ∂T ∩ ∂Ω = ∅. Moreover we have div v1(a) = q(a) at all interior
vertices and

∫
T div v1 dx =

∫
T q dx for all T ∈ Th. Furthermore, by the proof of

Lemma 3.1, we have ‖v‖H1(T ) ≤ C
(‖q‖L2(T )+‖w‖H1(ω(T ))

)
for all interior triangles T .

Next, let a be a noncorner boundary vertex, and denote by t a unit vector parallel
to the boundary of Ω at a. Setting ∂v1

∂t (a) = 0, we have

div v(a) = n1
∂v1,1
∂n

(a) + n2
∂v1,2
∂n

(a) = n · ∂v
∂n

(a),

where n = (n1, n2)
t denotes the outward unit normal of ∂Ω at a. We then prescribe

∂v

∂n
(a) = nq(a).

Let a be a corner vertex and denote by {Ti}Ni=1 the triangles that have a as a
vertex (cf. Figure 3.3). Without loss of generality, we assume that the triangles are
labeled in a counterclockwise fashion such that T1 and TN each have one edge that
intersects the boundary ∂Ω. Let {ei}N+1

i=1 be the edges in Eh such that a ⊂ ē, again
labeled in a counterclockwise fashion, and denote by ti a unit vector parallel to edge
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Fig. 3.3. A pictorial description of the proof of Lemma 3.3 with N = 4.

ei. Let η⊥ = (η2,−η1)
t. Since ti and ti+1 are linearly independent vectors, we can

write grad v1 as a linear combination of t⊥i and t⊥i+1, whose coefficients depend on
∂v1/∂ti and ∂v1/∂ti+1. We then easily find

div v1|Ti =

(
t⊥i+1 ·

∂v1

∂ti
− t⊥i · ∂v1

∂ti+1

)/
(ti · t⊥i+1).

Consider the case N = 2. To satisfy the homogeneous boundary conditions, we
set ∂v1/∂t1|T1(a) = ∂v1/∂t3|TN (a) = 0. We then have

div v1|T1(a) = −
(
t⊥1 · ∂v1

∂t2
(a)

)/
(t1 · t⊥2 )

and

div v1|T2(a) =

(
t⊥3 · ∂v1

∂t2
(a)

)/
(t2 · t⊥3 ).

Prescribing

∂v1

∂t2
(a) =

t1 · t⊥2
t⊥3 · t1 t3c1 +

t2 · t⊥3
t⊥3 · t1 t1c2

for some constants c1, c2, we have div v|Ti(a) = ci (i = 1, 2). In particular, by choosing
ci = q|Ti(a), we have div v|Ti(a) = q|Ti(a).

In the general case N ≥ 2, we can repeat this procedure for all triangles in
a counterclockwise fashion. Namely, using the arguments in [25, Lemma 2.6], we
construct v1 to satisfy div v1|T1(a) = c1, div v1|TN (a) = c2N−2, and div v1|Ti(a) =
c2i−2+ c2i−1 (2 ≤ i ≤ N −1) for some constants ci ∈ R. We then choose c1 = q(a)|T1 ,
c2N−2 = q(a)|TN , c2i−2 = q(a)|Ti , and c2i−1 = 0 (2 ≤ i ≤ N − 1). With this choice,
we clearly have div v1(a)Ti = q(a)|Ti (1 ≤ i ≤ N). Furthermore, by scaling arguments
(see [25, Lemma 2.6]), we have for all boundary triangles, ‖v1‖H1(T ) ≤ C(‖q‖L2(ω(T ))+
‖w‖H1(ω(T ))). It then follows that ‖v1‖H1(Ω) ≤ C(‖q‖L2(Ω)+‖w‖H1(Ω)) ≤ C‖q‖L2(Ω).

At this point the proof is the same as the proof of Lemma 3.1. Namely, we
let v2,T ∈ Pk(T ) ∩ H1

0 (T ) satisfy div v2,T = (q − v1)|T and define v2 ∈ Vh,0 by
v2|T = v2,T |T . Then v := v1+v2 satisfies div v = q and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω).
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4. A family of H1(div ;Ω) × H1(Ω) conforming finite elements. In this
section we develop a family of H1(div ; Ω) × H1(Ω) conforming finite element pairs
that also produce pointwise divergence-free velocity approximations for the Stokes
problem. Essentially, these spaces are obtained by removing sets of functions from
the velocity and pressure spaces Vh and Qh.

4.1. The finite element spaces without boundary conditions. The local
pressure space is given by the (k − 3)(k + 4)/2 dimensional (scalar) MINI space [2]

S(T ) = Pk−3(T ) ∪
(
Pk−1(T ) ∩H1

0 (T )
)
.(4.1)

Again, k is an integer satisfying k ≥ 4. A function in S(T ) is uniquely determined by
the following values (cf. Figure 4.1):

w(a) ∀a ∈ Vh(T ),

∫
e

wκds ∀κ ∈ Pk−5(e), ∀e ∈ Eh(T ),(4.2a) ∫
T

wω dx ∀ω ∈ Pk−4(T ).(4.2b)

Lemma 4.1. The degrees of freedom (4.2) are unisolvent on S(T ).
Proof. Since there are exactly (3 + 3(k − 4) + 1

2 (k − 2)(k − 3)) = 1
2 (k + 4)(k − 3)

degrees of freedom given in (4.2), it suffices to show that if w ∈ S(T ) vanishes at
the degrees of freedom, then w ≡ 0. Since w

∣∣
∂T

∈ Pk−3(T ), the first two sets of
conditions in (4.2) imply that w|∂T = 0. Therefore we can write w = bT p for some
p ∈ Pk−4(T ), where bT ∈ H1

0 (Ω) denotes the cubic bubble function. We then have
0 =

∫
T
wp dx =

∫
T
bT p

2 dx. Since bT > 0 in T , we conclude that p ≡ 0 and therefore
w ≡ 0.

The local space of the velocity element is defined as

W (T ) =
{
v ∈ Pk(T ) : div v ∈ S(T )}.

It is easy to see that dimW (T ) ≥ (k+2)(k+1)− 1
2

(
k(k+1)−(k−3)(k+4)

)
= k2+3k−4.

A unisolvent set of degrees of freedom for W (T ) is given by

Dαv(a) ∀|α| ≤ 1, ∀a ∈ Vh(T ),

∫
e

v · κ ds ∀κ ∈ Pk−4(e), ∀e ∈ Eh(T ),(4.3a) ∫
e

(div v)ω ds ∀ω ∈ Pk−5(e), ∀e ∈ Eh(T ),(4.3b) ∫
T

v · φ dx ∀φ ∈ R(T ) := grad
(
Pk−4(T )

)
+ curl

(
b2TPk−5(T )

)
.(4.3c)

Fig. 4.1. The degrees of freedom of W (T ) (left) and S(T ) (right) in the case k = 4.
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In the case k = 4 the degrees of freedom (4.3b)–(4.3c) are omitted.
Lemma 4.2. The degrees of freedom (4.3) are unisolvent on W (T ).
Proof. Similar to Lemma 4.1, we show that if v ∈ W (T ) vanishes at the degrees

of freedom, then v is identically zero.
If v ∈ W (T ) vanishes on the degrees of freedom (4.3), then div v|∂T = 0 and

v|∂T = 0. We can then write div v = bT p for some p ∈ Pk−4(T ). By (4.3), and
integration by parts, we obtain∫

T

bT p
2 dx =

∫
T

(div v)p dx = −
∫
T

v · grad p dx+

∫
∂T

(v · n)p ds = 0.

It then follows that div v = 0 and therefore we may write v = curlw for some
w ∈ Pk+1(T ) unique up to a constant. Since 0 = v · n = ∂w

∂s on ∂T , we may assume
that w|∂T = 0. It then follows from (4.3a) that Dαw(a) = 0 for all multi-indices
|α| ≤ 2 and all vertices of T . Moreover, by (4.3a) there holds

∫
e
(∂w/∂ne)p = 0 for all

p ∈ Pk−4(e). We then conclude that ∇w vanishes on ∂T as well. We may then write
w = b2T r for some r ∈ Pk−5(T ). Finally using (4.3c), we obtain∫

T

curl (b2T r) · curl (b2T r) dx =

∫
T

v · curl (b2T r) dx = 0.

Clearly this last identity implies r ≡ 0 and therefore v ≡ 0.
The global velocity and pressure space without boundary conditions are given

respectively by

Wh =
{
v ∈ H1(div ; Ω) : ∇v is continuous at the vertices,

and v|T ∈ W (T ) ∀T ∈ Th

}
,

Sh =
{
q ∈ H1(Ω) : q|T ∈ S(T ) ∀T ∈ Th

}
.

As before, a counting argument can be used to show exactness of the second sequence
given in (1.5). Recall that dimΣh = 6V + (2k − 7)E + 1

2 (k − 3)(k − 4)T . Since
dimSh = V + (k − 4)E + 1

2 (k − 2)(k − 3)T and dimWh = 2
(
3V + (k − 3)E

)
+ (k −

4)E +
(
1
2 (k − 2)(k − 3)− 1

)
T + 1

2 (k − 3)(k − 4)T , we easily find

dimΣh + dimSh − dimVh

= 6V + (2k − 7)E +
1

2
(k − 3)(k − 4)T + V + (k − 4)E +

1

2
(k − 2)(k − 3)T

− 2
(
3V + (k − 3)E

)− (k − 4)E −
(
1

2
(k − 2)(k − 3)− 1

)
T

− 1

2
(k − 3)(k − 4)T = V − E + T = 1.

We can then argue that the sequence (1.5) is exact.
Lemma 4.3. For any q ∈ Sh, there exists a v ∈ Wh such that div v = q and

‖v‖H1(Ω) ≤ C‖q‖L2(Ω).
Proof. Since q ∈ Sh ⊂ Qh, Lemma 3.1 states that there exists v ∈ Vh such that

div v = q and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω). By definition of Vh, the function v is C1 at the
vertices of the triangulation. Therefore since div v = q ∈ Sh, we have v ∈ Wh.

4.2. The finite element spaces with homogeneous boundary conditions.
The corresponding finite element spaces incorporating homogeneous boundary condi-
tions are given by
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Wh,0 =
{
v ∈ H1

0 (Ω) : v|T ∈ W (T ), ∇v is continuous at all noncorner vertices
}
,

(4.4a)

Sh,0 =
{
q ∈ L̊2(Ω) : q|T ∈ S(T ), q is continuous at all noncorner vertices

}
.

(4.4b)

Lemma 4.4. Suppose that the mesh restriction (M) holds, and let Wh,0 and
Sh,0 be defined by (4.4a) and (4.4b), respectively. Then for any q ∈ Sh,0 there exists
v ∈ Wh,0 with div v = q and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω).

The proof of Lemma 4.4 is nearly identical to the proof of Lemma 4.3 so we
omit it.

5. The finite element method and its convergence analysis. Let Xh,0 ×
Yh,0 be one of the velocity-pressure finite element pairs Vh,0 × Qh,0 or Wh,0 × Sh,0.
Then the finite element method reads as follows: Find (uh, ph) ∈ Xh,0 × Yh,0 such
that

ν

∫
Ω

∇uh : ∇v dx−
∫
Ω

(div v)ph dx =

∫
Ω

f · v dx ∀v ∈ Xh,0,(5.1a) ∫
Ω

(divuh)q dx = 0 ∀q ∈ Yh,0.(5.1b)

In light of Lemmas 3.3 and 4.4, the LBB condition (1.2) holds provided the mesh
condition (M) is satisfied. Using standard arguments [8, 5], we conclude that problem
(5.1) is well-posed. Moreover, since divXh = Yh the space of discretely divergence-
free functions is in fact divergence-free pointwise; that is,

Zh,0 :=

{
v ∈ Xh,0 :

∫
Ω

(div v)q dx = 0 ∀q ∈ Yh,0

}
=
{
v ∈ Xh,0 : div v ≡ 0}.(5.2)

Therefore by standard arguments [8, 5] the solution satisfies the following estimates.
Lemma 5.1. Suppose that the mesh restriction (M) holds, and let (uh, ph) ∈

Xh,0 × Yh,0 satisfy (5.1). Then there holds

‖∇(uh − v)‖L2(Ω) ≤ ‖∇(u− v)‖L2(Ω) ∀v ∈ Zh,0,(5.3a)

‖ph − Php‖L2(Ω) ≤ ν‖∇(u− uh)‖L2(Ω),(5.3b)

where Ph : L2(Ω) → Yh,0 denotes the L2 projection onto Yh,0 and Zh,0 is defined by
(5.2). Consequently, by the triangle and Poincaré inequalities, we have

‖u− uh‖H1(Ω) ≤ C inf
v∈Zh,0

‖u− v‖H1(Ω),

‖p− ph‖L2(Ω) ≤ C
(‖p− Php‖L2(Ω) + ν‖∇(u− uh)‖L2(Ω)

)
.

We now address the approximation properties of Zh,0. Since the sequences (1.5)
are exact, we have Zh,0 = curlΣh,0. Moreover, since u is divergence-free, we may
write u = curlw for some w ∈ H2

0 (Ω). It then follows that

inf
v∈Zh,0

‖u− v‖H1(Ω) = inf
z∈Σh,0

‖curlw − curl z‖H1(Ω) ≤ inf
z∈Σh,0

‖w − z‖H2(Ω).

Using this identity along with the approximation properties of Σh,0 and the L2 pro-
jection Ph, we obtain our main result.
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Theorem 5.2. Let (u, p) be the solution to the Stokes problem (1.1), and assume
that u ∈ Hs(Ω) with 1 ≤ s ≤ k+1. Suppose that the mesh restriction (M) is satisfied,
and let (uh, ph) ∈ Xh,0 × Yh,0 be the solution to (5.1). Then there holds

‖u− uh‖H1(Ω) ≤ Chs−1‖u‖Hs(Ω).(5.4)

If Xh,0 × Yh,0 = Vh,0 ×Qh,0, then the pressure error satisfies

‖p− ph‖L2(Ω) ≤ C
(
νhs−1‖u‖Hs(Ω) + hm‖p‖Hm(Ω)

)
, 1 ≤ s ≤ k + 1, 0 ≤ m ≤ k.

If Xh,0 × Yh,0 = Wh,0 × Sh,0, then the pressure error satisfies

‖p− ph‖L2(Ω) ≤ C
(
νhs−1‖u‖Hs(Ω) + hm‖p‖Hm(Ω)

)
, 1 ≤ s ≤ k + 1, 0 ≤ m ≤ k − 2.

5.1. A postprocessed pressure solution. Theorem 5.2 indicates that the fi-
nite element pair Wh,0×Sh,0 approximates the velocity and pressure in an unbalanced
way, namely, the order of convergence of the pressure is two less than the velocity.
Here, we describe a simple local postpossessing procedure to recover O(hk) accuracy.
The price we pay is that the postprocessed solution is no longer globally continuous,
although we do not consider this a disadvantage from a practical viewpoint.

Let S∗(T ) ⊂ H1(T ) be an auxiliary finite dimensional space consisting of piece-
wise polynomials. Let (uh, ph) be the unique solution to (5.1) with Xh,0 × Yh,0 =
Wh,0 × Sh,0. Then for a given T ∈ Th, we define p∗h ∈ S∗(T ) as the unique function
satisfying the local Neumman problem∫

T

∇p∗h · ∇q dx = ν

∫
T

(Δuh) · ∇q dx+

∫
T

f · ∇q dx ∀q ∈ S∗(T ),(5.5a) ∫
T

p∗h dx =

∫
T

ph dx.(5.5b)

Lemma 5.3. Suppose that Pk−1(T ) ⊂ S∗(T ) and the solution to (1.1) satisfies
p ∈ Hs−1(Ω) and u ∈ Hs(Ω) with 2 ≤ s ≤ k + 1. Then there holds

‖p− p∗h‖L2(Ω) ≤ Chs−1
(
ν‖u‖Hs(Ω) + ‖p‖Hs−1(Ω)

)
.

Proof. By the Poincaré–Friedrich inequality, we have for each T ∈ Th,

‖p− p∗h‖L2(T ) ≤ C
(
‖p− p∗h‖L2(T ) + hT ‖∇(p− p∗h)‖L2(T )

)
,(5.6)

where p− p∗h denotes the mean of p− p∗h over T . Since p− p∗h = p− p∗h = Php− ph =
Php− ph, we have ‖p− p∗h‖L2(T ) = ‖Php− ph‖L2(T ) ≤ ‖Php− ph‖L2(T ).

To estimate ‖∇(p− p∗h)‖L2(T ), we use (5.5a) to get for all q ∈ S∗(T )

‖∇(p− p∗h)‖2L2(T ) = (∇(p− p∗h),∇(p− q))T + (∇(p− p∗h),∇(q − p∗h))T

= (∇(p− p∗h),∇(p− q))T + ν(Δ(u − uh),∇(q − p∗h))T
≤ ‖∇(p− p∗h)‖L2(T )‖∇(p− q)‖L2(T )

+ ν‖Δ(u − uh)‖L2(T )‖∇(q − p∗h)‖L2(T ).

It then follows from the triangle and Cauchy inequalities that

‖∇(p− p∗h)‖L2(T ) ≤ C
(
‖∇(p− q)‖L2(T ) + ν‖Δ(u− uh)‖L2(T )

)
.
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Using this last estimate in (5.6) we obtain

‖p− p∗h‖L2(T ) ≤ C
(
‖ph − Php‖L2(T ) + νhT ‖Δ(u− uh)‖L2(T )

+ inf
q∈S∗(T )

hT ‖∇(p− q)‖L2(T )

)
.

If Pk−1(T ) ⊂ S∗(T ), then by the Bramble–Hilbert lemma and the regularity properties
of p,

inf
q∈S∗(T )

hT ‖∇(p− q)‖L2(T ) ≤ Chs−1
T ‖p‖Hs−1(T ), 1 ≤ s ≤ k + 1.

Moreover, by the triangle and inverse inequalities, we have for any v ∈ Pk(T ),

hT ‖Δ(u− uh)‖L2(T ) ≤ hT ‖Δ(u− v)‖L2(T ) + C‖uh − v‖H1(T )

≤ C
(
hT ‖Δ(u− v)‖L2(T ) + ‖u− v‖H1(T ) + ‖u− uh‖H1(T )

)
.

Thus, by choosing v to be the Scott–Zhang interpolant of u we obtain

hT ‖Δ(u− uh)‖L2(T ) ≤ C
(
hs−1
T ‖u‖Hs(ω(T )) + ‖u− uh‖H1(T )

)
.

Combining these results, we have

‖p− p∗h‖L2(T )

≤ C
(
‖ph − Php‖L2(T ) + ν‖u− uh‖H1(T ) + hs−1

T (ν‖u‖Hs(T ) + ‖p‖Hs−1(T ))
)
.

Summing over all T ∈ Th and employing the estimates (5.3b) and (5.4), we obtain
the desired result:

‖p− p∗h‖L2(Ω)

≤ C
(
‖ph − Php‖L2(Ω) + ν‖u− uh‖H1(Ω) + hs−1(ν‖u‖Hs(Ω) + ‖p‖Hs−1(Ω))

)
≤ C

(
ν‖u− uh‖H1(Ω) + hs−1(ν‖u‖Hs(Ω) + ‖p‖Hs−1(Ω))

)
≤ Chs−1(ν‖u‖Hs(Ω) + ‖p‖Hs−1(Ω)).

6. Reduced elements. In this section we briefly describe how to modify the
finite element spaces in the case k = 4 to obtain elements with less degrees of freedom.
Essentially this is done by restricting the range of the tangental component on each
edge. These modifications correspond to the C1 Bell triangle [12] in the sequence (1.5).

The local spaces of the reduced velocity elements are given by

VR(T ) = {v ∈ P4(T ) : v · t|∂T ∈ P3(∂T )
}
,

WR(T ) = W (T ) ∩ VR(T ),

where t denotes the unit tangent vector of ∂T , and it is understood that k = 4 in the
definition ofW (T ). The corresponding pressure spaces are the same as the unreduced
elements with k = 4. The 21 degrees of freedom for a function v ∈ WR(T ) are (i) the
values of v and ∇v at the vertices and (ii) the zeroth moment of v · n on each edge.
In addition to these, the degrees of freedom of v ∈ VR(T ) are (iii) the zero and first
order moments of v on T . The proofs of unisolvency are essentially the same as the
proof of Lemma 4.2 so we omit them.
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The corresponding global spaces, which consist of functions that are continuous
at the degrees of freedom listed above, are denoted by VR,h and WR,h. The proofs of
stability for the finite element pairs VR,h×Qh and WR,h×Sh are essentially the same
as the proofs of Lemmas 3.1 and 4.3, the key difference being that (3.4) is replaced by∫

e

v1 · ne ds =

∫
e

w · ne ds.

The convergence analysis also follows the same lines as those presented in section
5. Following the arguments there, we find that the velocity approximations converge
with order O(h3); the pressure approximations converge with order O(h3) or O(h2)
depending on what finite element pair is used.

It is worth comparing the size of the global reduced finite element space WR,h ×
Sh with some well-known Stokes elements. The global dimension of WR,h × Sh is
dimWR,h + dimSh = (6V + E) + (V + T ) = 7V + T + E = 8V + 2T − 1. A
comparable element in terms of approximation properties is the P3 −P2 Taylor hood
finite element space (where both spaces are continuous). The dimension of this space
is 2(V + 2E + T ) + V + E = 3V + 5E + 2T = 8V + 7T − 1, so we clearly see that
WR,h × Sh has smaller dimension, although the pressure approximation converges
with one less order than the Taylor–Hood approximation without postprocessing.
However, we recall that the Taylor–Hood elements do not produce exactly divergence-
free approximations. Another comparable element is the Scott–Vogelius element on a
mesh created as a barycenter refinement of a triangular mesh. For such meshes, it has
been shown that the P2 − P1 pair with P2 continuous and P1 discontinuous satisfy
the LBB condition (1.2) and produce exactly divergence-free velocity approximations.
The dimension of this space is 2V +2E +3T = 4V +5T − 2, which is ≈ 16.7% larger
than the dimension of WR,h × Sh. In addition, WR,h × Sh has better approximation
properties.

7. Numerical experiments. In this section we perform some numerical exper-
iments which back up the theoretical results in section 5. We apply the finite element
method (5.1) with k = 4 on the unit square Ω = (0, 1)2. The computations are per-
formed on a criss-cross triangulation as depicted in Figure 7.1. These meshes have

Fig. 7.1. The computational mesh with h = 1/8.
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Table 7.1

The errors of the computed solution and rates of convergence with finite element spaces Vh,0 ×
Qh,0.

h ‖u− uh‖L2 Rate ‖∇(u− uh)‖L2 Rate ‖p− ph‖L2 Rate ‖divuh‖L∞
1/4 2.16E-01 1.18E+01 1.24E+02 1.28E-11
1/8 1.95E-02 3.47 1.68E+00 2.81 1.20E+01 3.36 6.27E-12
1/16 6.38E-04 4.93 1.18E-01 3.83 1.90E+00 2.66 8.92E-11
1/32 2.03E-05 4.97 7.82E-03 3.91 1.36E-01 3.81 1.45E-11
1/64 6.58E-07 4.95 5.13E-04 3.93 8.76E-03 3.96 9.83E-10

approximately h−2 singular vertices, but none of these singular vertices are located at
the corners of the domain. Hence these triangulations satisfy the mesh restriction (M).

We choose the data such that the exact solution is given by

u = exp(x4
1 − x3

2)

(
3(1− cos2(3πx1)) sin(3πx2)

(
2π cos(3 πx2)− x2

2 sin(3πx2)
)

2(−1 + cos2(3πx2)) sin(3πx1)(3π cos(3πx1) + 2x3
1 sin(3πx1))

)
,

p = 10

(
x5
1 − x3

2 +
1

12

)
.

The viscosity is set as ν = 1.
In the first set of numerical experiments, we take Xh,0 × Yh,0 = Vh,0 ×Qh,0. We

list the errors and the rates of convergence of the computed solution in Table 7.1.
In addition, we list the maximum value of the divergence of the computed velocity
solution. Table 7.1 clearly indicates that ‖u−uh‖H1(Ω) = O(h4) and ‖p−ph‖L2(Ω) =
O(h4), which is in agreement with Theorem 5.2. In addition, we observe that the
velocity error satisfies ‖u − uh‖L2(Ω) = O(h5). Finally, we see from Table 7.1 that
the divergence of the computed solution is of the range 10−9–10−12 and increases as
the mesh is refined. This phenomenon is likely due to round-off error.

Table 7.2 shows the resulting errors when we compute the solution of (5.1) with
finite element spaces Xh,0 × Yh,0 = Wh,0 × Sh,0. Again, we observe O(h5) and O(h4)
rates of convergence of the velocity error in the L2 and H1 norms, respectively. The

Table 7.2

The errors of the computed solution and rates of convergence with finite element spaces Wh,0×
Sh,0.

h ‖u− uh‖L2 Rate ‖∇(u− uh)‖L2 Rate ‖p− ph‖L2 Rate ‖divuh‖L∞
1/4 2.16E-01 1.18E+01 1.60E+00 3.65E-11
1/8 1.95E-02 3.47 1.68E+00 2.81 4.38E-01 1.86 1.84E-11
1/16 6.38E-04 4.93 1.18E-01 3.83 2.00E-01 1.13 1.12E-11
1/32 2.03E-05 4.97 7.82E-03 3.91 5.66E-02 1.82 1.24E-11
1/64 6.58E-07 4.95 5.13E-04 3.93 1.48E-02 1.94 5.79E-11

Table 7.3

The difference between the computed pressure and the L2 projection of p, and the errors of the
postprocessed pressure solution with S(T ) = P3(T ).

h ‖ph − Php‖L2 Rate ‖p− p∗h‖L2(Ω) Rate

1/4 1.19E+00 1.80E+01
1/8 1.27E-01 3.23 2.44E+00 2.88
1/16 1.05E-02 3.60 1.88E-01 3.70
1/32 5.85E-04 4.16 1.30E-02 3.86
1/64 3.26E-05 4.17 9.19E-04 3.82
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pressure converges quadratically with respect to h. These rates coincide with the
statements in Theorem 5.2.

Finally, in Table 7.3 we list the errors of the postprocessed solution p∗h with
S(T ) = P3(T ). In addition, we list the quantity ‖ph − Php‖L2(Ω). As predicted by
Lemmas 5.1 and 5.3, both quantities converge with order O(h4).

8. Conclusions. In this paper we developed two families of finite element pairs
for the Stokes problem that produce exactly divergence-free velocity approximations.
The construction of both families is guided by two different Stokes complexes, where
a C1 family of finite elements plays a central role. In three dimensions, we expect
that a smooth de Rham complex (i.e., Stokes complex) will also play an integral role
in both the construction and the analysis of divergence-free Stokes elements. We plan
to address the three-dimensional case in the near future.

We end the paper discussing how the techniques of Lemmas 3.1 and 4.3 can be
used to show that the Scott–Vogelius elements are uniformly LBB stable without the
quasi-uniform mesh assumption. Furthermore, the proof is shorter and simpler than
the one given in [22, 25]. We sketch the main points in the argument.

Let q ∈ L2(Ω) be a given piecewise polynomial of degree k − 1 with k ≥ 4.
We wish to construct a globally continuous piecewise polynomial v ∈ Pk such that
div v = q and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω). Let w ∈ H1(Ω) satisfy divw = q and
‖w‖H1(Ω) ≤ C‖q‖L2(Ω). By slightly modifying the proof of [25, Lemma 2.6] (also see
[22, Lemma 4.1]), we can easily construct a v1 ∈ Pk such that div v1 = q at the vertices
(provided the mesh does not contain any singular vertices) and

∫
e
v1 ·κ ds =

∫
e
w·κ for

all κ ∈ Pk−4(e) and e ∈ Eh. Furthermore, by scaling, we have ‖v1‖H1(Ω) ≤ C‖q‖L2(Ω),
where the constant C > 0 depends on “the measure of singularity” of the triangulation
(cf. [22]). Consequently, by the divergence theorem,

∫
T
div v1 dx =

∫
T
q dx. Employ-

ing Lemma 2.3, we find v2,T ∈ Pk(T ) ∩H1
0 (T ) with div v2,T |T = (q − div v1)|T . The

function v = v1+v2 with v2|T = v2,T |T then satisfies the desired properties div v = q
and ‖v‖H1(Ω) ≤ C‖q‖L2(Ω).
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