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STOKES COMPLEXES AND THE CONSTRUCTION OF STABLE
FINITE ELEMENTS WITH POINTWISE MASS CONSERVATION*

RICHARD S. FALK' AND MICHAEL NEILAN#

Abstract. Two families of conforming finite elements for the two-dimensional Stokes problem are
developed, guided by two discrete smoothed de Rham complexes, which we coin “Stokes complexes.”
We show that the finite element pairs are inf-sup stable and also provide pointwise mass conservation
on very general triangular meshes.
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1. Introduction. In this paper we develop two families of stable finite element
methods for the stationary Stokes equations with no-slip boundary conditions:

(1.1a) —vAu+Vp=§f in €,
(1.1b) divu=0 in €,
(1.1c) u=20 on 0N.

Here Q2 C R? is a simply connected polyhedral domain, w and p denote the velocity
and the pressure of the fluid, respectively, v > 0 is the kinematic viscosity (assumed
to be constant for simplicity), and f € L?(f2) is the external body force. A detailed
description of the notation used throughout the paper is given in the following section.
Our specific goal is to construct finite element pairs Xj g X Y o consisting of

piecewise polynomials with respect to a simplicial triangulation that

(A1) are conforming, i.e., Xp 0 C H}(Q) and Y}, 0 C L*();

(A2) are stable, that is, the Ladyzenskaja-Babuska—Brezzi (LBB) condition

divv)gdx
12  Cldlosg <  sup JaldvOadr g
vexno\foy  vllE (@

is satisfied for a constant C' > 0 independent of h;
(A3) produce divergence-free pointwise velocity approximations for the Stokes
problem.
Furthermore, we construct finite element spaces that satisfy these properties on very
general triangulations.

Conditions (A2)-(A3) address two types of numerical instabilities of the Stokes
problem (1.1). Condition (A2) implies that the divergence operator div : X o —
Y70 is surjective onto the pressure space Y3 0. It eliminates the so-called spurious
pressure modes and is a necessary and sufficient condition for the well-posedness of
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the discrete problem [8, 5]. Condition (A3), on the other hand, suggests the reverse
relation Yy, o C div X} o and addresses the numerical instability due to poor mass
conservation. The enforcement of this condition (or the lack thereof) has been shown
to have dramatic consequences, even at moderate Reynolds numbers [17, 18, 11, 21].
More precisely, it is well known that if (A1)—-(A2) is satisfied, but mass conservation
is only weakly enforced, then the error of the velocity approximation satisfies

. —1 .
Ju =l < € gt lu= vl +07 it o= dlie ).

If the viscosity v is large and/or the pressure gradient is small, then the second term
in the right-hand side becomes negligible. In the other cases, the error scales like
O(v=1h).

Over the past 40 years, many finite element methods have been developed based
upon the velocity-pressure formulation of the Stokes problem on triangular meshes
(cf. [15, 5, 8]). However, the majority of these methods satisfy only conditions (A1)—
(A2); the third condition is only weakly imposed. Methods that fall into this category
include the well-known Taylor—Hood elements [5], the MINI element [2], the Bernardi-
Raugel elements [4], the Crouzeix—Raviert elements [8, VI, Example 3.6], and the
Py — Py finite element pair [5]. On the other hand, it was shown by Scott and
Vogelius [22, 25] that the P — Pr_1 pair (with Py, globally continuous and Py_;
discontinuous) satisfy (A1)—(A3) provided (i) the polynomial degree k is greater than
or equal to four, (ii) the triangulation is quasi-uniform, and (iii) the triangulation
does not contain any singular vertices (i.e., vertices that fall on exactly two straight
lines). It was later shown that the spaces Py, —Py_1 satisfy these conditions for smaller
values of k on very specific types of uniform triangulations [3]. Very recently, Guzman
and Neilan constructed a family of finite elements that satisfy all three conditions
on arbitrary shape-regular triangulations. These properties are achieved by adding
divergence-free rational functions to H (div; 2)-conforming finite element spaces. As
far as we are aware, the Scott—Vogelius elements and the Guzman—Neilan elements
are the only class of elements that satisfy (A1)-(A3). We remark that discontinuous
Galerkin methods [9, 10] and isogeometric methods [13, 14] have been constructed for
the Stokes problem that produce exactly divergence-free velocity approximations.

Similar to the Scott—Vogelius elements, we also consider globally continuous piece-
wise polynomials of degree k to approximate the velocity and piecewise polynomials
of degree k — 1 to approximate the pressure. Also similar is the requirement k > 4.
The key difference of our approach is that we enforce higher regularity at the vertices
of the triangulation, namely, the velocity and pressure spaces are, respectively, C!
and CY at the vertices. Due to this enhanced regularity, we are able to show that the
elements are stable on a general class of triangulations. The only assumption we make
is that the triangulation does not have any singular corner vertices. Equivalently, we
require that each triangle of the triangulation have at most one boundary edge. We
note that a similar assumption is required to carry out the analysis of the Taylor—
Hood elements (cf. [20, 6]). Besides the standard shape regularity assumption, this
is the only assumption we make on the triangulation; quasi-uniform meshes are not
required to carry out our analysis. The elements we derive have the disadvantage that
they require vertex degrees of freedom for the derivatives of the velocity functions and
are therefore not affine equivalent. On the other hand, they have significantly fewer
global degrees of freedom than the Scott—Vogelius elements.

The construction of our elements is closely related to two different smoothed
de Rham complexes (“Stokes complexes”). The first complex, originally introduced
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by Tai and Winther [19, 24] to develop nonconforming methods for the Brinkman
problem, is given by

curl div

(1.3) R % HYQ) — HY Q) — I2Q) —— O

The statement that (1.3) is a complex just means that the composition of two con-
secutive mappings is zero. The complex is exact provided the domain € is simply
connected [15, 24]; that is, the range of each map is the null space of the succeeding
map. In particular, the exactness of the sequence implies that (i) for every ¢ € L?(Q)
there exists v € H'(Q) such that divv = ¢ and (ii) if v € H*(Q) and divv = 0, then
v = curl z for some 2z € H?(2). In addition, it is easy to see that

C curl div
(1.4) R —— H*Q) — H'(div;Q) —— H(Q) —— 0

is also a complex. Here, H'(div;Q) consists of all vector-valued H'(Q) functions
with divergence in H!(2). The exactness of the sequence (1.3) implies the exactness
of (1.4). Indeed, for ¢ € HY(Q) C L?(Q) there exists v € H*(Q) with dive = ¢. Then
trivially v € H'(div;Q). On the other hand, if v € H'(Q) is a solenoidal function,
then obviously v € H*(div; Q). It then follows from (1.3) that v = curl z for some
z € H*(Q).

A valuable tool to design stable finite element discretizations for the Stokes prob-
lem is to find analogous discrete subcomplexes of the Stokes complex consisting of
finite element spaces; i.e.,

curl div

C
R — ¥ — V, ——— Qp —— 0
(1.5) and

curl div

C
R — % — W, —— S, —— 0,

with ¥ C HZ(Q), Vi, C ItIl(Q)7 Qn C LZ(Q), W, C Hl(diV;Q), and Sy, C Hl(Q)
We point out that the exactness of the discrete complexes implies condition (A3)
above. A natural starting point is to take X;, to be the generalized Argyris space of
degree k + 1 with & > 4 (also known as the TUBA family) [12, 7, 1]. These spaces
consist of globally C! piecewise polynomials of degree k + 1 (k > 4) that are C? at
the vertices of the triangulation.

The organization of the paper is as follows. After laying out the notation and
stating some preliminary results in section 2, we introduce the family of H*(Q)x L?(Q)
conforming finite element pairs in section 3. Here we state the spaces and their
corresponding degrees of freedom and prove the LBB condition (1.2). In section 4 we
modify these spaces to construct a family of H!(div;Q) x H!(Q)-conforming Stokes
elements and prove analogous results. Section 5 is devoted to the convergence analysis
of the Stokes problem. In section 6 we briefly describe a variant of the lowest order
elements with fewer degrees of freedom. We provide some numerical experiments in
section 7 which back up the theoretical results, and we end the paper with an overview
and some extensions in section 8.

2. Preliminaries. For an open set S C () and nonnegative integer m, we de-
note by H™(S) the Hilbert space consisting of all L2(S) functions whose distributional
derivatives up to order m are in L?(S). The space H{"(S) consists of H™(S) func-
tions with vanishing trace up to order m—1, and the space H™ (D) consists of H™(S)
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functions with vanishing mean. The corresponding vector Hilbert spaces are given by
H™(Q) := [H™(Q)]? and HJ*(Q) := [H(Q)]?>. The divergence of a vector valued
function v = (v1,v9)! is defined as dive = vy /0x1 + Ove/dz2 and the curl oper-
ator applied to a scalar function is defined as curlw = (Ow/dz2, —Ow/dz1)!. The
corresponding Hilbert spaces are given by

H(div;Q): = {ve L*Q): dive € L*(V)},
H'(div;Q):={ve H'(Q): divv e H(Q)}.

Let T, be a shape-regular, simplicial triangulation of 2 [12, 7] with hr = diam(T)
for all T € T) and h = maxyey, hr. We denote by &, the set of edges in the
triangulation T, and by 'V}, the set of vertices. Given a triangle T € T}, we let &, (T)
be the set of three edges of T and let V,(T') be the set of three vertices of T. We
denote the “patch” of the simplex T" as w(T) := UTr e, g 20 T'. For given T € Ty,
we let np denote the outward unit normal of 9T. When there is no ambiguity we
simply write n, and if we want to emphasize that n is normal to an edge e C 9T, we
write n.. The unit tangent of 9T obtained by rotating n 90 degrees counterclockwise
is denoted by tr. Again, when there is no confusion, we simply write ¢.

For a simplex S C Q and nonnegative integer m, we denote by P,,(S) the set of
scalar polynomials of degree less than or equal to m with domain S. The corresponding
set of vector polynomials is defined as P,,,(S) = [P, (9)]>.

We end this section by stating some well-known inverse and trace inequalities [7,
12] that will be used extensively in the analysis. In addition, we state a local surjective
property of the divergence operator on vector polynomials shown by Vogelius [25].
Below and throughout the paper, the letter C' denotes a generic positive constant
independent of h that may take different values throughout the paper.

LEMMA 2.1. Let k, m, and p be integers satisfying 0 < p < m and k > 0. Then
there exists a constant C > 0 such that

(2.1) HU”Hm(T) < Chg:mHU”Hp(T) Yv € Tk(T), VT € Tp,.

LEMMA 2.2. For any simply connected domain S with piecewise smooth boundary
0S8, there exists a constant C > 0 such that
1/2

1/2
ollzaos) < Cllvll s Il gis Yo € HY(S),

Hence by scaling, we obtain the following estimates on any element T' € Ty:
(2.2) 01207y < C(hz 101720y + Brlloln )

LEMMA 2.3 (Lemma 2.5 in [25]). Let T € Ty and k be a positive integer. Then
for any q € P_1(T) with q(a) = 0 for all a € Vy(T) and [, qdx = 0, there exists
v € Pp(T) N HG(T) such that divv = q and ||v| g1y < Cllq|| p2(7)-

3. A family of H'(Q2) x L?(2) conforming finite elements.

3.1. The finite element spaces without boundary conditions. To describe
the first family of Stokes elements, we must define the corresponding H?2(2) finite
element space and its degrees of freedom. We denote by X the C! finite element
space consisting of piecewise polynomials of degree (k + 1) that are continuous at the
following values (cf. Figure 3.1):
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F1G. 3.1. The degrees of freedom of the lowest order (k = 4) Argyris element. Here, solid circles
indicate function evaluation, larger circles indicate first and second derivative evaluation, and lines
indicate the mean of the normal derivative.

F1G. 3.2. The degrees of freedom of V(T) (left) and Q(T') (right) in the case k = 4.

(3.1a) D%z(a) Vl]a| <2, Ya € Vy, / 02 pds Vp € Pr_4(e), Veecé&p,
e Te

0
(3.1b) /zq ds Vq € Pr_s(e), Ve € &y, / zrdz Vr € Pr_s(T), VT € Tp.
e T

In the case k = 4 the last two sets of degrees of freedom are omitted.

Let V4, be the space of Hermite vector polynomials of degree k > 4 [12, 7]. This
space consists of globally continuous piecewise polynomials whose degrees of freedom
are given by (cf. Figure 3.2)

(3.2a) D%v(a) Vla| <1, Ya € Vp, /v -qds Yq € Pr_4(e), Ve € &y,

€

(3.2b) / v-rdr Vr € Py_3(T), VT € T},
T

The pressure space @)}, consists of piecewise polynomials of degree (k — 1) that are
continuous at the vertices. A set of degrees of freedom that uniquely defines such a
space are given as follows:

(3.3)  pla) Vae Vy, / grder Vr € Pr_1(T) with r(a) =0, Va € V,(T).
T

It is simple to check that the degrees of freedom given above form a unisolvent set
for the finite element spaces X, V3, and @p. Moreover, the inclusions curl X, C V;,
and divV;, C Qp hold. To show that the first discrete complex in (1.5) is exact, it
suffices to show that dim X, + dim @y, = dimV}, — 1.

From the degrees of freedom (3.2)—(3.3), one sees that dim¥;, = 6V + (2k —
TE+ %(k =3)(k—4)T,dimV,, =23V +(k—3)E+ %(k —1)(k—2)T), and dim @, =
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V+ (g(k +1)— 3)T, where V, E, and T denote the number of vertices, edges, and
triangles, respectively, in the triangulation of 2. Hence, dim ¥j, +dim Qp —dim V}, =
V +T — E =1 by Euler’s formula. It then follows that the first sequence in (1.5) is
exact. In particular, for every ¢ € @y there exists v € V;, such that dive = g. The
stability of such a construction is established in the next lemma.

LEMMA 3.1. For every q € Qp, there exists v € V}, such that divv = q. Moreover,
there exists a constant C' > 0 independent of h such that ||v|| g1 (o) < CllqllL2)-

Proof. Let w € H'Y(Q) satisfy divw = ¢ and |w|m (o) < Clgllr2@), and
let wp € Py denote the Scott—Zhang interpolant of w [23]. We then define v; =
(v1,1,v1,2)" € V, by the following set of conditions:

Ovy 4 Ovy .
Teta) = 500, G =04 )

V1 (CL) = wp (CL),
for all vertices a € Vp;

(3.4) /'v1 -qds = /w-qu Vg € Pr_4(e)

for all edges e € Ep;

/vl~rda::/w-rdx Vr € Pr_3(T)
T T

for all triangles T' € T},. We clearly have divv; (a) = ¢(a) at all the vertices. Moreover,
by integration by parts and (3.4) we have

/divvlds:/ v -nds = w-nds:/divwda::/qda:.
T aT aT T T

Thus, (¢—divvy) € Q, vanishes at all the vertices and has vanishing mean on each tri-
angle. Therefore by Lemma 2.3, for each T' € T}, there exists ve r € P (T') such that
diV1}27T|T = (q - diVUl)lT, 'U2,T|8T = 0 and Hv27THH1(T) S CHq - diVUlHLz(T) S
C(llgllcz¢ry + llv1llarery). We then define vy by valr = vor|r VI € Ty The
function vy is C' at the vertices of the triangulation since Voo r|r(a) = 0 for
all @ € Vp(T). Thus, vo € V). Setting v = v1 + v2, we have divvo = ¢ and
o[l 1) < lvilla) + lvallzi@) < C(llallzz@) + [villag))- Thus, it remains to
show [[v1 () < Cllallr2().-

Set z = v1 — wy, and 2(%) = z(x), where x = Fp(Z) and Fr(2) = AT + b is
the affine mapping from TtoT. Here, T denotes the reference triangle with vertices
(0,0), (1,0), and (0,1). Since the degrees of freedom (3.2) form a unisolvent set over
Pi(T), and since all norms are equivalent in a finite dimensional setting, we have
(m = 0)

. 2
(3.5) Vel > > W2@P+ S | sw /ﬁ.qdé
aeVy (1) ece, () IPr-a(D) e
H‘j”L2(é):1

+‘ sup /2~f-d§:
FEPL_3(T) YT
Il’i'”L2(’f“):1

where we have used the fact that 2 vanishes at the vertices of T'. By standard scaling
arguments, we have
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(3.6)
STova@P<cni > V(v —wn)(a)* < C(llallFa ) + lwnlFn ).

aeV, (T) a€VyL(T)

Next, let 7, € Py_3(T") be a function satisfying ||7§*HL2(T) =1 and

(3.7) sup /ﬁ-fd:f;:/,é-md@.
PEPL_s(T) YT T
||7A'HL2(7‘"):1

Set r.(z) = |Jr| /2%, (), where |Jp| is the determinant of the Jacobian of F, i.e.,
|Jr| = det(A) = 2|T|. Then |r.|z2(r) = 1 and by (3.4) we have

2
(3.8) ‘ sup /Tﬁ%dae

PEP_5(T)

2

2
= |JF|71‘/Z'7‘* dx‘ < Chz®|  sup /('w—wh)-rdx
T T

r€P)_3(T)
H"'||L2(T):1

< Chp?|lw — wh|Z2(q)-

Similar arguments show

2
< Chyt|lw — walli2or).

(3.9) S| sw /2-c}d§
éegh(T) ‘ieyk—4(T) e
|“3HL2(§):1
Applying the estimates (3.6) and (3.8)—(3.9) to (3.5) and using the approximation
properties of wy, [23] we obtain

120 g 7y < Cllall7ecry + lwnll ey + b2 lw — wal[ 72 () + ha'llw = wall72or)
< CllalZ .y + lwllFr wry))-

Therefore by scaling,
o1 = whl[7r 7y < C(|2|§{1(T) + h%“”‘éHiz(T)) < C(lwllfrwery + lallzzcr)-

Employing the triangle inequality and summing over 7' € Tj, we obtain [|v1 |1 (o) <
C(llwll o) + llallz) < Cllallz2(q)- This completes the proof. O

3.2. The finite element spaces with homogeneous boundary conditions.
We now discuss the finite element spaces incorporating homogeneous boundary con-
ditions. A mnatural approach is to take the spaces as X9 = X N HZ(Q), Vio =
Vi, N HL(Q), and Qp.o = Qn N L2(). Here we argue that this construction does not
form an exact sequence; in particular, the space Qo is strictly larger than div V4, .
Therefore these two spaces do not form a stable finite element pair for the Stokes
problem.

We arrive at these conclusions using a similar counting argument as in the previous
section. Clearly the zero mean value restriction implies that dim Qp 0 = dim @, —1 =
V+(£(k+1)—3)T—1. The requirement V, o C H{(€2) can be achieved by imposing
the following constraints for v € Vj0: (i) v = 0 and dv/9t = 0 at all boundary
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vertices; (ii) the (k — 4)th order moments of v vanish on each boundary edge. Note
that Vo = 0 at all corner vertices of the triangulation. A corner vertex is a boundary
vertex such that the two adjacent boundary edges do not lie on a straight line. Denote
by Vi the number of interior vertices, Fy the number of interior edges, and Vj, the
number of boundary vertices not including corner vertices in the triangulation. We
then find dim Vi, 0 = 2(3Vo+ (k—3)Eo+ £ (k—1)(k—2)T+V}). Last, we construct the
space X, o by requiring all z € £, o to satisfy the following properties: (i) z =0 and
Vz = 0 for all boundary vertices; (ii) the (k—5)th order moments of z and the (k—4)th
order moments of dz/0n vanish on each boundary edge; (iii) the second tangental
derivative 92z /0s* and the mixed tangental-normal derivative 92z /9sOn vanish at all
boundary vertices. We then have dim ¥,9 = 6Vo+ (2k —7)Eo + 3 (k— 3)(k—4)T + ;.
Since curl ¥, o C V30 and div V}, o C @p 0, it is easy to see that the sequence

C curl div
0 —— Xp0 — Vo —— Qno —— 0

will be exact provided dim ¥ g + dim Qp,0 = dim V}, 9. However, using the identities
T+V —-—FE=1and E— FEy=V — 1V, we find

dim ¥, ¢ + dim Qp,0 — dim Vj, o

1 k
= 6Vo + (2k = T)Ey + 5(k = 3)(k — )T + Vi + V + (§(k+1)—3>T—1

- <2(3V0 (k= 3)Bo + 5(k ~ 1)k~ 2)T + vz)

=T+V-1-Ey-V,=E-Ey-V,
=V-W-W=V,

where V. denotes the number of corner vertices in the triangulation. Above, we have
used the identity V =V + V, + V.. Since V; > 0, we clearly see that the spaces ¥y, o,
Vh.0, and Qp o constructed above do not form an exact sequence. In fact, this is easy
to see without relying on the counting argument above. Indeed, since v € V}, o has
vanishing derivatives at the corners of the domain, the divergence of v vanishes at
these points as well. Since no restriction is imposed on Q)5 o at the corner points, the
sequence cannot be exact.

We now discuss an alternative construction of the finite element spaces X g,
Vb0, Qn,o. The idea is to modify the spaces constructed above on triangles with
corner vertices. To construct these spaces, we make the following assumption about
the mesh:

(M) Every corner vertex is nonsingular.

We recall a boundary vertex is singular if all the edges meeting at this vertex fall on
two straight lines (see [22] and [25] for details). It is easy to see that assumption (M)
is equivalent to the assumption that no triangle has more than one boundary edge.

We define the finite element spaces with homogeneous boundary conditions as

(3.10a)  Spo={z€ H(Q): z|r € Sy(T), 2 is C? at all noncorner vertices},
(3.10b)  Vio={ve H{(Q): v|r € V(T), vis C" at all noncorner vertices},
(3.10c)  Qno={g€L*(Q): qlr € Q(T), qis C° at all noncorner vertices}.

Remark 3.2. If the corner vertices are all singular, then the finite element spaces
(3.10) are the same as those considered earlier.
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Denote by E. o the number of interior edges that have a corner vertex as one of its
endpoints. Then by following similar arguments discussed above, we have dim V}, g =
23Vo+(k—3)Eo+2(k—1)(k—2)T+ Vo + Ec) and dim Qp 0 = v+ (E(k—1)—3)T —
1+ E. . Furthermore, using the arguments above and arguments found in [22, section
6], we find dim X, 0 = 6V + (2k — 7)Eo + 5 (k— 4)(k — 3)T 4+ V, + Eco — Ve. It is then
an easy exercise to show dim ¥ g 4+ dim Qp,0 = dim V}, o, implying the corresponding
sequence is exact.

We also have the following stability result, analogous to Lemma 3.1.

LEMMA 3.3. Suppose that assumption (M) holds, and let V3,0 and Qp,o0 be defined
by (3.10b) and (3.10c), respectively. Then for any q € Qp. 0, there exists a v € V3 ¢
such that divv = q and ||[v||g1(q) < Cllqllz2(q). Consequently the LBB condition

(divw)gdx
Clalpy < sup Joldvolede

Vg € Qnpo
vevio\{0} vl o)

holds for a constant C > 0 independent of h.

Proof. The proof strongly resembles the proof of Lemma 3.1. As before we let
w € H{(Q) satisfy divw = ¢ and ||| 1) < Cllqllr2(q) [15, Corollary 2.4], and let
wy, € PN H{(Q) denote the Scott—Zhang interpolant of w. We then define v; € Vj, o
as follows. At all vertices in the triangulation, we set v(a) = wp(a), and at all interior
vertices of the triangulation we set

Ov1 i 0v1 5 .,
Tet@) = ja(a), @) =0 (1#))

For all edges e € &, we impose the condition

/vl-qu:/wqu Vg € Pr_4(e),

and for all T', we specify that

/vl-rdx:/w-rdx Vr € Pr_s(T).
T T

Note that at this point, v; is uniquely determined in interior triangles, i.e., triangles
T € Ty, that satisfy 07 N9 = (). Moreover we have divv(a) = ¢(a) at all interior
vertices and fT divo, dz = qudx for all T € Tp,. Furthermore, by the proof of
Lemma 3.1, we have ||[v|| g7y < C(|lgll 2¢r)+[|w| g1 (w(ry))) for all interior triangles 7.

Next, let a be a noncorner boundary vertex, and denote by t a unit vector parallel

to the boundary of € at a. Setting %(a) = 0, we have
. o (9’()171 (9’()172 - ov
divv(a) = ng o (a) + ng o (a) =n 6_n(a)’
where n = (n1,n2)" denotes the outward unit normal of dQ at a. We then prescribe
Ov
2% (a) = ma(a).

Let a be a corner vertex and denote by {T;}, the triangles that have a as a
vertex (cf. Figure 3.3). Without loss of generality, we assume that the triangles are
labeled in a counterclockwise fashion such that 77 and Tn each have one edge that
intersects the boundary Q. Let {e; fvztl be the edges in &, such that a C €, again
labeled in a counterclockwise fashion, and denote by t; a unit vector parallel to edge
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o0

Fic. 3.3. A pictorial description of the proof of Lemma 3.3 with N = 4.

e;. Let nt = (12, —nl)t. Since t; and t;1 are linearly independent vectors, we can
write grad v; as a linear combination of ¢} and ¢, whose coefficients depend on
Ovy1/0t; and Qv /0t; 1. We then easily find

(9’01 (9’01
= (¢t == gk t; -5 ).
T; ( i+1 8tl 7 8ti+l ( lJrl)

Consider the case N = 2. To satisfy the homogeneous boundary conditions, we
set Ovy/0t1|r, (a) = Ov1/0ts|ry (a) = 0. We then have

divln () = - (& Gr@) [ 0 eh)

div U1

and
. v
divor|n, (a) = (t3 - = —=(a) ) / (2 83).
Oto
Prescribing
8'1)1 tl 132L t2' BL
9t D T O, e

for some constants ¢1, co, we have div v|7, (a) = ¢; (i = 1,2). In particular, by choosing
¢i = q|T,(a), we have divo|r, (a) = ¢|r, (a).

In the general case N > 2, we can repeat this procedure for all triangles in
a counterclockwise fashion. Namely, using the arguments in [25, Lemma 2.6], we
construct vy to satisfy divvi|p, (a) = ¢1, divvi|ry (@) = can—2, and divvi|r,(a) =
Coi—o+cai—1 (2 <i < N —1) for some constants ¢; € R. We then choose ¢; = ¢(a)|r,,
can—2 = q(a)|ry, c2i—2 = q(a)|T;, and c2;—1 = 0 (2 < i < N —1). With this choice,
we clearly have div v (a)7, = q(a)|7, (1 <4 < N). Furthermore, by scaling arguments
(see [25, Lemma 2.6]), we have for all boundary triangles, ||v1]| g1 (r)y < C(|lql| L2 () +
Hw”Hl(w(T)))- It then follows that ||'l)1||H1(Q) < C'(||q||L2(Q)—|—||w||H1(Q)) < CHL]HLz(Q).

At this point the proof is the same as the proof of Lemma 3.1. Namely, we
let vo 7 € Pr(T) N HY(T) satisfy divvoar = (¢ — v1)|r and define vy € Vj o by
va|r = va,r|7. Then v := vy + vy satisfies divv = g and [|v|| g1y < Cllql|12(0)- O
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4. A family of H(div;Q) x H'(2) conforming finite elements. In this
section we develop a family of H!(div;Q) x H'(Q) conforming finite element pairs
that also produce pointwise divergence-free velocity approximations for the Stokes
problem. Essentially, these spaces are obtained by removing sets of functions from
the velocity and pressure spaces V;, and Q.

4.1. The finite element spaces without boundary conditions. The local
pressure space is given by the (k — 3)(k + 4)/2 dimensional (scalar) MINI space [2]
(4.1) S(T) = Pi_5(T) U (Pr_1(T) N HL(T)).

Again, k is an integer satisfying k > 4. A function in S(7T') is uniquely determined by
the following values (cf. Figure 4.1):

(4.2a) w(a) Va € Vi(T), /wn ds Yk € Pr_s(e), Ve € Ep(T),
(4.2b) / wwdr Yw € Pr_y(T).
T

LEMMA 4.1. The degrees of freedom (4.2) are unisolvent on S(T').

Proof. Since there are exactly (3+3(k—4)+ 2(k—2)(k—3)) = 3(k+4)(k—3)
degrees of freedom given in (4.2), it suffices to show that if w € S(T) vanishes at
the degrees of freedom, then w = 0. Since w‘aT € Pr_3(T), the first two sets of
conditions in (4.2) imply that w|gr = 0. Therefore we can write w = brp for some
p € Pr_4a(T), where by € H}(Q) denotes the cubic bubble function. We then have
0= fT wpdxr = fT brp? dx. Since by > 0 in T, we conclude that p = 0 and therefore
w = 0. o

The local space of the velocity element is defined as

W(T) = {v € Pu(T) : dive € S(T)}.

It is easy to see that dim W (T') > (k+2)(k+1)—1 (k(k+1)—(k—3)(k+4)) = k*+3k—4.
A unisolvent set of degrees of freedom for W (T') is given by

(4.3a) D%v(a) V|a| <1, Va € V,(T), /v ‘kds Yk € Pr_y4(e), Ve € Ex(T),
(4.3b) /(div v)wds Yw € Pr_s5(e), Ve € Ep(T),

(4.3c) /T'v ~¢pdx V¢ € R(T) := grad (Pr_4(T)) + curl (b7:P_5(T)).

F1a. 4.1. The degrees of freedom of W (T') (left) and S(T) (right) in the case k = 4.
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In the case k = 4 the degrees of freedom (4.3b)—(4.3c) are omitted.

LEMMA 4.2. The degrees of freedom (4.3) are unisolvent on W (T).

Proof. Similar to Lemma 4.1, we show that if v € W/(T') vanishes at the degrees
of freedom, then v is identically zero.

If v € W(T') vanishes on the degrees of freedom (4.3), then divv|sr = 0 and
v|lgr = 0. We can then write dive = bpp for some p € Pr_4(T). By (4.3), and
integration by parts, we obtain

/pr2dx:/(divv)pdx:—/v-gradpdx—i—/ (v-m)pds =0.
T T T aT

It then follows that dive = 0 and therefore we may write v = curlw for some
w € Pr11(T) unique up to a constant. Since 0 =v-n = %—f on OT, we may assume
that w|ar = 0. It then follows from (4.3a) that D*w(a) = 0 for all multi-indices
la| <2 and all vertices of T'. Moreover, by (4.3a) there holds [ (Ow/0n.)p = 0 for all
p € Pr_a(e). We then conclude that Vw vanishes on 0T as well. We may then write

w = b2 for some 7 € P_5(T). Finally using (4.3c), we obtain

/ curl (b3r) - curl (b3r) doz = / v - curl (b3r) dx = 0.
T T
Clearly this last identity implies » = 0 and therefore v = 0. O
The global velocity and pressure space without boundary conditions are given
respectively by

W), = {v € H'(div;() : Vw is continuous at the vertices,
and v|r € W(T) VT € Ty},
Sp={q€ H'(Q): ¢|r € S(T) VT € Ty, }.

As before, a counting argument can be used to show exactness of the second sequence
given in (1.5). Recall that dimX, = 6V + (2k — 7)E + 1(k — 3)(k — 4)T. Since
dim S, =V + (k—4)E+ %(k —2)(k —3)T and dim W}, = 2(3V + (k- 3)E) + (k-
4E + (3(k —2)(k —3) = 1)T + 2(k — 3)(k — 4)T, we easily find

dim X;, + dim Sy, — dim V3,

:6V+(2k—7)E+%(k—B)(k—4)T+V+(k—4)E+%(k—Z)(k—B)T
-23BV+(k—3)E) — (k—4)E — (%(k—2)(k—3)—1)T

1

— 5(k—3)(k—4)T:V—E+T: 1.
We can then argue that the sequence (1.5) is exact.

LEMMA 4.3. For any q € Sy, there exists a v € Wy, such that divv = q and
vl @) < Cllallzze)-

Proof. Since q € S, C Qp, Lemma 3.1 states that there exists v € V}, such that
dive = g and ||v|| g1 (0) < C|lql|L2(0)- By definition of V3, the function v is C'* at the
vertices of the triangulation. Therefore since divw = g € Sp,, we have v € W, d

4.2. The finite element spaces with homogeneous boundary conditions.
The corresponding finite element spaces incorporating homogeneous boundary condi-
tions are given by
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(4.4a)
Wyo={ve H}(Q): v|r € W(T), Vv is continuous at all noncorner vertices},
(4.4b)
Sho={q€ L2(Q) : qlp € S(T), q is continuous at all noncorner vertices }.

LEMMA 4.4. Suppose that the mesh restriction (M) holds, and let Wy, o and
Sho be defined by (4.4a) and (4.4b), respectively. Then for any q € Sho there exists
v € Wy o with dive = q and [|v|| g1y < Cllqllz2(q)-

The proof of Lemma 4.4 is nearly identical to the proof of Lemma 4.3 so we
omit it.

5. The finite element method and its convergence analysis. Let X}, ¢ x
Y0 be one of the velocity-pressure finite element pairs Vi, g0 x Qp,0 or Wh o X Sho.
Then the finite element method reads as follows: Find (up,pn) € Xpo X Ya,0 such
that

(5.1a) I// Vuy, : Vodr — / (divo)pp, dz = / f-vdx Vv € X,
Q Q Q
(5.1b) / (divup)gdx =0 Vg € Yho.
Q

In light of Lemmas 3.3 and 4.4, the LBB condition (1.2) holds provided the mesh
condition (M) is satisfied. Using standard arguments [8, 5], we conclude that problem
(5.1) is well-posed. Moreover, since div X, = Y}, the space of discretely divergence-
free functions is in fact divergence-free pointwise; that is,

(5.2) Zp:= {v € Xpo: /(divv)qu =0Vqe€ Yh70} ={v e Xpo: divo=0}
Q

Therefore by standard arguments [8, 5] the solution satisfies the following estimates.
LEMMA 5.1. Suppose that the mesh restriction (M) holds, and let (up,pp) €
X0 X Yuo satisfy (5.1). Then there holds

(5.3a) [V(un = v)|r20) < [V(w = v)|12(0) Vv € Zpyo,
(5.3b) lpn — Pupllreo) < vIIV(w — un)llL2 ),

where Py, : L2(Q) — Y0 denotes the L? projection onto Yho and Zy, o is defined by
(5.2). Consequently, by the triangle and Poincaré inequalities, we have

lu —wn|l g o) < Cvei%f};o lu — v 1),
Ip = pullrz2) < C(llp — Pupll2) + VIV (w — un)| L2q)) -

We now address the approximation properties of Zj, o. Since the sequences (1.5)
are exact, we have Zp o = curl ¥, o. Moreover, since u is divergence-free, we may
write u = curl w for some w € HZ(Q2). It then follows that

inf — = inf lw— 1 < inf — .
WGH%MHU v|[ () ZelrzthOHCUI‘ w — cur ZHHl(Q)_ZGHElMHw 2| 20

Using this identity along with the approximation properties of ¥ o and the L? pro-
jection Py, we obtain our main result.
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THEOREM 5.2. Let (u,p) be the solution to the Stokes problem (1.1), and assume
that w € H*(Q) with 1 < s < k+1. Suppose that the mesh restriction (M) is satisfied,
and let (up,pr) € X0 X Yro be the solution to (5.1). Then there holds

(5.4) lu — wnll g1 o) < CP°Hul| e o)

If Xno % Yno = Vho X Qn,o, then the pressure error satisfies

P —pnllz2@) < C(vhsflllul\Hsm) - hm||p||Hm(Q)), 1<s<k+1, 0<m<k.
If X1o %X Yno=Wpo X Sho, then the pressure error satisfies
Ip=prllieey < C(vh*ulueioy + A" plan ), 1<s<k+1, 0<m< k-2,

5.1. A postprocessed pressure solution. Theorem 5.2 indicates that the fi-
nite element pair W}, g x Sy o approximates the velocity and pressure in an unbalanced
way, namely, the order of convergence of the pressure is two less than the velocity.
Here, we describe a simple local postpossessing procedure to recover O(h*) accuracy.
The price we pay is that the postprocessed solution is no longer globally continuous,
although we do not consider this a disadvantage from a practical viewpoint.

Let S*(T) ¢ HY(T) be an auxiliary finite dimensional space consisting of piece-
wise polynomials. Let (wp,pn) be the unique solution to (5.1) with Xp o X Y30 =
W0 X Sho. Then for a given T' € T}, we define p; € S*(T) as the unique function
satisfying the local Neumman problem

(5.5a) /Vp;;-qux:u/(Auh)-qux+/f-qux Vg € S*(T),
T T T

(5.5b) /p;;dx:/phdx.
T T

LEMMA 5.3. Suppose that Pr_1(T) C S*(T) and the solution to (1.1) satisfies
p€ H Q) and u € H*(Q) with 2 < s <k + 1. Then there holds

Ip = phllz2) < CR° ™ (vilull g o) + 1Pl re-1(0))-

Proof. By the Poincaré—Friedrich inequality, we have for each T € Ty,
(5.6) Ip = pillzacry < C (1= Dillzcr + hrlI 9 = pillacr )

where p — p; denotes the mean of p — p; over T'. Since p — p}; =D —Dpj, = Pup—Dr =
Ppp — pn, we have [|p — pjll2(ry = [|Pap — prllecry < |1Pap — prllr2(r)-
To estimate ||V (p — pj)|lz2(7), we use (5.5a) to get for all ¢ € S*(T')
IV = pi)li2(ry = (V0 —5), V(o — ) + (V0 = ;) V(g — Pp))r
= (V(p=pi),V(p = @))r + v(A(u —un), V(g — pp))r
<[V -pi)lez2) VP = O)llrzcr
+ v[|A(w — wn)|| 27 IIV(q pi)llzz(r).-

It then follows from the triangle and Cauchy inequalities that

IV(p—pi)lle(ry < C(Hv(p =2y + V[ A(u — Uh)||L2(T))'
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Using this last estimate in (5.6) we obtain
1= pillzecry < C(Ilpn = Papllzaery + vherll A — wh) | 2cr)

inf hr||V(p— .
+q€}S’I}‘(T) r|V(p q)||L2(T))

If Pr_1(T) C S*(T), then by the Bramble-Hilbert lemma and the regularity properties
of p,

inf  hr||[V(p — < Chst iy, 1<s<k+1.
qegfl(T) TIV(p — OllL2r) < Chy |pllas—1 (1) Ss<k+

Moreover, by the triangle and inverse inequalities, we have for any v € P (T),
hr||A(w = un) L2y < hrl|A(w = v)|[L2(r) + Cllun = vllar (1)
< C(hrll A = o)z + 1w = vl + lu = unllm e )-
Thus, by choosing v to be the Scott—-Zhang interpolant of u we obtain
hrl|A(w —up)l 2y < C(h7 s wery) + lw = wnlla ).

Combining these results, we have

P — phllL2cr)
< C(llpn = Pupllzacry + vlw = wnllm ey + by 0l ey + Il r)) )

Summing over all T € T3, and employing the estimates (5.3b) and (5.4), we obtain
the desired result:

P = pill2(e)
< C(llpn — Pupllzaay + vllw — wnllm o) + b~ vl e o) + Iple-s o))

< C(vllu—wnllmo + 5 @lull @) + lpllae-10))
< O (wlull @) + [pllas-1). O

6. Reduced elements. In this section we briefly describe how to modify the
finite element spaces in the case k = 4 to obtain elements with less degrees of freedom.
Essentially this is done by restricting the range of the tangental component on each
edge. These modifications correspond to the C! Bell triangle [12] in the sequence (1.5).

The local spaces of the reduced velocity elements are given by

VR(T) = {1} S ?4(T) N VA tlaT S T3(8T)},
Wr(T) = W(T') N Vr(T),

where t denotes the unit tangent vector of 9T, and it is understood that k = 4 in the
definition of W (T'). The corresponding pressure spaces are the same as the unreduced
elements with & = 4. The 21 degrees of freedom for a function v € Wr(T') are (i) the
values of v and Vv at the vertices and (ii) the zeroth moment of v - n on each edge.
In addition to these, the degrees of freedom of v € Vi (T) are (iii) the zero and first
order moments of v on T'. The proofs of unisolvency are essentially the same as the
proof of Lemma 4.2 so we omit them.
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The corresponding global spaces, which consist of functions that are continuous
at the degrees of freedom listed above, are denoted by Vg and Wg . The proofs of
stability for the finite element pairs Vi, x Qp and Wg p, x S, are essentially the same
as the proofs of Lemmas 3.1 and 4.3, the key difference being that (3.4) is replaced by

/vl-neds:/'w-neds.

The convergence analysis also follows the same lines as those presented in section
5. Following the arguments there, we find that the velocity approximations converge
with order O(h%); the pressure approximations converge with order O(h%) or O(h?)
depending on what finite element pair is used.

It is worth comparing the size of the global reduced finite element space W 5, x
S with some well-known Stokes elements. The global dimension of Wg x Sj, is
dmWgyp +dimS, = 6V +E)+ (V+T) =7W+T+E=8V+2I—-1. A
comparable element in terms of approximation properties is the P35 — Py Taylor hood
finite element space (where both spaces are continuous). The dimension of this space
is2(V+2E+T)+V+E=3V+5E+2T =8V 47T — 1, so we clearly see that
Wg,n X Sy has smaller dimension, although the pressure approximation converges
with one less order than the Taylor-Hood approximation without postprocessing.
However, we recall that the Taylor—Hood elements do not produce exactly divergence-
free approximations. Another comparable element is the Scott—Vogelius element on a
mesh created as a barycenter refinement of a triangular mesh. For such meshes, it has
been shown that the Po — Py pair with Po continuous and P; discontinuous satisfy
the LBB condition (1.2) and produce exactly divergence-free velocity approximations.
The dimension of this space is 2V + 2E + 3T = 4V + 5T — 2, which is =~ 16.7% larger
than the dimension of Wg j, X Sy. In addition, Wgr ; x S;, has better approximation
properties.

7. Numerical experiments. In this section we perform some numerical exper-
iments which back up the theoretical results in section 5. We apply the finite element
method (5.1) with k£ = 4 on the unit square Q = (0,1)2. The computations are per-
formed on a criss-cross triangulation as depicted in Figure 7.1. These meshes have

Fi1a. 7.1. The computational mesh with h = 1/8.
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TABLE 7.1
The errors of the computed solution and rates of convergence with finite element spaces V}, o X

Qh,0-

- Tu—unl; Rate [V(u_un)lz  Raie [p—palz  Rate [divuglos
1/4 2.16E-01 1.18E+01 1.24E+4-02 1.28E-11
1/8 1.95E-02 3.47 1.68E+00 2.81 1.20E401 3.36 6.27E-12
1/16 6.38E-04 4.93 1.18E-01 3.83 1.90E4-00 2.66 8.92E-11
1/32 2.03E-05 4.97 7.82E-03 3.91 1.36E-01 3.81 1.45E-11
1/64 6.58E-07 4.95 5.13E-04 3.93 8.76E-03 3.96 9.83E-10

approximately h~2 singular vertices, but none of these singular vertices are located at
the corners of the domain. Hence these triangulations satisfy the mesh restriction (M).
We choose the data such that the exact solution is given by

3(1 — cos?(3mxy)) sin(3mwa) (27 cos(3 maz) — 23 sin(3mz2))

s
2(—1 + cos?(3mxs)) sin(3mzy ) (3w cos(3mx1) + 223 sin(3mxy))

1
10 (22 — a3 + — ).
0(.@]_ 1'2"’_12)

The viscosity is set as v = 1.

In the first set of numerical experiments, we take X, 0 X Y5 0 = Vj,0 X Qn,0. We
list the errors and the rates of convergence of the computed solution in Table 7.1.
In addition, we list the maximum value of the divergence of the computed velocity
solution. Table 7.1 clearly indicates that ||u —wp| g1 (o) = O(h*) and ||p— pallL2(0) =
O(h*), which is in agreement with Theorem 5.2. In addition, we observe that the
velocity error satisfies |u — wup|[z2() = O(h®). Finally, we see from Table 7.1 that
the divergence of the computed solution is of the range 107?-107!2 and increases as
the mesh is refined. This phenomenon is likely due to round-off error.

Table 7.2 shows the resulting errors when we compute the solution of (5.1) with
finite element spaces X, 0 X Y3,.0 = Wp 0 X Sp 0. Again, we observe O(h®) and O(h*)
rates of convergence of the velocity error in the L? and H'! norms, respectively. The

w = exp(z] — x3)

p

TABLE 7.2
The errors of the computed solution and rates of convergence with finite element spaces W, g X
Sh.o-

’

2 [u—wplz Rate [V(u—wup)2 Rate [[p—ppllpz Rate [divup]r=

1/4 2.16E-01 1.18E4-01 1.60E4-00 3.65E-11

1/8 1.95E-02 3.47 1.68E4-00 2.81 4.38E-01 1.86 1.84E-11

1/16 6.38E-04 4.93 1.18E-01 3.83 2.00E-01 1.13 1.12E-11

1/32 2.03E-05 4.97 7.82E-03 3.91 5.66E-02 1.82 1.24E-11

1/64 6.58E-07 4.95 5.13E-04 3.93 1.48E-02 1.94 5.79E-11
TABLE 7.3

The difference between the computed pressure and the L? projection of p, and the errors of the
postprocessed pressure solution with S(T) = P3(T).

h lpn — Papllz Rate  lp—pjllr2o)  Rate
1/4 1.19E400 1.80E+01

1/8 1.27E-01 3.23 2.44E400 2.88
1/16 1.05E-02 3.60 1.88E-01 3.70
1/32 5.85E-04 4.16 1.30E-02 3.86

1/64 3.26E-05 4.17 9.19E-04 3.82
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pressure converges quadratically with respect to h. These rates coincide with the
statements in Theorem 5.2.

Finally, in Table 7.3 we list the errors of the postprocessed solution pj; with
S(T) = P3(T). In addition, we list the quantity |[pn — Pupllz2(q). As predicted by
Lemmas 5.1 and 5.3, both quantities converge with order O(h%).

8. Conclusions. In this paper we developed two families of finite element pairs
for the Stokes problem that produce exactly divergence-free velocity approximations.
The construction of both families is guided by two different Stokes complexes, where
a C! family of finite elements plays a central role. In three dimensions, we expect
that a smooth de Rham complex (i.e., Stokes complex) will also play an integral role
in both the construction and the analysis of divergence-free Stokes elements. We plan
to address the three-dimensional case in the near future.

We end the paper discussing how the techniques of Lemmas 3.1 and 4.3 can be
used to show that the Scott—Vogelius elements are uniformly LBB stable without the
quasi-uniform mesh assumption. Furthermore, the proof is shorter and simpler than
the one given in [22, 25]. We sketch the main points in the argument.

Let ¢ € L?(2) be a given piecewise polynomial of degree k — 1 with & > 4.
We wish to construct a globally continuous piecewise polynomial v € Py such that
dive = ¢ and |[v][gi) < Cllgllrz). Let w € H'(Q) satisfy divw = ¢ and
llwll g1 ) < Cllgllz2()- By slightly modifying the proof of [25, Lemma 2.6] (also see
[22, Lemma 4.1]), we can easily construct a vq € Py, such that div vy = ¢ at the vertices
(provided the mesh does not contain any singular vertices) and [ vi-kds = [ w-& for
all k € Py_4(e) and e € €. Furthermore, by scaling, we have ||v1|| g1 (o) < CllqllL2 (),
where the constant C' > 0 depends on “the measure of singularity” of the triangulation
(cf.[22]). Consequently, by the divergence theorem, [, divwv; de = [, qdz. Employ-
ing Lemma 2.3, we find ve 7 € P(T) N HE(T) with divwvs 7|7 = (¢ — divwy)|r. The
function v = v1 +v2 with va|p = vo 7|7 then satisfies the desired properties divv = ¢
and ||[v][z1(0) < Cllallz20)-
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