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1 Introduction

Let £2 be abounded polyhedral domain in R” and .7 a fixed simplicial triangulation of
£2. Thatis, .7 consists of n-simplexes, and their union is the closure of §2. Furthermore,
the intersection of any two simplexes is either empty or a common subsimplex of
each. The purpose of this paper is to construct a decomposition of scalar functions
on £2 into a sum of functions with local support with respect to the triangulation 7.
The decomposition is defined by a linear map # = %, referred to as the bubble
transform, which maps the Sobolev space H ! (£2) boundedly into a sum of local spaces
of the form H'(£2), where f runs over all the subsimplexes of .7 and £2 denotes
appropriate macroelements associated with f. Here, the space HY(R ) consists of all
functions in H'! (£2 ), which are zero on the part of the boundary of §2 ¢, which is in
the interior of £2. The map % is composed of local maps B such thatany u € H 1(2)
admits the decomposition
u= Z Byru.
7

The maps By : H L) -» H! (£27) are local and bounded linear maps with the
property that for all values of » > 1, if u is a continuous piecewise polynomial of
degree at most r withrespect to the triangulation .7, then B ru is a continuous piecewise
polynomial of degree at most r with respect to the restriction of the triangulation to
$27. Thus, the map 2 is independent of a particular polynomial degree r and so does
not depend on a particular finite element space.

To motivate the construction of the bubble transform, let us recall that the construc-
tion of projection operators is a key tool for deriving stability results and convergence
estimates for various finite element methods. In particular, for the analysis of mixed
finite element methods, projection operators which commute with differential opera-
tors have been a central feature since the beginning of such analysis cf. [7,8]. Another
setting where such operators potentially would be very useful, but hard to construct, is
the analysis of the so-called p-version of the finite element method, i.e., in the setting
where we are interested in convergence properties as the polynomial degree of the
finite element spaces increases. For such investigations, the construction of projection
operators which admit uniform bounds with respect to polynomial degree represents
a main challenge. In fact, so far, such constructions have appeared to be substantially
more difficult than the more standard analysis of the finite element method, where the
focus is on convergence with respect to mesh refinement.

Pioneering results on the convergence of the p-method applied to second-order
elliptic problems in two space dimensions were derived by Babuska and Suri [4]. An
important ingredient in their analysis was the construction of a polynomial preserving
extension operator. A generalization of the construction to three space dimensions in
the tetrahedral case can be found in [20], while /i p-stable quasi-interpolation in the case
of low regularity is studied in [19]. The importance of polynomial preserving exten-
sion operators for the Maxwell equations was argued in [10]. Further developments of
commuting extension operators for the de Rham complex in three space dimensions
are for example presented in [11-14]. These constructions have been used to establish
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a number of convergence results for the p-method, not only for boundary value prob-
lems, but also for eigenvalue problems [6]. A crucial step in this analysis is the use of
so-called projection-based interpolation operators, cf. [5, Chapter3] and [10,11,17].
However, this development has not led to local projection operators which are uni-
formly bounded in the appropriate Sobolev norms. Some extra regularity seems to be
necessary, cf. [6, Section 6] or [17, Section 4], and as a consequence, the theory for the
p-method is far more technical than the corresponding theory for the #-method. This
complexity represents a main obstacle for generalizing the theory for the p-method
in various directions. The bubble transform introduced in this paper represents a new
tool, which will be useful to overcome some of these difficulties. In particular, the
construction of projection operators onto the spaces of continuous piecewise polyno-
mials, which are uniformly bounded in H' with respect to the polynomial degree, is
an immediate consequence.

In practical computations, improved accuracy is often achieved by combining
increased polynomial degree and mesh refinement, an approach frequently referred to
as the hp-finite element method. However, throughout this paper, we consider the tri-
angulation .7 to be fixed. We let A;(.7) denote the set of subsimplexes of dimension
J of the triangulation .7, while

AT =] 4;(7)

J=0

is the set of all subsimplexes. Correspondingly, if f € A(.7), then A(f) denotes the
set of subsimplexes of f. We denote by W, (.7) C H!(£2) the space of continuous
piecewise polynomials of degree r with respect to the triangulation .7 and recall that
the spaces W, (.7) admit degrees of freedom of the form

/fur], neZ _1-amr(f), feAD), (1.1)

where &7;(f) denotes the set of polynomials of degree j on f. These degrees of
freedom uniquely determine an element in W, (7). In fact, the degrees of freedom
associated with a given simplex f € A(.7) uniquely determine elements in Po( ),
the space of polynomials of degree » on f which vanish on the boundary df.

For each f € A(Z), we let 22 be the macroelement consisting of the union of
the elements of 7 containing f, i.e.,

Qr=\JITITeZ. feam)

while .7 is the restriction of the triangulation .7 to £2 . Two such macroelements in
the case of two space dimensions are illustrated below in Fig. 1 .

It is a consequence of the properties of the degrees of freedom that for each f €
A(J), there exists an extension operator E ¢ : P, f) — W, (7, r). Here, W, (7, )
consists of all functions in W,. (.7 ) which are identically zero on §2\ £2 r. Furthermore,
the space W, (7) can be represented by a direct sum,
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a b

Fig. 1 a Vertex macroelement. b Edge macroelement

WA(T)= P Ef(2(f). (12)
feA(T)

Here, the symbol € has the interpretation of internal direct sum. However, in the rest
of this paper, we will find it convenient to use this symbol to denote the external direct
sum, which can be identified with the direct product. As a consequence,

P Es@nc @ wanc P H' @)
feA(T) feA(T) feA(T)

The extension operators E ¢ introduced above, defined from the degrees of freedom,
will depend on the space W,-(.7). In particular, they depend on the polynomial degree
r. However, it is a key observation that the macroelements £2 only depend on the
triangulation .7, and not on r. So for all r, there exists a decomposition of the space
W, () of the form (1.2), i.e., into a sum of subspaces of Wr(gf). Furthermore,
the geometric structure of these decompositions, represented by the simplexes f €
A(.7) and the associated macroelements 2 £ 1s independent of r, and this indicates
that a corresponding decomposition may also exist for the space H'(£2) itself. More
precisely, the ansatz is a decomposition of any u € H'(£2) of the form u = Zf ur,

where u s € H! (£27). The bubble transform, # = %5, which we will introduce
below, produces such a decomposition. As noted above, the transform is a bounded
linear operator

#:H'@) -~ P H'@R2)p
FeA)

that preserves the piecewise polynomial spaces in the sense that if u € W,.(.7), then
each component of the transform, u y = Byu, is in Vf/,(ﬂf) - Ifll(Qf). In fact, 4 is
also bounded in L. The transform depends on the given triangulation .7, but there is
no finite element space present in the construction.

We should note that once the transformation 4 is shown to exist, the construction
of local and uniformly bounded projections onto the spaces W, (7), with a bound
independent of 7, is straightforward. We just project each component B ru € H' (2 )
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by a local projection into the subspace Wi (T, ’r). Since each local projection can be
chosen to have norm equal to one, the global operator mapping u to the local pro-
jections of Byu will be bounded independently of the degree r. Furthermore, this
process will lead to a projection operator since the transform preserves continuous
piecewise polynomials. In fact, there are similarities between the construction of pro-
jections just outlined, and the quasi-interpolation studied in [19], since both operators
are constructed from components with local support. However, for the construction
presented below, the local components B yu, produced by the bubble transform at
“the continuous level,” are a key ingredient. In contrast, for the construction given
in [19], the local components are computed directly from local projections of the
function u into the given finite element space, in the spirit of the Clément opera-
tor, and these local projections depend on the polynomial degree. Therefore, in this
case, p-stability can only be obtained by tracking the dependence on the polynomial
degree.

In fact, unisolvent degrees of freedom, generalizing (1.1), exist for all the finite
element spaces of differential forms, referred to as P. A*(T) and 7 AK(T) and
studied in [1,3]. As long as the triangulation .7 is fixed, all these spaces admit degrees
of freedom with a common geometric structure, independent of the polynomial degree
r. Therefore, for all these spaces, there exist degrees of freedom generalizing (1.1) and
local decompositions similar to (1.2). So far, these decompositions have been utilized
to derive basis functions in the general setting, cf. [2], and to construct canonical, but
unbounded, local projections [1, Section 5.2]. By combining these canonical projec-
tions with appropriate smoothing operators, bounded, but nonlocal projections which
commute with the exterior derivative were also constructed in [9,22] and [1, Sec-
tion 5.4]. Furthermore, in [16] and [15], local decompositions and a double complex
structure were the main tools to obtain local and bounded cochain projections for the
spaces 2, A¥(7) and P A*(T). However, none of the projections just described
will admit bounds which are independent of the polynomial degree r, while the con-
struction of projections with such bounds is almost immediate from the properties
of the bubble transform, cf. Sect. 4.3 below. Therefore, it is our ambition to gener-
alize the construction of the bubble transform given below to differential forms in
any dimension, such that the transform is bounded in the appropriate Sobolev norms,
it commutes with the exterior derivative, and it preserves the finite element spaces
P, A*(T) and P AX(T). However, in the rest of this paper, we restrict the dis-
cussion to O-forms, i.e., to ordinary scalar valued functions defined on £2 C R" and
use the simpler notation W, (.7) rather than 2, A%(.7) = i A%(7) to denote the
piecewise polynomial space of degree < r on 7.

The present paper is organized as follows. In Sect. 2, we present the main properties
of the transform and introduce some useful notation. The key tools needed for the
construction are introduced in Sect. 3. In particular, for any f € A(Z), we introduce
a local average operator, A ¢, which is used to obtain local approximations near f.
For any u € L*(£2), the functions A yu are smooth away from f, and a Hardy-
type inequality, cf. [21], is used to characterize the error of the approximation (cf.
Lemma 3.4). The main results of the paper are derived in Sect. 4, where the Hardy-
type estimates are used as a fundamental tool to show that the components B yu are

FoC'T
H_h
@Springer TeLE|



Found Comput Math

elements of H' (£27) (cf. Lemma 4.3). However, the verification of some of the more
technical estimates is delayed until Sect. 5.

2 Preliminaries

We will use H'!(£2) to denote the Sobolev space of all functions in L2(£2), which also
have the components of the gradient in L2, and || - ||1 is the corresponding norm. If
2" C 2, then || - ||}, denotes the H ! norm with respect to £2’. The corresponding
notation for the L2-norms is || - ||o and || - llo, 2’ Furthermore, if £2 7 is a macroelement
associated with f € A(7), then

HY(2p) ={ve H' (27 |Efve H(2)),

where E IR LX(2 )= L2(£2) denotes the extension by zero outside £2 . In addition
to the macroelements §2 ¢, we also introduce the extended macroelements, .Q;, given
by [2; =U{2, | g € Ao(F) } (Fig.2) .

It is a simple observation that if g € A(f), then §2, D §2¢, while 27 C S?;

2.1 An Overview of the Construction

The construction of the transformation % will be done inductively with respect to
the dimension of f € A(.7). We are seeking a decomposition of the space H'!(£2)
with properties similar to (1.2). More precisely, we will establish that any function
u € H'(£2) can be decomposed into a sum, u = > £ U f, where each componentu s €
HY (2 ). The map u — u s will be denoted B, and the collection of all these maps

can be seen as a linear transformation 2 = Z7 : H'(2) = @ jepc7) H'(27)
with the following properties:

Hu=> ¢ Byu, where the component map By is a local operator mapping
H'(29) to H'(2)).

(ii) 4 is bounded, i.e., there is a constant ¢, depending on the triangulation .7, such
that

Do IBsuli g, <cllulli, ueH'(€).
f

Fig. 2 The extended
macroelement .Q; for

f=1Iyo,y1landn =2

FolCT
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(iii) £ preserves the piecewise polynomial spaces in the sense that
ue W, (7)== Bru € W,(Fy).

In the special case when n = 1 and §2 is an interval, say §2 = (0, 1), a transform with
the above properties is easy to construct. In this case, .7 is simply a partition of the
form

O=xp<x1<---<xy=1.

The set Ag(7) is the set of vertices {x;}, while A;(.7) is the set of intervals of the
form (x;_1,x;). If f = x; € Ap(F), then 2y = (x;_1, xj4+1), with an obvious
modification near the boundary, while 2y = f for f € A1(J). Let A; € Wi () be
the standard piecewise linear “hat functions,” characterized by A;(x;) = §;, ;. For all
f=x; € Ao(F), welet Bpu = u(xj)X;. By construction, B ru has support in £2¢.
Furthermore, the function

vanishes at all the vertices x;. If f = (x;_1,x;) € A{(7) then 27 = f. Therefore,
if forall f € A((J), welet Bru = ul |r when x € f and zero otherwise, then
Byu € ﬁl(.Qf), and u = ZfeA(ﬂ) Bru. In fact, it is straightforward to check that
all the properties (i)—(iii) hold for this construction.

In general, for n > 1, the restriction of u to a simplex f € A(J), denoted tr s u,
may not be well defined for u € H 1(£2). Therefore, the simple construction above
cannot be directly generalized to higher dimensions. For example, when f is the vertex
X0, to define B su, we introduce the Ao-weighted average of u given by

1
U = —— | uuo()xo+[1 — o)y dy,
1251 Jo,

where A (x) is now the n-dimensional piecewise linear function equal to one at xo and
zero at all other vertices. Note that if u is well defined at xq, then U (xg) = u(xg), while
if x € £2\ £y, then U (x) is just the average of u over £ . In general, for x # xo,
U (x) has pointwise values. Note that U (x) depends only on Xp(x), so is constant on
level sets of Ag(x).

In fact, if we replace Ag(x) by a variable A taking values in [0, 1] in the definition
of U (x) above, then we may view U as a function of A, which we will call (A fu)(A).
Hence, (A fu)(Ao(x)) = U (x). It is easy to check that if u is a piecewise polynomial
in x, then A yu is a polynomial in A. Finally, if we define

(Bru)(x) = (Agu)(ho(x)) — [1 = Ao(x)](A ru)(0), 2.1

then Byu will have support on §2¢. The averaging operator A s just introduced is
closely related to a corresponding operator introduced in [23], where it is referred to
as the “spider-averaging operator.” However, a difference is that the operator in [23]
EOE';W
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Fig. 3 The level set
Ao(x) = 1/4 in the
macroelement 2y,

is defined from averages with respect to level curves, while the present operator uses
averages with respect to the domain bounded by the level curves (Fig. 3).

For simplexes f of higher dimension, the operators By will be constructed recur-
sively by a process of the form

Bfu=Cy|u— Z Bgu |,
EAMT)
dim g<dim f

where Cy is a local trace preserving cutoff operator, i.e., designed such that Cyv is
close to v near f, but at the same time C yv vanishes outside §2 . To also have Cyv
in H'! will in general require compatibility conditions of v on 3f C 082 7. We will
return to the precise definition of the operators By and C in Sect. 4 below.

2.2 Barycentric Coordinates

If x; € Ao(F) is a vertex, then A;(x) € &1() is the corresponding barycentric
coordinate, extended by zero outside the corresponding macroelement. If f € A,,(7)
has vertices xg, x1, ..., X, then we write [xg, X1, ..., X;;] to denote convex combi-
nations, i.e.,

m
f=1[x0,xX1,...,xn] = x:Zajxj| Zajzl,aj >0
o r

The corresponding vector field (Ao, A1, ..., A;,) With values in R™+1 is denoted Af.
Hence, the map x +— A (x), restricted to f, is a one-one map of f onto .7, where

m
Sy = A:(Ao,...,km)eRm+1|zszl,kao
j=0
Elol:;ﬂ
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M

X1

X0

Fig.4 The map x — Ay (x) forn =2andm =1

To the simplex .#7,, we associate the simplex .7 = [#},, 0], given by

m
S = h=00, . k) €R™ D0 <1,25 20
j=0

Hence, .7, is an m dimensional subsimplex of .7),. For A € .7, we define

b)) =bu() =1-=D ;.

j=0

i.e., corresponding to the barycentric coordinate of the origin.
If f =[x0,x1,...,%n] € Ap(T), then the macroelements §2 s and .Q; are given
by

m m
Q2p =), and =]
j=0 j=0

The map x — X7 (x) maps §2 to ., f to .}, and the boundary d£2 ¢ to 0.7, \ S,
cf. Fig. 4. In particular, £2 \ .Q; is mapped to the origin.

For each f = [xg, X1, ..., Xm] € Ay (T), we also introduce the piecewise linear
function p s on £2 by

pr(x)=1="> 1j(x) =bOs(x)).
j=0

As a consequence, the simplex f can be characterized as the null set of o7, while
pr=1lon2\ .Q;

For each integer m > 0, we let .#, be the set of all subindexes of (0, 1, ..., m),i.e.,
S corresponds to all subsets of {0, 1, ..., m}, where the ordering of the elements is
FolCTM
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disregarded. In particular, we count the empty set as an element of .#,,, such that .#,,
is a finite set with 2! elements. We will use |/| to denote the cardinality of 7. If
0 < i < m is an integer, then there are exactly 2™ elements of ., which contain i,
and 2" elements which do not contain i. For any I € .7, we define P; : .5 — .7,
by

0, iel,
(PrA)i = [?»i, i¢l.

Hence, if [ is nonempty, then Py maps the simplex .7, to a portion of its boundary.
In particular, if / = {0, 1, ..., m}, then P; maps .7 into the origin of R+ while
Py is the identity if I is the empty set. Finally, for any f € A,,(7) and I € .%,, we
let f(I) € A(f) denote the corresponding subsimplex of f given by f(I) = {x €
S 1 PrAr(x) = Ar(x)}. Hence, if I is the empty set, then f (/) = f, while f(I) is
the empty subsimplex of fif I = (0,1,...,m) € .%,.

3 Tools for the Construction

The key tools for the construction are two families of operators, referred to as trace
preserving cutoff operators and local averaging operators.

3.1 The Trace Preserving Cutoff Operator on .7,

Let w be a real-valued function defined on .. For the discussion in this section, we
will assume that w is sufficiently regular to justify the operations below in a pointwise
sense. We will introduce an operator K = K,,, which maps such functions w into a
new function on .7, with the property that the trace on .}, is preserved, but such that
the trace of K, w vanishes on the rest of the boundary of .. In fact, the operator K,
strongly resembles the extension operators discussed in [12], where the construction
utilizes correction terms associated with the various subsimplexes of .,5. However,
in the present setting, where we will be working with functions which may not have a
trace on .%;,, trace preserving operators seem to be a more useful concept. The operator
K, can be viewed as a sum of pullbacks, weighted by rational coefficients. However,
the operator K, preserves polynomials in an appropriate sense, cf. Lemma 3.1 below.
The operator K, is defined by

b(n)
— _NWigl,, — _N_=2282 c
Knw) = Ieéjm( HYK,,w = Iegjlm( 1) b(P[)L)w(PI)\)’ Ae .

When m = 0, the set % has only two elements, the empty set and (0). Therefore, the
function Ky maps functions w = w(A), defined on .73 = [0, 1], to

Kow() =w®) — (I = M)w(0),
FolCT
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such that (2.1) can be rewritten as Bru = (Ko o Ay)u(ro(-)). We observe that
Kow(1) = w(l), Kow(0) = 0, and if w € &, then Kgw € .. Formally, we
can also argue that tr & (w — K, w) = 0 for m greater than zero. This easily follows
since all the terms in the sum defining K,,,, except for the one corresponding to / = ¢,
i.e., I is the empty set, have vanishing trace on .%;, due to the appearance of the term
b()) in the numerator. A corresponding argument also shows that the trace of K, w
vanishes on the rest of the boundary of .. Recall that the boundary of .7 consists

of .#}, and the subsimplexes
Imi={re S |2 =0} i=0,1,...,m.

Furthermore, for a fixed i, let I € .7, be any index such thati ¢ I, and let I’ € .7,
be given as I’ = I U {i}. For » € .%), ;, we have P\ = P, and therefore,

b(L) b(L) B

Klw) — KMw) =

However, for a fixed i, the set ., is exactly equal to the union of indexes of the form
I and I'. As a consequence, we conclude that K, w is identically zero on .#}, ; and
hence on 9.7 \ ./, In particular, K,,,w is zero at the origin.

The operator K,,, preserves polynomials in the following sense.

Lemma 3.1 Assume that w € 2, () withtry, w € @,(ym). Then K,w €
P (), rg (Kyw —w) =0, and try. e\, Kmw = 0.

Proof Assume that w € &, (,;), such that tr &» w vanishes on the boundary of .&,.
To show that K,,w € Z,(/), we consider each term in the sum defining K,,w of
the form

b(L)

KLw() = ———w(P;)).

mW(A) b (Pri)
If I = @, then K,;w = w, while if I is the maximum set, / = (0,1, ..., m), then
K,ﬁw()x) = b(AM)w(0, ..., 0) which is linear. Therefore, it is enough to consider the

other choices of 7, i.e., when K,{lw has an essential rational coefficient b(1)/b(PyA).

Note that since tr s, w vanishes on the boundary of .#,,, we can conclude that
w(PrA) vanishes on {A € .7 | b(PrA) = 0}. This means that w(P;1) must be of the
form w(PrA) = b(PrA)w'(PrA), where w’' € P_1(S.1). Here

Fm. 1 ={)»e§”n‘;|P1)\=)\}.

As a consequence, K,{lw = bMw'(Prr) € P (). Furthermore, tro Ky,w
= tre, w since all the terms K I'w have vanishing trace on ., except for the one
corresponding to I = ¢. Finally, the property that the trace of K,,w vanishes on the
rest of the boundary of .7}, follows from the discussion given above. O
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3.2 The Local Averaging Operator

Throughout this section, we will assume that f = [xq, x1, ..., Xu] € A (T), where
we assume that 0 < m < n. Forv € L2(.Qf) and A € .75, we let A pv(A) be given
by

m
Afv()x):]év y+z)»j(xj—)’) dy,
¥

j=0

where the slash through an integral means an average, i.e., fbf should be interpreted as

|2 |1 f o This operator is a generalization of the corresponding operator introduced
in Section 2 above in the special case when f is a vertex. If A € .7, then the integrand
is independent of y, and therefore, A fv(X) = v(x), where x = Zj Ajxj € f.
Hence, at least formally, the operator 1% o A ¢, which is given by v — A v (A7 (-)),
is the identity operator on f. We will find it convenient to introduce the function
G =Gy : S x 2y — 2y given by

m m
G y) =y+ D hjlxj—y) =D Ajxj+b(Q)y, re.Jy yey,
j=0 Jj=0

so that the operator A y can be expressed as

Afvm:]é (GG ) dy = 12770 > /Tvmm(x,y))dy.
f

TeJy

In fact, we observe that for each y € £2, the map G, (-, y) maps .7, to £2 7, and the
operator A 7 is simply the average withrespect to y of the pullbacks withrespect to these
maps. Itis a property of the map G, thatif y € T,where T € J,then G, (%, y) € T.
In fact, G, (A, y) is a convex combination of y and (Zl ki)_l > hixi € f.

A key property of the operator A ¢ is that it maps the piecewise polynomial spaces
W, (J%) into the polynomial spaces &, (5).

Lemma3.2 If v € W.(7), then Ayv € P (7). Furthermore, if A € 5y, then
Arv(}) = v(x), where x = 27:0 Lixj e f.

Proof If v € W,(), then the restriction of v to each triangle in . is a polyno-
mial of degree r. Furthermore, the map y — G,,(A, y) maps each T to itself and
depends linearly on A. Therefore, v(G,, (%, y)) € P (Z5) for each fixed y. Taking
the average over §2 with respect to y preserves this property, so Ayv € &, (S5).
The second result follows from the fact that the integrand is independent of y and
equal to V(X ; Ajx;), for A € S o

*

We will also need mapping properties of the operator A 7o Ay. Since A y maps all of §2
into .7, the operator k’} o Ay maps a function v defined on Lz(.Qf) to Arv(Ar(-))
FolCT
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defined on all of £2. It is a key result that this operator is bounded in L? and H'. In
fact, we even have the following.

Lemma 3.3 Assume that f € A, () and I € %, with m < n. The operator
“} o P/ o Ay is bounded as an operator from L2(.Qf) to L*(82), as well as from
H'(2¢) to H'(2).

The arguments involved to establish these boundedness results are slightly more
technical than the discussion above. Therefore, we will delay the proof of this lemma
and the proofs of the next three results below to the final section of the paper.

As we have observed above, the operator A% o A ; formally preserves traces on f.
A weak formulation of this result is expressed by the following Hardy-type inequality.

Lemma 3.4 Assume that f € A, (T) withm < n. Then
/Q P72 @Nvx) — ApoOp ()P dx < clollf, ve H' (),

where the constant ¢ = ¢(£2, .7) is independent of v.
Since the function p(x) is identically zero on f, this result shows that for any

ve HY(R2 ) “the error,” v — A yv, has a decay property near f.

The next result shows that the operator )\7 o P oA s preserves such decay properties.

Lemma 3.5 Assume that f € A, (F) and I € F,, withm < n,andlet g = f(I) €
AC(f). There is a constant ¢ = ¢(82, 7)), independent of v, such that

/ng_z(x)MfU(PI)vf(x)ﬂzdxSC[/ng_z(xﬂv(xﬂzdx—i-||gradv||%]

forallv e HY(), such that pg_lv e LE(2).

Finally, the following lemma will be a key ingredient in the proof of Lemma 4.2 to
follow.

Lemma 3.6 Assume that f = [xo, x1,...Xn] € Ap(T) and I € Sy, withm < n
and such that 0 ¢ I. Furthermore, let I' = (0, I). Then

/9 2o 2 OIA fu(Pr () = Apu(Prig ()T dx < cllgradvlg o, v e H'(2p),

where the constant ¢ = ¢($2, .7) is independent of v.

We remark that A fv(Pr g (x)) — Apv(Pphys(x)) = 0 outside £2,,. Therefore, the
integrand in the integral above should be considered to be zero outside £2y,.

4 Precise Definitions and Main Results

The transform % = B will be defined by an inductive process which we now present.
FoC'T
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4.1 Definition of the Transform

We will define the map % by a recursion with respect to the dimension of subsimplexes
f € A(Z). The map £ can be defined on the space L2, but the more interesting
properties appear when it is restricted to H'!. The main tool for constructing the
operator . are trace preserving cutoff operators C y which map functions defined on
£2y into functions defined on all of §2. The operators C ;s are defined by utilizing the
corresponding operators K, defined on .#5. If f € A,,(7), withm < n, then

Crv= (A’; oKpoAp)v=(KyoAp)v(ry()).
A more detailed representation of the operator C 7 is given by

Crox) = _yIPID) P o), 41
FU(x) Iém( ) Py FU(Pf(x)) 4.1

where we recall that f(/) = {x € f|PAr(x) = Ap(x)}. Observe that A,
= (0,...,0) outside .Qef and that all functions of the form K,,w are zero at the
origin in R”*1. As a consequence, supp(C v) is contained in the closure of .Q? For
the final case when f € A,(.7) = .7, we simply define the operator C to be the
restriction to f,i.e., Crv = v|y.

If f € Ao(D), ie., [ is a vertex, then By = Cy. More generally, for each
f € Au(T) we define

Bfu = Cypu™, whereu™ = |u — Z Bou |. 4.2

geAj(ﬂ)
j<m

Alternatively, the functions u™ satisfy u® = u and the recursion

Wt =y — Z Cru™ =u" — Z Byu.

fedm(T) fedm(T)

As a consequence of the definition of the operator Cy for dim f = n, it follows by
construction that u = Zf B ru. Furthermore, from the corresponding property of
the operator C, it also follows that supp(Bru) is in the closure of .Q; Also, by
Lemma 3.3 and from the fact that p/p 7y < 1, it follows directly that the operator
By is bounded in L2. However, it is more challenging to establish that B is bounded

in H', and that Bu € H'($25) foru € H'(£2).

4.2 Main Properties of the Transform

The main arguments needed for verifying the properties (i)—(iii) of the transform %,
stated in Section 2 above, will be given here. We will first establish that the piecewise
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polynomial space, W, (.7), is preserved by the transform, i.e., we will show property

(iii).
Theorem 4.1 Ifu € W,(7), then Byu € W,(Ty) forall f € A(T).

Proof Assumethatu € W, (7). We will show that forallm,0 < m < n, the following
properties hold:

u e W(7), withtrou” =0, geAj(T), j<m, 4.3)
and
Bou € W.(J,), g € Aj(T), j <m. 4.4)

Here the function u™ is defined by (4.2). The proof of (4.3) and (4.4) goes by induction
on m. Note that for m = 0, these properties hold with u® = u. Assume now that
(4.3) and (4.4) hold for a given m, m < n. Let v = v € W,(7). Then, for any
f=1Ix0,x1,...xn]1 € Au(T), wehavetryv € @r (f). Therefore, it follows from
Lemma 3.2 that

Apv e P2(F8) and try, Agv € Pr(Sry).

In fact, if X € .7}, then Afv(A) = v(x), where x = Z’}’:O Ajxj € f.But from
Lemma 3.1, we can then conclude that

(KmoAp)v e P (), with trg (I — Kp)Arv=0, tryge\ o (KyoAp)v=0.

m

However, this implies that
Bfu = Cu" = (Kyo Ap)o(hp()) € W (Tp),
and with tr ¢ Bu = tr  u”. This property holds forall f € A, (7). Therefore, since
um+1 =" — Z Bfu,
feAn(T)

we can conclude that (4.3) and (4.4) hold with m replaced by m + 1. This completes
the induction argument. In particular, we have shown that Bru € W, () for all
f € An(J), m < n. Furthermore, try u” = 0 for all f € A,_1(.7). This means
that

W=D uh, uf e WA(T). Ted.
TeT

Since Bru = u’p forany T € A,(7) = 7, the proof is completed. O

The next result will be a key step for showing properties (i) and (ii) of the transform.
FoC'T
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Lemma 4.1 Assume that f € A, (), with m < n, and that v € Hl(.Qf) with
pg v € L2(2y), where g = f(I) for I € Iy, Define w = (p5/pg) A v(Prh ().
Then w € H'(2) and pf—.lw € LX(R2).

Proof Since g € A(f), pr/pg < 1. Therefore, it follows directly from Lemma 3.3
that w € L?(£2). We also have from Lemma 3.5 that

/Q|p;1w|2dx=L|pg1Afv<P1Af<x>>|2m

o[ [ 1o v P ar + feraduf g | < oo,
2f

so the desired decay property of w follows. It remains to show that w € H'!(£2). From
the identity

_ o
grad(pyr/pg) = pg !(gradps — p—fgradpg),
8

we obtain that |grad(or/pg)| < co,og_l, where co = ¢o(§2, 7). Therefore, we can
conclude that

/Q |(grad(py/pe) A p(PrA(x))]* dx < ¢ /Q g ' Apu(PrA(x))]? dx.
S f

Together with Leibnitz’ rule and the result of Lemma 3.3, this will imply that w €
H'(£2). This completes the proof. O

Lemma 4.2 Ler f € A, () with xg € Ag(f). Assume that v € Hl(.Qf), with the
property that pg_lv € LZ(.Qf)forallg € Aj(f), j <m.Then )Lalcfv e L*(2).

Proof Assume first that m < n. Let I € %, be any index set such that 0 ¢ 1.
Furthermore, let I’ = (0, I) € .%,. In other words, xo € A(g) while xog ¢ A(g),
where g = f(I) and g’ = f(I’). The desired result will follow if we can show that

_i[e 0

iy [p—gA puPrg ) = LA uP o))

— 3 LT A o (P () — A pu(Ppa (- it
; pg[ FO(Pf() — Agu(Py f())]‘f‘pgpg/

Apv(Ppag(-) € L3(82).

However, Lemma 3.6 and the fact that ps/p, < 1 imply that the first term on the
right hand side is in L2. Furthermore, it follows by assumption that ,oé;lv € L? and

therefore, Lemma 3.5 implies that the second term is in L2,

If m = n, then we recall that C v is just v restricted to f. If f = [xo, x1, ..., Xx]
and g = [x1, ..., x,], then ,og_lv = Aalv e L? by assumption. This completes the
proof. O
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The following result will be used to show that the components B yu are elements
of H' (£27). The arguments given in the proof are closely related to characterizations
of H! space in terms of distance-weighted L? norms, cf. for example [18, Chapter 1,
Theorem 11.8].

Lemma 4.3 Ler f = [x0, X1, ..., Xm] € An(T) and assume that v € Hl(Qf), with
the property that ,og’lv € Lz(.Qf)for g € Aj(f), j < m. Definew = Cyv. Then
wle, € H'(2y) andw =0o0n 2\ 2.

Proof We first observe that w|g, € Hl(Qf). This is obvious if m = n, while for
m < nitfollows from Lemma 4.1 that all the terms in the series of (K, 0 A f)v(A ¢ (-))
have this property. To show that w € H! (£27), itis enough to show that for any vertex
xpoof f,w e H! (£2y,). Since the numbering of the vertices of f is arbitrary, this will
in fact imply that

w e mjzoﬁll(rzxj) = H'(2y).

However, the property that w € H l(.QXO) is a consequence of the decay results
expressed in Lemma 4.2, i.e., that Aa] w € L2, For any ¢ > 0, let ¢ be a smooth
function on R such that ¢, = Oon (—¢/2, €/2), ¢ = 1 on the complement of (—¢, &),
and such that ¢; (M)A is uniformly bounded, i.e.,

g < c/Irl, 5 <Irl <e, 4.5

| ™

for some constant ¢. By construction, the functions v, = ¢, (Ao(-))w are in H! (£2y,),
and to show that w belongs to the same space, it is enough to show that the v, converge
to w, as & tends to zero, in H! (£2y,). However,

Ja

where 2, = {x € £2,, | Ao(x) < €}. This shows L? convergence. Furthermore,

X(»€

|vg—w|2dx=/ |[¢e(?»0(‘))—1]w|2dx§/ w2 dx — 0,
24 Q

0

/ |grad(ve — w)[*dx <2 / |gradw|* dx + 2 / |(grad[¢s (Ao () ]w|* dx.

9,0 -on,s on,e

The first term goes to zero by the H ! boundedness of w, and as a consequence of (4.5)
and the L? property of Ay 'w established in Lemma 4.2, the second term goes to zero
with e. By completeness of H! (£24,), it follows that w € H! (£2y,), and therefore, it
isin H'(£27).

We recall from the definition of the operator Cy that w is identically zero on
2\ .Q; Hence, it remains to show that w is identically zero on .Q; \ 25 when
m < n. However, at each point in .Q} \ §2, at least one of the extended barycentric
coordinates associated with f is zero. Therefore, w in this region corresponds to a
pullback of w from 9.7, \ .#},, and this is zero since trye, w = 0. O
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Lemma 4.4 Letu € H'(2) and define the functions u™, 0 < m < n, by (4.2). Then
u™ € HY(2) and ,o;lum € L2(2) forall f € Aj(T), j <m.

Proof The proof goes by induction on m. For m = 0, the result holds with u® = u.
Furthermore, if the result holds fora givenm < n,thenu™+! € H'!(£2) by Lemma4.3.
It remains to show the decay property, i.e., that ,();lu"’+l € L*(2)forall f € Ai(T)
for j < m.Forany f € A, (7) we have

7 W —Cpu™y = p " = A g G (D1=p7 " S (DL A (P,
‘ le Iy pf(l)

140}

However, the first term on the right side is in L% as a consequence of Lemma 3.4,
while Lemma 4.1 and the induction hypothesis implies that all the terms in the sum
are in L2. We can therefore conclude that for f € A,,, p;l @™ —Cyru™)isin L2(0).

To show that ,0]71 w1 is in L2, we express this as

p}lumﬂ - p;I(um —Cp™+ > pglcgum. (4.6)
8EAM(T)
g#f

Recall that by definition, C,u™ is identically zero outside .Q;. On the other hand, if
g€ A(T)and g # f,thenoneach T € .7, suchthat f NT # @Pand gNT # 0,
there exists a vertex xo € g N T whichisnotin f. Then Ay < ps on T', which implies
that

lpy ! Cou™| < lhg'Cou™| onT.

By repeating this for all T C §2¢%, and by applying Lemma 4.2, we obtain that all the

terms in the sum (4.6) are in L2. Since f € A () is arbitrary, this shows the desired
decay result for all f € A,,(.7). However, if g € A(f), then pg_l (x) < p;] (x), and

therefore, ,OJTIM’"Jrl e L2 for all f € A;(9), j < m. This completes the induction
argument and therefore the proof of the lemma. O

The following result shows that the transform satisfies properties (i) and (ii) above.

Theorem 4.2 Assume that u € H'(2). Then u = ZfeA(ﬂ) Byu, where Byu €
ﬁl(Qf) for each f € A(T). Furthermore, the transformation B o : HY(2) >
@feA(ﬂ) H! (82 ), with components By, is bounded.

Proof Wehavealready seenthatu = 3 ;. 57, Bu. Furthermore, itis a consequence

of Lemmas 4.3 and 4.4 that each Byu € H! (£27). Finally, the boundedness of the
transformation can be seen by tracing the bounds derived in Lemmas 4.1-4.4 and by
utilizing the finite overlap property of the covering {§2r} of £2. O

Corollary 1 The transform % 7 is L* bounded, with supp B ru contained in the clo-
sure of 27 for all u € L*(2).
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Proof We have already seen that %5 is L? bounded, and with supp B ru contained

in the closure of the extended macroelement .Q; However, due to the result of Theo-

rem 4.2 and the density of H'(£2) in L?(£2), this implies that supp B ru is contained
in the closure of £2¢. O

4.3 Construction of Projections

The result of Theorem 4.2 leads immediately to the construction of locally defined
projections into the finite element spaces W, (.7), which are uniformly bounded with
respect to the polynomial degree r. We just project each component Byu into the
space Wi (T, r) by alocal projection Q .. More precisely, the locally defined global
projections 7 = 7 & , will be of the form

Tu = Z QfrByu,
feAn(T)

where Q ¢, is alocal projection onto Wi (T, ’r). The operator 7w will be a projection as a
result of Theorem 4.1. If Q ,, is taken to be the local H L_projection, with correspond-
ing operator norm equal to one, then Theorem 4.2 implies that 7 will be uniformly
bounded in H' with respect to r. On the other hand, if Q , is taken to be the local
L?-projection, then Corollary 1 implies uniform L? boundedness of = with respect to
r.

5 Proofs of Lemmas 3.3-3.6

To complete the paper, it remains to establish Lemmas 3.3-3.6, all related to properties
of the averaging operators A y. Recall that it is a property of the triangulation .7 of £2
that the intersection of two elements of .7 is either empty or a common subsimplex of
each. It is a consequence of this that any simplex f € A(), which is not contained
in the boundary 9£2, has the property that all its interior points are also in the interior
of £2. In other words, any element of A(.7) is either contained in the boundary 92
or all its interior points are interior points of £2.

Let f = [x0,X1,...,%Xn] € Au(T) be as above. Throughout this section we
assume that0 <m <n. If T € J,and A € .75, we also let

Arrv(d) = ]év(Gm(/\, y)dy,

such that

7|
Afv = Z WAJQTU.

Before we derive more properties of the operator A ¢, we will make some observations,
which will be useful below. A simple calculation shows that for any r € R we have

FoC'T
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b()\)
/ b(A) dr = / / (b)) = Ap)" ddy, dA
7 S 1 /0
b))
:/ / Zz"dzd)
s Jo

1 1
=/ zr/ d\'dz = If,ﬁ;,ll/ 7 (1 —2)"dz.
0o Jz=bov 0

Hence, we can conclude that

/ b(A) dr < o0, forr > —1. (5.1)
e

If f = [x0,Xx1,...%u] € Au(F) and T is an element of J;, we let f*(T)
€ Ay—m—1(T) be the face opposite f. In other words, if T = [xg, x1, ..., X, ], then

YT =[xmgts oo xnl ={x €T |1j(x) =0, j=0,1,...,m}.

Any point x € T can be written uniquely as a convex combination of x, . .., x, and
apointg =¢qr € f*(T), since

n

x= D hj)x =D kx4 pr0)gr(x), qr) = D hj)x;/psx).
=0

j=0 j=m—+1

Define f* = Ureg; f*(T). Then f* C 9827, and any x € £27 can be written as

x = Z/\j(x)x/' +prXgrx), grx) e f*. (5.2)
j=0

The set f* can alternatively be characterized as f* = 3(2; N 382 ¢. An illustration of
the geometry of f, £2¢, and f* is given in Fig. 5 below.

In fact, if m = n — 1 and f is an interior simplex, then f* consist of two vertices
in Ag(.7), while f* is a single vertex if f C 9£2. On the other hand, if m < n — 1
and f is not contained in the boundary, then f* is a closed, connected and piecewise
flat manifold of dimension n — m — 1. In the case when f C 062, the manifold f* is
still connected.

Lemma 5.1 Assume that f € A(T) N 9S2. Then f* is connected.

Proof Let qo and g be two points on the manifold f*. We need to show that these
points can be connected by a continuous curve in f*. For any s € (0, 1) the points y;,
i =0, 1, given by
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Fig. 5 The macroelement x3
.Q_f C R3, where f is the line 1=

from xq to xq and f* is the x

closed curve connecting

X2, X3, X4

Xo X1

X4

are in £2 ¢, and can be made arbitrarily close to the barycenter of f, x s, by choosing s
sufficiently small. Since the polyhedral domain §2 is, in particular, a Lipschitz domain,
it follows that the two points yg and y; can be connected by a continuous curve

{y() |1 €[0,1]} C £2,

such that y(0) = yg, y(1) = y;. Furthermore, the curve can be made arbitrary close to
the barycenter x ¢ by adjusting the parameter s and the chosen curve. However, since
the barycenter is an interior point of f form > 0, all points in £2 which are sufficiently
close to x 7 are also in §2 y. Therefore, by applying the representation (5.2), we obtain
that the curve y(¢) is of the form

YO =D 1 (O)xj +bAy(E))g @),

j=0

where ¢(t) = q¢(y(t)) € f*.Since A;(yo) = (1—=s)/(m+1)for j =0,1,...m,and
hence, b(A(yp)) = s, it follows easily from the identities y(0) = yp and y(1) = y;
that g (0) = go and g (1) = g;. This completes the proof. O

The map x — (A7(x), g7 (x)) defines a map from 2 to .75 x f*, with an inverse
given by

m

) > x=q+ D 2 —q)=GnO,q). (53)

j=0
To express the derivative of the map, we write ¢ € f*(T) in the form ¢ = ¢
~|—Z;’=_,i+1 qit;, where ¢ is the barycenter of f*(T) and fy41,...,—1 € R" is

an orthonormal basis for the tangent space of f*(7T'). Then the derivative of the map
(5.3), with respect to A and g, can be expressed as the n x n matrix

[x0 — q,X1 —q, ..., Xm — (, b()")tm—ﬁ—l, co b1 ]
EOE';W
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Hence, by the scaling rule for determinants and manipulating columns, the determinant
of this matrix is equal to

b()")n_m_l det([xo - qu AR ] xm - é’ tm+1, sy trl*l]) = b()")n_m_l‘](fv ‘])

Foreach T € J¢, J(f, q) is a constant, i.e., J(f, -) is a piecewise constant function
on f*. Therefore, for the fixed mesh .7, there exist constants ¢; = ¢;(§2, .7) > 0,
such that

co<J(fig) =c1, feAT). qef" (5.4

The coordinates (A, g) € .7 x f* can be seen as generalized polar coordinates

for the domain £2 7. The change of variables

x> (Ap(x),qrx) € S x f*

leads to the identity
[ e awnas= [ ./*(T)qs(x,q)J(f, D dgbG)' " A, (55)

for any T € %, and any real-valued function ¢ on ., x f*(T). Here dg means
integration with respect to the standard Lebesgue measure derived from the embedding
of the tangent space of f*(T) into R"~”~!, Furthermore, by summing over all T €
Tt, we obtain

/ ¢()\f(x),4f(x))dx:/r / ¢, I (f,q)dg b1 dr,  (5.6)
$25 I

where the integral over f* should be interpreted as a sum over the two points of f*
inthecasem =n — 1.

The function G, has the property that G, (A r(x), gr(x)) = x, and it satisfies the
composition rule

G, Gp(u,y) =G\, y) where M = A+ b(A)u. (5.7

In particular, the matrix associated with the linear transformation A +— A’ is (m +
1) x (m + 1) given by I — pue”, where e denotes the vector with all elements equal 1.
Using the formula det(/ + xy”) = 1 + y - x (which we will use on several occasions
in the remainder of the paper), this matrix has determinant b(y). Furthermore, b()")
= b(A)b(w). Letting y = G, (1, g¢) and applying the identity (5.5) in the variable y,
we can rewrite Ay 7v()) as

Af,Tv()»)=|T|_1/ /()v(Gm(A,Gmw,q))J(f,q)dqb(u)"—’"—ldu,
ARG
(5.8)
FoCTM
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Fig. 6 The case when T’ C .Q;, but 7" ¢ F¢ (enclosed in the thick lines). Here g = f 0T’

A key property, which is a special case of Lemma 3.3, is that the operator )Lf'} oAfT

is bounded in L2. To see this, observe that we obtain from (5.4), (5.6), (5.7), and
Minkowski’s inequality in the form || f g(u)ydull < f llg(w)|l du, that

IArTv r(Dllo,2f
2 172 n—m—1
Sc/, (// (GG (), Gt )P dg dx) b ™" du
7 2f *(T)

nom] 2 12 n—m—1
SC/ (/ () / V(GG Gt a)Pdgdn) b du
L )

m

1/2
C/ (/ b(k/)n_m_l/ (G, q))lqu dx’) b(M)—l+(n—m)/2 .,
T AT

c
m m

IA

where we have substituted A’ = A + b(A)u. However, by letting (A, q) — x
= G(), q), we obtain from (5.5) that

1/2
IAzv( s (Do, <c // ( / |v(x)|2dx) b(p)~ 12y
1 T

c
m

= clvllo.r /y b(u) "2 qu < eqvlo.r,

m

where we have used (5.1) and the fact that the exponent satisfies —1 + (n — m)/2 >
—1/2. This shows that the operator A*} o Ay 1 is bounded as an operator from L*(T)
to L?(£2y). Furthermore, if 7' € A(7) such that 7' C 2%, but T’ ¢ T, we let
g=fNT .Theng € A(f)and Ay rv|rr = Ag rv|7 (Fig. 6).

By utilizing the argument just given with respect to g instead of f, we can conclude
that A? o Ayt is bounded from L*(T) to Lz(Q;). In particular, on the boundary of
.Q;i, ()ﬂ} o Ay 7)v is constant with value
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A10(0) =][Tv<y>dy.

In fact, this is also the value of ()»j} oAy r)vin 2\ 2%, and we can therefore conclude
that )G} o Ay,7 is bounded from L2(T) to L%(£2). Since the operator A 7 is a weighted
sum of the operators A 7,7, we can also conclude that )\? oAy is bounded from L? (£2¢)
to L2(£2).

A completely analogous argument, essentially using that differentiation commutes
with averaging, also shows that )ﬁ} o Ay is bounded from H! (£27) 10 HY(2). We just
observe that

gradAgrv(Ay (1) = ][T(DGm)Tgradv(Gm()\f(')s y))dy.

Here DG, = DG, (y) is the derivative of G, (A s(x), y) with respect to x, given as
the n x n matrix

m
DGy =D (xj — y)(gradi ),
j=0

and this matrix is uniformly bounded with respect to y. We have therefore established
Lemma 3.3 in the special case when [ is the empty set.

Proof (Proof of Lemma 3.3) We need to show that the operators )\"} o P/ oAy are
bounded from L2(.Qf) to L2(£2) and from H' (£25) to H'(2)forall I € .7,. As in

the discussion above, it is sufficient to consider each of the operators )G’}‘, o PI* oAfT

forall T € ;. However, the operator A% o Pj' o A7 is equal to A5 o Ag 7, where

g=fU) ={x e f|lPrs(x) = As(x)}, and as a consequence, the desired result
f f

follows from the discussion above. m|

Proof (Proof of Lemma 3.4) Since the function p s is identically equal to one outside
.Q; and the operator )\”}2 o Ay is bounded in L?, it is enough to show that

/Qe P () — Aoy dr < cllgradv]f oo v e H'(R2).
f ‘

Furthermore, it is enough to show the corresponding result for each of the operators
Ay, ie., to show that

/Q PP @) = Ap oG )P dx < cllgradvll§ g.. v e H'(2),  (59)
‘ |

forall T € . In fact, it will actually be enough to show that

/Q P 2@ = Ao ()P dx < cllgradvl§ o, ve H'(2). (5.10)
’
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To see this, assume that (5.10) has been established. If 7/ € .7, such that T/ C .Q;,
but 7" ¢ Ty, welet g = fNT'.OnT" we then have py = pg, (Af)i = (hy); if
x; € g,and (Ar); = O otherwise. In particular, A r,7v = Ag 7v on T’. From (5.10),
applied to g instead of f, we then obtain

/ pr )2 ux) — Arrv(p(x)|Pdy < / Pg () 2 |v(x) — Ag 70 (hg(x))|* dx
T ¢

< cllgradv]§ o, -
By combining this with (5.10), we obtain (5.9).

The rest of the proof is devoted to establishing the bound (5.10). We start by
introducing a new averaging operator A 7 by

Agrv() =][ v(Gm (R, q))dq =][U(Gm()»,q/"(y))dy,
f(T) T

where the second equality follows from (5.5) and the fact that J(f, ¢) is constant for
q € f*(T). We will estimate the two terms

/ p;z(x>|v(x>—Af,rv(xf(xwdx,/ P72 OIA TV f (X))

—A o0 (X)) dx.
Ifm =n—1landT € Ty, then f*(T) isjust asingle vertex and Af,Tv()»f(x)) =v(x)
for x € T. Furthermore, if f is on the boundary of £2, then £2y = T, so in this case,

the estimate for v — Af,T v(Ag())is trivial. If m = n — 1 and f is an interior simplex,
then 9 # consists of two simplexes, say T and 7_. For x € T_, we have

AprvOip(x) — v(x) = V(G (A p(x), @) — v(x) = v(x + pr(x)(g — g-)) — v(x),
where ¢ and ¢_ are the single vertices in f*(7") and f*(7-), respectively. Let
¥=Gusx),xp) =x+pr(x)(xr —q-) € f,

where x ¢ is the barycenter of f. We will utilize a piecewise linear path from x € 7_
t0 G(rp(x),q) =%+ pr(x)(g —xy) € T via the point £ € f. We then obtain

1
pr) N ATV (X)) — V(X)) =/0 [gradv(x'(2)) - (¢ — x§)

+ gradv(x_ (1)) - (xy — g-)]dt,

where the curve x'(t) = X + tps(x)(g — xr) is in T, while the curve x’ (¢)
=x +1tps(x)(xy —g-)isin T_. From Minkowski’s inequality, we obtain
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-2 7 2 \1?
(] pr e = Aprotycf )
2f

1 172
< C/ (/ Igradv(x/(;))|2dx +/ |gradv(x’_(t))|2 dx) dar.
0 T- T_

In the first integral with respect to x above, we make the substitution x +— x’. The
matrix associated with this transformationis / + (x f —q— +1(q —xy))(gradpy Nt
with determinant

1 +gradpy(x) - [(xy —q-) +1(q — xp)]
=1+ [prlxr) —prlg-)] +tgrados(x) - (g — xy) = 14,

where § = gradps(x) - (¢ — xr) for x € T_. Since x and g are on the opposite sides
of f,§ < 0, and we obtain

/ |lgradv(x" (1)) dx < (18] )" [|gradv]|§ -
T-

We use a similar approach for the second x integral above, where we use the substitution
x — x’_. The associated matrix is 1 + ¢ (x r—q-)(gradpy (x)T with determinant

L+tgradpr(x) - (xf —g-) =1+tlpr(xf) — pr(g)]=1—1t.
Arguing as above we obtain

/ |gradv(x”_(1))|* dx < (1 — )"l gradv|§ ;-

Using these facts, we then obtain

-2 i 2 \!/?
(] pr e = Aprotcf a)
2f

1
< c/ (817" + (1 — 0~ 11Y2 dr gradvll e,
0
< cillgradvllo,e;- (5.11)
This is the desired bound for v — Afjv()»f (-)) whendim f =m =n — 1.
If m < n— 1, we will utilize the fact that then f* is connected. As observed above,

this is easily seen if f is an internal simplex, while the case of boundary simplexes is
treated in Lemma 5.1. From (5.4) and (5.6), we obtain

/Q P ) o) — Afrv(hp(x))]* dx
f

gc/ b(x)"*m*3/ [0(Gm(hy @) — Aprv(W)[*dgdr.  (5.12)
8% 1*
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However, the interior integral above admits the estimate
/ W(Gmh. @) — Aprv(W)[Pdg < cb(1)?llgradv(G(h, NG+ (5.13)
f*
To see this, observe that

Ao :][ 2(G (0. )) dg =][ v(@) dg
f*(T)

S*(T)

only depends on the restriction of v to f*, is bounded in L%( f*(T)), and reproduces
constants on f*. By the connectivity of f* and Poincaré’s inequality, we therefore
can conclude that

/, Iv@) = Apro(0)F dg < cllgradvllf -, (5.14)

for all functions v € H'(f*). The estimate (5.13) now follows by a scaling argument.
For a fixed 1 € ., introduce the function ¢ defined on f* by

0(g) =v(Gm(k, q)) with gradi(q) = b(M)gradv(Gp(x, q)).

Then A £70(0) = A £,7v(X), and therefore, the estimate (5.13) follows directly from
(5.14) applied to 0. Furthermore, by (5.12), (5.13), and (5.1), we obtain

/Q pr ()2 0(x) = A7 7000 ()P dx
)

<c / by ! / |gradv (G (1. q))|* dg dA
c f*

m

< cillgradvlfg o, (5.15)

forall v e HY(2 7). Together with the estimate (5.11), we have therefore estab-
lished the desired estimate for v — Af;Tv(kf~(-)) forall f € A(S) withdim f < n
—1. To complete the proof, we need a corresponding estimate for A (A r(4)
—As7v(As(-)). Forany A € ., we have

Aprv() — AprvQ) = —][T[U(Gm(?», q5(y) —v(Gm(i, y)]dy

1
= b(k)][T/O gradv(Gp, (A, (1 —)gr(y) +1ty)) - (y —q(y))dedy.

However, writing

m
y= ij(y)xj +orMaqr(y),
j=0
EOE';W
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it is easy to check that

Gu(h, (1 =Dqr(y) +1y) = Gu(X, qr ().
where A = A'(A, 1, 1 7 (y)) and
MOt p) =r+1bMp, A pe Sy t€R

Therefore, we can use (5.5) to rewrite the representation of A £TV(A) —Arv(d) in the
form

b(n)
1T

1
- /0 / by /f g, EC 061 10.90) - (= )T (. ) dg e

Arro() —Apo(h) =

where y = G, (1, g). Hence, it follows by Minkowski’s inequality and (5.6) that
-2 i 2, \/?
([ PP @IAsre6.) = AproGF dx)
f
! n—m—1 / 2 1/2
= / b(u) (/ /*Igradv(Gm(k O o).t 1), @) Pdg ax) duar

<c/ / b(uw)" ! / b 1/ lgradv (G, (A, q))|2dqu) dy dt,

where A" = A’ (%, £, u). To proceed, we make the substitution A — A’. The matrix asso-
ciated with this transformation is I — ¢ ,ueT, with determinant b(¢ ). Here, as above,
e is the vector with all components equal to one. Furthermore, b(1") = b(L)b(tw).
Since b(tu) > b(u), it follows, again using (5.1) and (5.6), that

2, N[ A 24.)?
(/Q P72 OLA 7100 (X)) = A oG (o) dx)

b n—m—1 e
/ / b(;‘gm m)/z(/cb(k) 1/ |eradv(Gom (X, q))|2dqu) dudi

e [ st ([ pay [ lgrdo G anPag o) Ca
/i i I*

m

< cligradvllo o, / b(w)~HOM2 4y < clgradulo g,
y(f

m

Together with (5.11) and (5.15), this completes the proof of (5.10), and hence, the
lemma is established. O

Fo C 'ﬂ
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Proof (Proof of Lemma 3.5) For f € A, () and I € .#,, withm < n, we have to
show

/ngz(x)|Afv(P,Af(x))|2dx5c[/9pg2(x)|v(x)|2dx+||gradv||g],

where g = f(I) € A(f). We observe that

IT|

Apv(PiAy) = Z W

TeTJy

Agr(hy).

However, by (5.9), we have

/Q Pg_z(x)|v(x) - Ag,Tv()xg(x))|2dx <c ||v||%,

and by the triangle inequality this implies that

/QPg_Z(X)Mg,TU()Lg(X))IZ dr <c [/Q pg (X)) dx + ||gradv||g],

The desired result follows by summing over T’ € 7. O

Proof (Proof of Lemma 3.6) Let m < n, f = [x0,X1,...Xn] € Ap(D), [ €
with 0 ¢ I and I’ = (0, I). We must show that

/ 2o 2 LA fu(Praf () = Agv(Ppo s (0))F dx < cllgradvlig o, ve H'(2y).

2x

We recall that for any T € 7y, we have Ar7v(PrAs(-)) = Ag 1v(Ag(-)), where
g = f(I) € A(f).Similarly, A s 7v(PjA () = Ag 7v(PAg(-)), where (PAg)o = 0,
and (PAg); = (Ag); fori # 0. The desired estimate will follow if we can show

/ AT ()[Ag 7v(Ae(x)) — Ag Tv(Phg(x)]* dx < cllgradv|f ;. (5.16)
X0
forallv e H! (1), T e 9/ In fact, it is enough to show that

/ g 2 (O[Ag, 7v(hg(x)) — Ag 7v(Phg(x)]* dx < cllgradv|} ;. (5.17)

8

To see this, assume that 7' € Iy, such that T ¢ Ty Letg =gnN T.Then T € F;,

and (Az); = (Ag); for all the components of A, which are not identically zero on 7.
Therefore, (5.17), applied to g instead of g, will imply that

/f 352 () Ag rv(he (1)) — Ag 1o(Phg(o) P dr < cllgradv] .

FoC'T
H_h
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By carrying out this process for all possible T e £y, \ §2¢ and combining it with
(5.17), we obtain (5.16).

The rest of the proof is devoted to establish (5.17). Without loss of generality, we
can assume that g = [xo, X1, ..., x;] such that

Ag10(Phy) = ][Tv(Gj(xg, W)+ ho(y — x0)) dy.
We have
A 10 (Phg) — Ag1v(hg) = ][T[v«;j(x, W)+ 200 = 30)) — (G ;0uy y))]dy

1
= Ko][ / gradv(G (&, y) + tAo(y — x0))
TJo
-(y — xo) dr dy,
where A = X, € Yj". If we express y as y = G (i, q), where u = A,(y) and
q = q¢(y), we further obtain that
J
G j (. y) +1ho(y = x0) = D Aixi + [tho + b(W)]y — thoxo
i=0
J J
= Z)»ixi + [tho + b()»)][ZMixi + b(u)q] — 1AoX0
i=0 i=0

J
= ZX;xi +b g =G;(\, q),
i=0

where ' = A'(A, 1, p) is given by

Ao = (1 = 1)ko + [t20 + b(M)]1o
and where

A=A+ [tho + bW i, i > 0.
Using the identity (5.5), we therefore have

Ag TV(Phg) — Ag Tv(hg)

1
= , b(u)”_-’_l// gradv(G; (1, ¢)) - (G (i, q) — xo)dg dr dp,
|T| S 0 Jgx(1)
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where 1’ = A/(A, t, u) and A = A,. We note that
b(X)y = b(Mb(w) + thob() = b(A)b(w).
Using this, we have from Minkowski’s inequality and (5.5) that

_ 5 \1/2
([ 22 @IAarutPig(on = Agrotis o) ds)

4

- 5 12
e b (] teradu@; 0/ P dgdr) s d
7 0 Na,Jer)

) 1 . 1/2
c / ()TN / ( / ) ! / |gradv<G,»(x’,q>>|2dqu) drdu,
L 0 5 g*(T)

where A’ = A'(A, 1, u) is given above, and 1'(x) = A'(A¢(x), 1, n). To complete
the argument, we make the substitution A + A’. The matrix associated with this
transformation is given by

IA

IA

I—pe’ +1(n—ep)ey = I —pe’ )T —tegey ),

with determinant (1 — )b (1), where ey denotes the vector with first component 1 and
all other components equal to 0. Therefore, we obtain

) 5 1/2
([ 22 @lAervtPig) = Agroig )P ds)

4

L / /nfjfl/ PN AL/2
b)) leradv(G ;(V, g)>dg di’) ' dr dpe
Yy Ty

2
c /Igradv(x)lzdx) ,
T

where (5.1) and (5.5) have been used for the final inequality. This completes the proof
of (5.17) and hence of the lemma. O

| /\

IA
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