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The construction of projection operators, which commute with the exterior derivative and at the same time
are bounded in the proper Sobolev spaces, represents a key tool in the recent stability analysis of finite ele-
ment exterior calculus. These so-called bounded cochain projections have been constructed by combining a
smoothing operator and the unbounded canonical projections defined by the degrees of freedom. However,
an undesired property of these bounded projections is that, in contrast to the canonical projections, they
are nonlocal. The purpose of this article is to discuss a recent alternative construction of bounded cochain
projections, which also are local. A key tool for the new construction is the structure of a double complex,
resembling the Cech-de Rham double complex of algebraic topology.  © 2014 Wiley Periodicals, Inc. Numer
Methods Partial Differential Eq 000: 000-000, 2014
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. INTRODUCTION

The construction of projection operators onto finite element spaces which commute with the
governing differential operators has always been a central feature of the analysis of mixed finite
element methods, cf. Refs. [1, 2]. However, the fact that the canonical projections, defined from
the degrees of freedom, are usually not bounded in the natural Sobolev norms has resulted in addi-
tional complexity of the stability arguments for such methods. In fact, for a long time, it was not
known how to construct commuting projections which also are bounded in spaces like H (curl)
and H (div), without making extra regularity assumptions. However, during the last decade rather
general constructions of such projections have been given, leading to elegant and compact stability
proofs.
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2 FALK AND WINTHER

The first successful construction was given by Schoberl in [3], where a smoothing operator,
constructed by perturbing the mesh, is combined with the canonical projection to obtain a commut-
ing projection operator which also is bounded. In a related paper, Christiansen [4] proposed to use
a more standard smoothing operator defined by a mollifier function. In the setting of finite element
exterior calculus, variants of such constructions, all based on a proper combination of smoothing
and canonical projections, are analyzed in [5, Section 5], [6, Section 5], and [7]. These operators
are bounded in the appropriate norms and commute with the exterior derivative. However, these
projections lack another key property of the canonical projections; they are not locally defined. In
fact, it has not been clear if it is possible to construct bounded and commuting projections which
are locally defined. In recent work, such projections were constructed in [8]. The construction is
inspired by the well-known Clément operator [9], which is based on local projection operators
defined on macroelements. In its original form, where the finite element space consists of con-
tinuous piecewise polynomial subspaces of the Sobolev space H!, the Clément operator is not
a projection. However, by modifying the Clément operator, such that the local projections are
defined with respect to piecewise polynomial spaces, a projection is easily obtained. The more
challenging part, successfully addressed in Ref. [8], is to obtain commuting projections.

The construction proposed in Ref. [8] is discussed in the setting of exterior calculus and the de
Rham complex on bounded domains in R”, and covers all orders of the basic finite element spaces
described in Refs. [5, 6]. However, the lowest order case, corresponding to the Whitney elements
[10], represents in many ways the most challenging part of the construction. A key difficulty is
to relate the projection onto the space of Whitney k-forms, constructed from local projections
on macroelements defined from subsimplexes of the mesh of dimension £, to the corresponding
projection onto Whitney (k + 1)-forms, constructed by local projections on the corresponding
macroelements associated to (k + 1)-dimensional subsimplexes. In Ref. [8], a double complex
structure, which resembles the Cech-de Rham double complex, cf. Ref. [11], is introduced as
a tool to handle this difficulty. Such structures were apparently first introduced by Weil in his
proof of de Rham’s theorem, cf. Ref. [12]. As far as we know, the construction given in Ref. [8]
represents the first time a double complex has been utilized in numerical analysis. The purpose
of the present article is to explain the construction given in [8] in the simplest possible setting.
In particular, we want to motivate why double complexes seems to be a natural tool for general-
izing Clément type operators, based on local projections on macroelements, to obtain bounded
commuting projections. In the discussion below, we will therefore restrict the discussion to the
lowest-order case of Whitney elements and to the case of two space dimensions.

Il. THE DE RHAM COMPLEX AND ITS DISCRETIZATION

For a given polygon  C R?, we consider the associated de Rham complex of the form

rot

H'(Q) 23 H(rot, Q) =5 L2(Q). 2.1

Here the operator rot is given by rotv := 9.,v; — 0, v, mapping a vector field v into scalar
fields. The space H (rot, 2) is the space of all vector fields v € L*(2)* with rotv € L2(2), while
H'() is the corresponding Sobolev space consisting of all u € L*(Q2) with gradu € L>(Q)%.
The sequence (2.1) is a complex since rot o grad = 0. To enhance readability, we will continue
to use bold typeface for vector-valued quantities and for operators returning vector fields.

We will consider the simplest finite element subsimplex of (2.1). Hence, for a given triangula-
tion 7, of 2, we let W(7,) C H'(S2) be the corresponding space of continuous piecewise linear
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functions and Py(7;) C L*(2) the space of piecewise constants. The space N (7,) C H (rot, Q)
is frequently referred to as the rotated Raviart—-Thomas space in the numerical analysis literature.
It consists of all piecewise rigid motions with continuous tangential components on all edges
of 7,,. Alternatively, the spaces W (7;,), N'(7,,), and Py(7,) correspond to the space of Whitney
forms of order 0, 1, and 2, respectively. It is a simple fact that

grad rot

W(T,) — N(T;) — Po(Ty) (2.2

is a subcomplex of (2.1). In particular, grad(W (7,,)) C N'(7;,) and rot(N'(7,)) C Po(Z). Our
goal is to define projection operators 7}, 7, and 7t} such that the diagram

grad rot

HY (Q) == H@o,Q) — L*Q)
| ) |, | m}
WT) E5ONT@ S P

commutes. In addition, the projections 7, will be local and bounded in the norms of
H'(), H(rot, ), and L*(Q), respectively.

. THE PROJECTION =

We will first define the projection 7). We let A ;(7;,) be the set of subsimplexes of 7;, of dimension
J- In other words, Ay (7;,) is the set of vertices, A;(7},) the set of edges, and A,(7},) the set of
triangles, while A(7,) is the union of the three sets. For each subset f € A(7},), the associated
macroelement €2 ¢ is given by

Qr=U(T|TeT, feAd)}.

A vertex macroelement and an edge macroelement are shown in Fig. 1.
Ifu € H'(Q), then the piecewise linear function ] u is determined by its values at each vertex,
since

U= Z Tou(y)ry,

yeA)(Zp)

where A, is the piecewise linear hat function associated to the vertex y, that is, A,(y) = 1 and
%, = 0 on the complement of the macroelement Q,. Hence, to determine 7, u, it is enough to

a b

FIG. 1. (a) Vertex macroelement and (b) edge macroelement.
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4 FALK AND WINTHER

determine n,?u(y) for all y € Ay(7;). However, since functions u € H'(Q) in general do not
have point values, we cannot take 7 u(y) to be u(y). Instead, the idea of the Clément operator is to
compute 77} u(y), forall y € A¢(7;), from alocal projection P, applied to u. The local projections
P, are defined by solving discrete Laplace-Neumann problems on the macroelements €2,.

We let W(7,;,) be the restriction of the space W(7,) to Q,, that is, W(7,,) is the space of
piecewise linear functions on €2,. The solution operator for the discrete Laplace-Neumann prob-
lem can naturally be separated into two parts, a mean value contribution and a second part which
only depends on the gradient of the function u. More precisely, we define P,u by

Pu = |Q_v|*‘/ wdx + Qlu,
Q

)
where [Q2,]| = ny dx. The operator Qg’, maps H 1(Qy) into W(7,,,) such that the mean value of
Qv over L, is zero, and

/ grad(Q% —v) -gradwdx =0, w e W(T,,).
Qy :

This defines Qv uniquely. The operator 7 is then defined by the condition 7u(y) = Pyu(y)
for each y € Ag(7},). Alternatively,

n,?uz Z Pyu(y)hy.

YEAY(T))

The operator 7)) is bounded in H'(€2). Furthermore, it is straightforward to check that it is a
projection, that is, m?u =u if u € W(7,), since we obviously have P,u(y) = u(y) in this case.

IV. THE PROJECTION =/

In this section, we will construct the projection 7. In addition to the macroelements Q ;, we will
also need extended macroelements 2 given by

o= o

yeAo(f)

FIG. 2. The extended macroelement Qj for f = [yo, y1].
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DOUBLE COMPLEXES AND LOCAL COCHAIN PROJECTIONS 5

Alternatively, €24 is the union of all triangles of 7, which intersect f. An example of an extended
macroelement is shown in Fig. 2.

In the special case that dimf = 0, that is, f is a vertex, then Q"f = Qy. In general, if
f,g € A(7,) with g € A(f) then

QrCQ, and Qf CQf.

Welet 77, be the restriction of 7j, to §25. We will assume throughout that all the macroelements
24 are simply connected. On these macroelements, we utilize discrete complexes of the form

curl div

W(T;,) =5 RT(TF,) —> Po(Tf,). @.1)
Here curl denotes the two-dimensional curl-operator, that is, the operator which maps a

scalar field u to the vector field curlu = (—0,,u, d;,u). The complex property follows since

div o curl = 0. The spaces W(’T;h) and 750(7}’{,1) consist of piecewise linear and piecewise con-
stant functions on %, and restricted to vanishing boundary values in the piecewise linear case, and

to vanishing integral over 2% in the piecewise constant case. Finally, the space RT (’Z’]ﬁih) is the
lowest order Raviart-Thomas space on €2} with vanishing normal components on the boundary.
Since the macroelements €24 are simply connected, it follows that the complex given in (4.1) is

exact. This means that any element in 750 (Tfe,h) can be expressed as div v, where v € 730’1'(’]";][),

and any divergence free element of 75’1'(’]}‘?’}1) is equal to curl w for a unique w € W(’Tfh)
Recall that the projection 7} is required to satisfy the commuting property

n,gradu = gradwu, ue H'(Q). 4.2)

Since the left hand side of this identity only depends on grad u, so must the right hand side.
Furthermore, since we want 7, to be local, we need to see that grad r)u depends locally on
grad u. We introduce the mean value operator, M} : L*(2) — W(7,), by

Mu = Z (/ uz?dx))»y,
yen(Tp) \Y%

where z0 = |Q,|~". Then we have that

mou=Mju+ Y QWuy)h,. (4.3)

yeA((Tp)

From the definition of the operator Q°, we see that the second term here already depends on
grad u. Furthermore, we observe that

grad Mju = ) (/ uz?,dx) grad ,.
Qy

yehdo(Tp)

Let f = [yo, 1] € A1(7}) be a fixed edge with vertices y, and y;, and consider the tangential
component of grad M u on f. We have

/gradM,?u-(yl —yo)ds=|f] / uz’ dx—/ uz® dx =—|f|/ u(8z°) ; dx,
f Qy . Sy " %

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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6 FALK AND WINTHER

where (82°); = z) — 2}, and | f| is the length of f. Here, we assume that the functions z are
extended by zero outside 2, such that (Szo)_f is a piecewise constant function on the extended
macroelement 2%, and with integral equal to zero. In other words, (8z°) ; belongs to the space

750(’1'/"",,), and by the exactness of the complex (4.1), it follows that there is a unique function
z} € ’ROT(T;JL) such that

zpreurlwd =0, we W(Tj,).

divz) = (8z°),, and /
7

Q

Hence, from integration by parts we obtain
/gradM,?u Sy, =y ds = —|f|f udivzydx = |f|/ gradu - z) dx.
f & 2

Recall that functions in N(7,) are uniquely determined by the integrals of the tangential
components over all edges. From the calculations above, we can therefore conclude that

grad M, u = Z (/ gradu~z}dx> by 4.4)
reay \"%

where ¢, € N(7,) is the Whitney 1-form associated to the edge f = [y, y1], scaled such that
ff @; - (¥, — ¥o)ds = | f|. In other words,
br = Ay gradiy — A, grad A

RO

and any v € N(7,) admits a representation of the form

b= Y |f|1/fv'(J’1_)’0)dS¢f-

f=o.y11ea (Zy)

For any v € L*(2)?, we now define M,'lv e N(7,) by

M,v= Z (fe v.zlfdx)qbf.
ey

FeAI(T))

The identity grad M,?u =M ,ll grad u follows from (4.4). For each y € Ay(7},), we introduce the
operator Q) _ : L*(Q,)> — W(T,,) defined by

/ (grad (Q! v) —v) - gradwdx =0, we W(7,,),
Qy .

with the mean value of Qi,,_v set to zero. Hence, by construction, we have
1 0
Qyﬁ gradu = Qyu. 4.5)
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DOUBLE COMPLEXES AND LOCAL COCHAIN PROJECTIONS 7

Therefore, if we define an operator S, : L*(2)* — N(7,) by

Siv=Mv+ > 0, v(y)grada,,

yEA(T))
then the desired commuting relation grad m?u =8 ,ll grad u follows, cf. (4.3) and (4.5). However,

the operator S ;, will in general not be a projection onto the space N (7). Therefore, the operator
xr} will instead be of the form

mo=S+ Y (|f|1/<l ~$)Qv- O —yo>ds) o
;

f=yo.y11€A1(Tp)

where Q_lf is a local projection defined with respect to the extended macroelement . The
operator Q_lf : H(rot, Q%) — N (7}‘7&) is defined by

/ (Qiv—v) - gradwdx =0, we W(T},),
e 2 .
¥

f rot(Q v —vyrot Y dx =0, ¢ € N(Tf),). (4.6)
Q(’

!

These conditions determine Q}v e N (77,) uniquely as a consequence of the exactness of
the complex (2.2) restricted to the domain €2%. Furthermore, the operator Q} is a local projection.
In fact, the operator Q'f admits the decomposition

Qv = grad Q%v + Q7 rotv, (4.7)

where the operators Q(} and Q? are defined by subsystems of (4.6). More precisely, Q(}v €
W (7}, has integral zero over Q and satisfies

/ (grad Q%v —v) - gradwdx =0, we W(T},),
24
while Q}u € N(T},) is determined by
/ Q?u -gradwdx =0, we W(;),),
QL’
s
/ (rot szu —w)rotydx =0, ¢ € N(’Tf‘-”h),
A ' :
7

for any u € L*(Q).
The operator 7} is a projection onto N (7¢,), since for any v € N (7¢,), we have

o= Y <|f|-‘/fQ}»v~<y1—yo>ds)¢f=v~

f=lyo.y11€21(Tp)

Numerical Methods for Partial Differential Equations DOI 10.1002/num



8 FALK AND WINTHER

On the other hand, it follows from (4.7) that for w € H' (€2%), 0! rgradw = grad Q0 grad w,
and this implies that on f,

S, Q) gradw = S, grad QY grad w = grad 7} 0} grad w
= grad Q' grad w = Q' grad w.

Therefore, it follows that for any f = [yo, y1] € A1(7;) and w € H'! (Q ),

(I-S,)Q gradw-(y, —y) =0 onf, (4.8)
and as a consequence,
n,gradw = S, grad w = grad 7, w

We have therefore seen that 7} is a projection operator, which is local and satisfies the desired
commuting relation (4.2).

V. THE DOUBLE COMPLEX

In the construction of the projection 7} above, we have already implicitly used a double complex
structure. To see this more clearly, consider the direct sum over all y € Ay(7},) of the complexes
of the form (4.1). This gives the exact complex

D wa) = @ RTIT) = D Py

fyedo(Ty) yeAY(Th) yEAY(Th)

Here the differential operators curl and div are applied to each component in the sum. The
operator § = &, introduced in the construction of the operator &, above, represents another
operator naturally acting on these spaces. The operator § is of the form

S P Ve = P VitH. Gowy=uy —uy  iff = [yo. vl

yeAY(Ty,) feA(Ty)

Here the space V, ( f) is a substitute for any of the local spaces W(Tﬁh), 720’1'(’];5’;1), or Py (T¢))
for f € A, (7). Furthermore, it is implicitly assumed that the functions u, are extended by zero

outside €,. In fact, if u € Gayer(q',,)ﬁO(Ty,h) and all the components of u = {uy ly € Ag(Tp) }
have the same mean value with respect to 2, the function §yu will be in @fe AT )750(’7;7,,).
This was exactly what we utilized above to define z' = {z}} € @ ., 7, RT (T},) such that
div z' = 5z°. We similarly define an operator § = §; : ®geA1(ﬁ,>Vl (g) —> @fﬂzm)vz(f) by

(B1u) p = Uy 3y) = Ulygyal F Ulygyy] it f = [yo0, y1, y21,

Numerical Methods for Partial Differential Equations DOI 10.1002/num



DOUBLE COMPLEXES AND LOCAL COCHAIN PROJECTIONS 9

where the notation [, ..., -] is used to denote convex combination. We obtain a double complex
of the form
° curl o div o
S wIg,) © RTT;) — D Po(Tf))
ferg(Ty) fery(Th) fero(Ty)
1 8 4 3o X
° . curl o e div o e
S Ww(T;),) © RT(I;) — D Po(Zf))
fer(Ty) feA(Ty) fea (Ty)
18 18 13
° curl o div °
69 W(j;?,h) @ RT(,T;:h) - @ ’PO(,Tfe,h)
fer (Ty) FeA (Ty) fer (Ty)

This is a double complex in the sense that each row and each column is a complex. In particular,
81 0 8o = 0. Furthermore, the operators §, and §; commute with the differential operators curl
and div, that is,

d;curl = curlo §; and §;div=divo §;.

. . . 1 o ” 1 _ 1 .
In particular, consider the function 8,z' € @ 4,7, RT (Tf,), where z' = {zf}feAl(Th) is

the function introduced above to define the operator M ,11 This function is divergence free, since
divé;z! = 8;divz' =8, 0802 = 0.

As a consequence of the exactness of the last row of the double complex above, we conclude
that there is a unique z* € @ ;. 7, W(Zf,) such that eurl z* = 8,z". The components of the

function z* will be utilized in the construction of the operator 77 below.

VI. THE PROJECTION 72

It remains to construct the locally defined projection 7t} onto Py(7;) such that
2 _ 1
7T, Totv = 1ot 7™ ), V.
We start by computing rot S ,',v =rotM ,11v. We have
rotMjv=Y_ (/ vz} dx) rote;.
feny(my \7%

Let T = [yo, y1, 2] € A>(7},), where the vertices are ordered counter clockwise. The function
rot M is a constant on T and the only nonzero contributions in the sum above on 7 arise from
the three edges [yi, y21, [Vo, 2], and [yo, ¥1]. From the edge f = [yi, y.] we have

/mt(f)m,m dx = |f|71 / ¢ly1:.V2J (y,—ypds =1.
T

[y1.321

Similar calculations show
/rot Pygy1dx = —1, and /rotq&lm,yl]dx =1
T T

Numerical Methods for Partial Differential Equations DOI 10.1002/num



10 FALK AND WINTHER

‘We therefore obtain that

/rotM,llvdx = /
T Q8

T

v- (61Z1)T dx = /

4
7

v- curl 2. dx = / (rotv)z! dx.

4
7

For any u € L*(Q2), we now define M?u by

Mju = Z /uzszx.
4

Teny (T))

The identity M2 rotv = rot M, v = rot S, v is a consequence of the calculations above. From
the definition of the operator ,‘1 we now obtain

rotm, v = M; rotv + > (Ifl1 /(1 — 8500 (y, — yo)ds) rot ¢
f

f=lyo.y11€A1(Tp)

= M} rotv + Z (|f|1 /(1 —5,)Q rotv - (y, — yo)ds) rotg ,
f

f=Iyo.y11€A1(Tp)
where the last identity follows by combining (4.7) and (4.8). Hence, if we define S} : L*(Q2) —
Po(Tn) by
Smu=Mu+ > (f" /_(1 — 8 Q%u - (y, — o) ds) rot .,
f=lo.y11€A1(Tp) Y

then the identity S? rotv = rotzx} v follows by construction. However, in the present case, the
operator S7 is also a projection. To see this, let u € Py(7;). It is enough to show that

/Sﬂdx:/udx, T € A (Ty). 6.1)
T T

However, due to the exactness of the complex (2.2), restricted to €., thereisa v € N (Tf’h) such
that rot v = u on . Therefore, by the projection property of the operator &} we obtain

/Sfudx:/Sﬁrotvdx:/rotnivdx:/rotvdx:/udx.
T T T T T

We therefore define 7' to be the operator S7.

VIl. CONCLUSIONS

We have constructed Clément-type projection operators for discretization of the de Rham complex
in two space dimensions. Only the lowest-order finite element spaces, that is, the Whitney forms,
are considered. The projections are locally defined, they commute with the differential operators
of the de Rham complex, and they are bounded in the natural Sobolev norms. A discussion in the
general case, covering higher-order piecewise polynomial spaces and arbitrary space dimensions,
can be found in the recent paper [8].
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