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ERROR ESTIMATES
FOR ELASTO-PLASTIC PROBLEMS (")

by Richard S. FALK (*) (*) and Bertrand MERCIER ()

Communiqué par P. G. CIARLET

Abstract. — Under some reasonable smoothness assumptions on the displacements, we are
able to derive an error estimate of the form |6 — o, 12,< Ch, for the approximation of the
stress field o in some problems in elasto-plasticity.

Using the same ideas, we also find a piecewise linear approximation of Mosolov’s problem,
Sfor which we still get anQ(h) error estimate.

I. INTRODUCTION

In this paper, we consider the approximation of some stationary elastic-per-
fectly problems formalized by Duvaut-Lions [7]. Our main purpose is to
derive error estimates for the approximation of the stress field o given by a finite
element method, appearing in Mercier [16]. The approximate problems
we solve, however, will be in terms of the displacements, which are the
natural variables for computation.

This work appears to parallel that of Johnson [12], who considered the
derivation of error estimates for evolution problems in plasticity. In this
stationary case, we are able to obtain improved error estimates over those
derived in [12].

Using some ideas from Johnson [11], we are able to establish the existence
of a displacement in LY(Q) for a class of problems in stationary elasto-plas-
ticity.

Finally, we apply the method to obtain error estimates for the elasto-plastic
torsion, and Mosolov’s problem.

(*) Manuscrit recu le 6 février 1976.
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136 R. S. FALK, B. MERCIER

Il. PHYSICAL PROBLEM
Let us consider (as in [7]) a continuous medium Q < R¥, submitted to body
forces inside Q, and to pressure loads on a part I of its boundary.
On the other part Iy, it is assumed to be fixed.
The stress field 6 € K, and the displacement field u € V, are shown ([7]) to be
solutions, if they exist, of the following relations :
(gc),t —0)— (@), Tt —0)=0 Vte K, (1)
(o, e(v)) = L(v) VveV, ()
with the following notation :
V={veH'Q)|v=00nTy,}
is the set of the admissible displacements.
K={teY|t(x)ePae}
is the convex set of plastically admissible stress fields, where
Y={t|t;e2Q);t;=1;ij=1,...,N}
and P is a fixed closed convex subset of RV,

We denote by |.| the euclidean norm of R¥’, and observe that Y is a Hilbert
space with the scalar product

@@=f.§qma,

and associated norm

€ : V > Y is the strain operator given by
1/0v, Ov;
gy =<s(2 + —1>
& 2 <6xj 0x;

L (v)isthe work of the external loadsina “virtual ” displacement ve V(Le V").

g : R¥ 5 R¥ is an isomorphism representing the elasticity coefficients (the
analogue of (1) in the elastic case would be €(u) = g (o).

We make the following monotonicity hypothesis on g, i.e. there exists

o > 0 such that

I =560 >l vieY. 3)

We note this implies a coercivity condition on the “complementary
energy” J(t).
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ERROR ESTIMATES FOR ELASTO-PLASTIC PROBLEMS 137

Finally, we introduce the set of statically admissible stress fields
M= {t1eY:(t,e(v)) = L(v),Vve V}.

We choose 1€ K n M in (1). (We suppose the set K n M is non empty.)

We then eliminate «, and we see that o is the solution of the problem (P) :

Find o € K n M such that
J(o) = ‘re}an{M J (7).

Using hypothesis (3), we have the existence and uniqueness of o. We are not
able to prove, in the general case, that there exists a u € ¥ such that (o, u) is a
solution of (1), (2). However, in a slightly more restrictive case, we are able to
prove the existence of a weak solution u € [L*' (Q)]" (see section IV).

For the derivation of error estimates, we will assume that u satisfies the regu-
larity condition

ueVn [H Q)P @)

From the exact solutions, given by Mandel [14], we see that this hypothesis is
not an unreasonable one, provided we are not near plastic collapse.

III. APPROXIMATION

Let us assume for simplicity that Q is a bounded polytope. Corresponding to
each value of a parameter 4, 0 < & < 1, let Z, be a regular triangularization
of Q by N-simplices T of sides less than or equal to h. Define ¥, = V as the sub-
space of functions in ¥ which are continuous on Q and linear on each T of 7,
and ¥, < Y as the subspace of tensors in Y which are constant on each T € 7.
For properties of such finite element spaces, we refer the reader to [5], [6].
We note that

e, - X. 5)

Using the above notation, we define our approximate problem

(P,) : Find o, € K n M, such that
J(o,) = inf J(x,),

theKn M)
where

M, = {t,€ X, :(t, €)= L(vy). Vv, e )} }.

Applying the results of [16], we know that there exists a unique solution &,
to problem (P, ) and that it converges to ¢ as 4 — 0. Our purpose, in this paper,
is to derive an error estimate for o — o,].

TaeoreM 1 : If ue [H*(Q)]". we have the error estimate

“c - ch” < Ch “M” H2Q) N

where C is a constant independent of h, u, and o.
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138 S. FALK., B. MERCIER

Proof : From (1), we get with T = on

((0), 0, — o) — (¢(®). 0, —0) 20 6)
and from the definition of ,, we have
(glon)s T —0y) =0 Vt,e Kn M,. (7)

Writing 1, — 6, as 1, — 0 + 6 — o, and adding (7) to (6), we get
gl —o4).0, —0) + (g(04). T —0) — (e(w),0, —0) 20 Vy,eKn M,
Hence, applying (3)
¢ o — o, < (g(o4), t4 — ©) — (e(w), o, — O). ®)
Since ¢, € M,, and o € M, we have
(6 —0,,e(v,)=0 Vv, eV,
so that
(e(u), 0, — o) = (eu — v,), 0, — ©) Vo, e V,.
Since
(€ — vy 0, — 0) < [le(u — vy)|| [lo) — o

1, o
S5 le@ —v)l* + 5oy — o

we obtain, after collecting terms, that

%

Lo — oul? < (glonh 7, — ©) + 5= felu — )2,
. VYyeV, t,eKn M, (9)

We now choose 1, = II, o where IT, denotes the projection of Y — ¥, associa-
ted with the norm |.|. Then

(© — TV, =0, Vy, € Y,. ' (10)
Applying (5) and using the fact that o € M, we see that

(tns €(vy)) = (0, €(v)) = L(vy) Yo, e W,
and hence 1, € M,. Since Y, is a space of piecewise constants,
1
Ty |r = meas (T) LO' dx.

Then, since € P a.e., and P is closed and convex, we get 1, € P for all Te Z,.
Thus 1, € K n M,, and from (10),

(g(o-h)’ T — O') = 0.

R.A.I.R.O. Analyse Numérique/Numerical Analysis



ERROR ESTIMATES FOR ELASTO-PLASTIC PROBLEMS 139

Thus (9) becomes
1
o — ol <z le@ — v)|  Voe V. (11)

Using the continuity of € and the well known approximation properties of

the space ¥, [5], we obtain
II(')' - Gh“ < Ch ”u” H2 @)

IV. REMARKS ON THE EXISTENCE OF A DISPLACEMENT

As in [7], we make the following additional hypotheses. Let ||| be the L®
norm defined by

lell, = ess sup |e(x)|.
xeQd
We assume
38 > 0 and ye M such that x + e K , Yee Y with |ef, < 3.(12)

Furthermore, we shall restrict ourselves to the case where

I, = & and where L(v) = J fvdx, f e[L}Q)]" with g = N.
Q

Choosing y, = II,x, we see that y, € M,, and using the convexity of P,
that y, belongs to the relative interior of K in Y,. We may then apply the
Kuhn-Tucker theorem [18] to show the existence of u, € ¥, such that

(€©n) T —op) — (€)1 —04) 2 0 V1, € K. (13)
. Y Oty . . ..
We now define (D1); = — ) —*and notice that D: Y — V' is the adjoint
of €. =1 0x;

Using the regularity we assumed on L, we see that the solution o of (P)

satisfies
— Do+ =0
in the distribution sense on Q. Then
cekK, ={teY:Dte[L(Q)]"}

We shall now prove the existence of a displacement u which satisfies the

following relation
go)t—0o)—w,D(t —0c))=0 Vte K, (14)

which can be considered as a weak formulation of (1).

THEOREM 2 : Under hypothesis (12), the sequence € (uy) is bounded in [L* (Q)]"".
Hence a subsequence of u, is converging weakly to ue [I% (Q)]¥ when

q = N1 and (o, u) is a solution of (14).
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140 R. S. FALK. B. MERCIER
Proof : Let e e Y satisfy |e||, < & and let x be as defined in (12). Since
1, = II, e + ¥, € K, we may use this choise of 1, in (13) to obtain

(8 (o4), Iye) + (g(04), xu — on) — (€(y), Thye) — (e(wy), 2 — ©4) 2 0. (15)
Using the definition (10) of II,, we can replace II,e by e everywhere in (15).
Since y, and o, € M,, the last term of (15) is zero. Applying the continuity
of g, we get

(e, () < (g(o4), X» — ©4) + C3 |0, | (16)

Since Q is bounded, o, being bounded in Y implies o, is also bounded in
[L! (Q)]". As (16) is true for all e € Y with |le|,, < &, we get

le llizr @nv < C.
We then apply a result of Strauss [19] to obtain
”uhl‘![L"'(Q)]le c HG(“;.)H e S C
From this, we deduce that a subsequence of u, (which we still denote by u,)
is converging weakly to » in [L7 (Q)]".
For any t € K, we choose 1, = I, T in (13) and obtain
(8(5,). 0,) < @(64) 1) — (6(1,). 7, — 5, (17)

Now
(e(up), Th) = (€(y), T) = (u, DT) > (w4, D7),

and since 6, € M,
Also

because G, converges to o, and g is continuous. In the same way (g(c,), ©,)
converges to (g(c), o). Hence letting # — 0 in (17), we obtain (14), which is
the desired result.

V. OTHER APPLICATIONS

5.1. Elastic-plastic torsion

This problem is usually formulated as the following minimization problem,
where N = 2, [7] :
Find # € K minimizing

—;— |Vo]? — (f,v) over K, where (18)
K={veHQ):|Vy| < lae inQ}, and
0= 1 e con

R.A.I.R.O. Analyse Numérique/Numerical Analysis
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LemMA 1 : Problem (18) is equivalent to the problem :

1
Find pe K, 0 M minimizing Pl — (9, p) over K, n M, where ¢ is
any solution of rot ¢ = a—— ———==f (19)

K, ={pe[l’(Q)):|p| <lae inQ}, and
M ={pe[*(Q)]):(p,V¥)=0,VV¥e H'(Q)}.

Proof : The result follows easily by using the fact that p € M is equivalent
to p = rot v for some v e H}(Q) (see [13]),
(p,rotv) = (f,v), Vve Hy(Q)
[Vo| = [rotv]  for ve Hy(Q)

(Recall that when v is a scalar, rot v is the vector deduced from the gradient by
a rc tation of + g)

REMARK : We note that problem (19) is in fact the original problem (see [7]).

We further note that problem (19) can be derived from the more general
problem :

Find (. x)e (K; n M) x H'(Q) satisfying
(P,g—p)—(@ + V8, q—p)20 VgeKk,. (20)

Using a result of Brezis [2], it was proved in [15] that there cxists a solution
to problem (20), when f is constant.

We will assume, as in section II, that y, which may be interpreted as a dis-
placement, belongs to H*(C) We know from [3] that p e [H'(Q)]* for
fe*(Q)

Following the ideas of sec: on III, we approximate problem (19) by the
problem

Find p, € K, n M, minimizing

1
3 | Pull* — (@, py) over K; N M,, where (21)

M, ={p,e¥:(p,V¥,) =0V ¥el}

Y, is ‘he subspace of [L?(Q)]* of piecewise constants, and
¥, is the subspace of H'(Q) of continuous piecewise linear functions.
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142 R. S. FALK, B. MERCIER

THEOREM 3 : If ¢ € [H'(Q)]? and x € H* (Q), then we have the error estimate
I =l < Ch Lol + xf.],
where " is a constant independent of @, ¥, and h. (|@||, is the norm of ¢ in
[H'(Q))? and ||y, is the norm of y in H*(Q)).

Proof : Proceeding i n identical fashion to the proof of theorem 1, we
easily obtain the estiraate

1 1,
EHP‘PhNZ <§||V(X"Xh)”2+(@’l’—qh) Y1n € Vas

where g, has been chosen as the [L*(Q)]? projection of p onto ¥,. Since.

((ph’p - qh) =0 V(P;, € Xn
we gt

<o~ lp - al
< Ch, ”‘P“l HP“x

(using the standard approximation properties of ¥, and the assumed regula-
rity of p and ¢). Estimating
IV G, — 2 < Ch* x|
as before, we obtain the desired result.
We remark that the approximation given by (21) is not equivalent to the
usual direct approximation of problem (18) by piecewise linear finite ele-
ments [10], since this would lead to an internal approximation of M, which is

not the case here (M, ¢ M). For the direct approximation, non-optimal error
estimates have previousiy been derived in [8].

@2 —a) =@ —9up — q)

5.2. Mosolov’s problem [7]

This problem is usually formulated as the following :
Find u € Hy(Q) minimizing

% [ Vo] + j(Vv) = (f, v) over H§(Q), where (22)
i) = | lo]a.
Q
Since Q = R?, we form an equivalent problem in a similar fashion to
lemma 1. We get problem

Find p € M minimizing

1 :
3 4]l + j(a) — (9. q) over M, where ¢ and M are chosen as in sectionS-1. (23)

R.A.LLR.O. Analyse Numérique/Numerical Analysis
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Using duality theory, we have that problem (23) is the dual of the problem

sun =5 (o + V¥ =g} 7 Gee [17]) (24

Since the problem is coercive in H* (Q)/R, we know that it has a solution
x € H' (Q). Hence (p, x) satisfies the following extremality relation

(g —p)+Jjl@) —iP)— (@ + V. g —=p) 20 Vqe[L2@Q)]"
We will again assume that y € H*(Q), which is a valid assumption at least for

the exact solution computed by Glowinski [9]. Using our general technique
once more we approximate (23) by the following problem.

Find p, € M, minimizing

1 .
3 laull* + (@) — (@, 44) over g, € M, (25)
where M, is defined as in section 5.1.

THEOREM 4 : If @ € [H" (Q)]? and y € H*(Q), then we have the error estimate
lz =il < Ch{llofy + fIxl.]

Proof : Proceeding in an identical fashion to the proof of theorem 3, we
easily obtain the estimate

S1p = nl? < cr ol + ). + i) - (o).

where g, is again the [L*(Q)]? projection of p onto Y,. Hence

1
VTET)',, qh|T=mjpdx,
T

and the convexity of j implies that j(g,) < j(p). Thus, we get the desired result.

We remark that this approximation is again different from the direct
approximation of (22) for which quasi-optimal error estimates have already
been derived [9].

As far as we know, the approximate problem (25) has not been solved
numerically. What we should suggest for such a n .merical computation is
to try to solve directly the approximation of the dual problem (24), when H' (Q)
is approximated by V,, because this problem would be the dual of (25). Fur-
thermore, it is a problem of unconstrained minimization of a differentiable
(but not strictly convex) function.
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