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Abstract. We present a finite element method for the transient, linearized, incompressible Euler
equations in two space dimensions. The velocity equations are discretized via the discontinuous Galerkin
method over a space-time mesh of tetrahedrons. The mesh is assumed to have been constructed in such
a way that the tetrahedrons can be ordered explicitly with respect to velocity evolution. For n > 0,
the method yields a discontinuous piecewise polynomial approximation of degree n for velocity and a
continuous approximation of degree n + 1 for pressure. We derive error estimates of order h"11/2 for
velocity and h"~1/2 for the pressure gradient.

1. Introduction.

We present a finite element method, based on the discontinuous Galerkin method, for a linearized
model of the incompressible Euler equations in two space dimensions:

(1.1) u+w-Va+Vp="~ in @,
diva=0 in Q,
u(z,0) = ug(z) in Q,
u-n=20 on 0f2.

Here @ = Q x (0,T] where Q is a domain in R? with unit outer normal n. The desired velocity and
pressure are denoted by u and p, and divug = 0. In addition, we assume

divw =0 in @, w-n=10 on 0% x (0,T].

The velocity field w may be thought of as corresponding to a Newton iterate u®) about which the Euler
equations have been linearized. A term Vw - u also arises in the linearization; we have omitted it for
the sake of simplicity. Our treatment of this linearized problem is intended to elucidate some aspects of
finite element approximation of the (nonlinear) Euler equations.

Our finite element method for (1.1) uses a mesh of tetrahedrons in space-time. The mesh is constructed
by dividing the time interval [0, T] into subintervals [t;,, tm41],m = 0,1, - - M —1, of (quasiuniform) width
k, and then subdividing each layer S, = Q X [tym, tmy1] into a set 777 of tetrahedrons. We assume this
is done in such a way that:

(1) all vertices in 7" lie on ¢t = #,;, or ¢ = 11, and on these planes the mesh reduces to a triangulation
of (quasiuniform) side length A with minimum angle bounded away from zero.

Note that the characteristics of (1.1) have direction W = (w, 1) in x,t-space. Thus the direction of
flow across a given tetrahedron face with unit outer normal N = (ng, n:) is determined by the sign of
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W-N = w-n, +n;. A negative (positive) sign corresponds to an inflow (outflow) face of the tetrahedron.
We also assume:

(ii) |w - ng| < |n¢| on all tetrahedron faces, and the domain of dependence of each tetrahedron in 7"
includes at most a bounded number (independent of k and k) of other tetrahedrons in 7.

Such a mesh can be constructed in various ways if the Courant number A = %||w||oo7Q is sufficiently
small, i.e., k is chosen sufficiently small relative to h. Condition (ii) implies unidirectional flow, in the
direction of increasing ¢, across each face of each tetrahedron. If Vp in (1.1) were known, u could be
developed “explicitly”, from one tetrahedron to another. In fact, u can be viewed as evolving through
73 in a front-like fashion, in a bounded number of parallel steps.

Before defining our finite element approximation, we need some more notation. Let P,(T) denote
the set of polynomials in x and ¢ of degree at most n on T'. Define

Vir={ve [Lz(Sm)]2 (v|r € [Pn(T)]Z, for all T € 77},
Q' ={q € H'(Sm) : g7 € Paga(T), forall T € 73"},

and Vp,, QO to be the extensions of these spaces to all of @, i.e,
Vi ={vellX Q) :vls, € V'Y,  Qun={a€I?Q):4ls, €Q'}.

Thus, the functions in @) are continuous in x, but possibly discontinuous in ¢ across time levels %,,.

We shall use the notation:

vir= [wovis, @y, = ¥ (v

Ter™

to denote the inner product over a single tetraheron T and the sum of the integrals over all tetrahedrons
comprising the mesh 73", respectively.

Given a domain D C @, we denote the boundary of D by I'(D). The inflow portion of I'(D), Tix(D),
is characterized by W - N < 0; analogously for Toyt(D). For v € [H*(D))?,q € H*(D), we shall denote
the corresponding norms by ||v||z,p and ||g||k,p, with & omitted when it has value zero. For a subset of

T'(D), e.g., Tin(D), we define

<u,v >]_"in(D):/ u-v|W.Njds
Tin(D)

and |v|p,(p) = /< V,V >y, (D)- We shall also use the notation
Br(w;u,v) = (w;+w-Vu,v)r+ <ut —u",v >T0(T)>

where T is an individual tetrahedron, and for a point P = (x,t) € I'(T), uf(P) = lime 04 up(P e W).
We now define the approximate problem as follows. Find u, € Vy, pr € Qp satisfying for m =

0,1,---, M —1:

(1.2) Br(w;up, vi) + (Vop, vi)r = (£, va)r for all T € 7", vy, € [Pu(T))?,

(1.3) (ap + k*(up)e, Van)s,, =0 for all g5 € Q}.



A potential advantage of this formulation is that for known pp, (1.2) can be solved explicitly, element
by element, for up. This could be useful in designing an iterative method for computing the solution. In
addition, the method can be readily extended to deal with an O(h) diffusion term (cf. [2]).

In this paper we will derive error estimates of order A"+1/2 for uj and h"~1/2 for Vpy assuming
u € [H"Y(Q)]? and p € H"*3/2(Q). In a related work, Johnson and Saranen [1] analyzed a discontinuous
Galerkin method for the nonlinear incompressible Euler equations, and obtained a velocity estimate of
the same order. Their method uses a divergence-free velocity space, leading to an implicit velocity
approximation.

2. Stability.
Our objective here will be to derive a global stability result for the finite element method (1.2) - (1.3).
We first note that

1 _ _ _
(2.1) Br(w;v,v) = 3 (|V By = IV By +IVE = v %in(T)) .
Thus
1 _ _ _
Bn(w;v,v) = Z Br(w;v,v) = 5 (|V |12~0m(5m) — v %in(sm) + Z |VJr -V %in(T)) .
TeS,, TeS,,

Moreover, since W-N =1 on Toyut(Sm) and —1 on T'ip (S ), the above norms over T'out(Sm) and Tin(Sm)
are in fact unweighted.

LEMMA 2.1. The following hold in individual tetrahedrons T':

2 + -
Lo(r) T Iy — 1y

1 _ _ _
22) 5 (lur B — I 2m) + (Von,u)r < el|ulff + Ce 3,

(2.3)  ll(un)ell7 +1IVonllz + 2(Vpn, (un)e)r < C (Azk_ZHHhHZ‘r + T —uy

2o+ IE1E)
where € > 0 Is arbitrary.

Proof.

(i) To prove (2.2), we take v; = up in (1.2), then use (2.1), and apply the Schwarz and arithmetic-
geometric mean (AGM) inequalities to (£, up)r.

(ii) Before proving (2.3), we first note that

|(w - Vup, vi)r+ < uf —uy, va >r,my| < C{A7Hwlloo zllunllrllvallr + [uf —uj

(2.4) < {0 unllr + £ uif —uy

Lo(T) [Valrmm) }

rm | Ivallz.
In obtaining this bound, inverse inequalities were applied to ||Vupl||r and |vp

We now take vi, = (up): + Vpp in (1.2) and apply (2.4) to obtain

Ian)e + Vonl3 < {€ (M ffunllz + 5=/t - uy

Din(T)-

rom ) + Il e + Vonllz
By an appropriate application of the AGM inequality, we then get

lun)e + Vorllp < € (X621l + b~ uff - uy

2.+ IEIE)
which is equivalent to (2.3).
0



LemMa 2.2, If k is sufficiently small, then for any vi, € V}',

Fn(soy TR 2: Vit —vi

Foury + kZII(Vh)tH%m) -
TeS,,

(2.5) [valls,, < C€” (kIV;?

Proof. This result follows from assumption (ii) by a scaling argument.

0

LEMMA 2.3. For h, k, and X sufficiently small,

(2.6) |2, s,y F6 D I —ui B oy +llunlls, +ERValls, < A+ 17, s, +CIEN5,,

TeS,

where &;,1=1,---,4 are positive.

Proof. We add twice (2.2) to k? times (2.3). Summing over T € S,,, then applying (1.3) yields

Pu(s, T D Tui —wy B ory + K l(an el |3, + K| Vanll3,,

TeS,

< (26 + CX%)[Junlf3,, +C{k > luf —uy
TESH

g 7, s, — lan

Foa(ry T (671 4 k2)||f||§m} :
To the above we then add % times (2.5) with vp = up, to get

1
Fou(m) + ﬁ”uhﬂgm + k?(|Vpnl|%,,

2 + -
Tin(Sm) Z +luy —uy
TeS,,

g 7, s, — lan

F(sm) TR E: o —uy

< (2e+ CX) g2, +C {k|u,:
TeS,

Py + (€77 kz)llfllim} :

This then leads to the following global stability result.

THEOREM 2.4. For h, k, and A sufficiently small,

@1 B+ D Tt = up B+ lanld Vel < € (jug )+ IE1B) -

TeQ



3. Error estimates.

Our goal in this section is to prove the following error estimate:

THEOREM 3.1. Let e = u —uy, and € = p — py. Then ifu € [H**Y(Q)]?, p € H*t3/2(Q) and h, k, and
A are sufficiently small,
M-1

M-1
e ey +lelll+ D2 D7 le* ey +87 X 1VelE, < O (Jullheng + ol o)

m=0Ter™ m=0

Proof. From the definitions of u, p and uy, py, it easily follows that

(3.1) Br(w;e,v)+ (Ve,v)r =0 for all v € V7,
(3.2) (e + k%e:, Van)s,, = 0 for all g5 € Q}.

Now let us be the [L?]? projection of u into V} and pr the L? projection of p into Qp, and define
e, =ur — Uy, €, = pr — pp. Using (3.1) and the definition of ur, we obtain

Br(w;e,e)+ (Ven,e)r = Br(w;e,u—uy) + Br(w;e,ep)
+ (Ven,u—ujs)r + (Ve,en)r + (Vpr — pl, en)r
(3.3) = Br(w;e,u—us)+ (Vipr — pl,en)r.

We estimate the terms on the right side of (3.3) as follows: First, we write for any v € V}?

Br(w;e,u—uy) = (us — [wey + w-V(u—us),u—us)r + ([w— Pow] - V(ur —u),u —uj)r

+ ([uelr — [uple + Pow - V(ur —up),u—us)r+ < et —e”,ut —uf > (1),

and observe that the next to last term in the above identity is zero, since [ug]r —[up]i+ Pow-V(ur—uy) €
[P,(T))?, and hence is orthogonal to u — us. Applying standard estimates, we further obtain

(u = [ue]r + w - Viu—us],u —ur)r < (JJus = [udlr + [[Wlleo, 7[|V(u = us)||7) [Ju — usllz
< C (Bllur = [welsiz + 2V (2 = un)l7 + A7 Hju —ug]|7)

([w — Pow] - V(ur —up),u —us)r < [|w — Powl|eo,r[|V(uz —un)|lz|lu — uz||z

< C||wll1,00,7lur — upl|r|lu — usl|7

h
< Sllenllp + ChHju - uslf,

and

+ -

+ — e

2
Fin(T) *

le Fou(ry T (@ —up)?

- 1
<et —e ,u —u_}" >1“in(T)| < 1

Furthermore, for arbitrary é > 0,

1 &
(Vipr = vl en)r < [IVpr = pliizllenllr < 5 [VIpr = plllz + 5llenllz-



Combining these results, we obtain

(3.4) Br(wie,e)+ (Ven e)r < Chlluy — [urllz + hl|V(u—up)l7 + 27w — ull7
h+2¢
2

1 1 _
+ 55 IVIpr — wlliz) + llenllz + Z|e+ —e [+ @ —un)t B 7).

Now, we also have using (3.1) that:

([enls, [enlt)T + 2(Ven,e)r + (Ven, Ven)r = ([enlt + Ven, [en]t + Ver)r + 2(Ven, [u — uslt)r
= (e: + Ve, [en]t + Ver)r + ([ur — uls + Vpr — pl, [en]t + Ver)r + 2(Ven, [u — uzls)r
= ([ur —u]t + V[pr — pl. [er]: + Ven)r + 2(Vep, [u —urle)r
—(w-V[u—us]+w-Vey,[en]: + Ver)r— < e™ —e™, ([en]: + Ven)™" >T(T) -

Applying the Schwarz and arithmetric-geometric mean inequalities and an inverse inequality, it is not
difficult to show that there exists a constant C (depending on w) such that

1 1
(3:5)  Slllenlillz +2(Ven,et)r + lIVenllz < C{ll[w—urlellz + IVlp = prlliz + [V [a - |z

%in(T)} .

To (3.4), we add k?/2 times (3.5). Observing that | W - N| = 1 on Toyt(Sim) and Tin(Sm) and after
summing over all T' € 777, application of (3.2) then yields

1 1 Ck .
5l s+ <1_7> > let—e

Ter™

X%k lenl|7 + kT et —e”

2 k? 2 k? 2
Tin(Sm) T ZH(eh)tHsm + ZHthHsm

<1|_
—le
-2

Fon(sm) +C (Bllus = [uelz 1%, + B2 [/[u — uglel|3,,
+ (h+ )V —uag)|E, +br Hu— w5, + (6 +E)||Vpr —plllZ,)

(3.6) O+ A enlE,) + D l(w—ur)*
Ter™

2
Fin(T) °
Now from Lemma 2, we have

llenll3, <C” | kley

Btsy TE D ler —en B + Bl (en)ell3,,

Ter™

S TS
Ter™

Fo(ry + K2 [I(en):ll3,,

(3.7) +2klu” —uy [f (s, + 2k > Ju-unt —(u-ur)” Fon(T)

Ter™



Adding 1/(80”) times (3.7) to (3.6), and combining terms, we get

1, 1 Ck & .
e B+ (-5 -5) 2 et -e

k2 k2 1
S lennl, + 1l + (557 - €6+ 142 el

(L, k o
=\27%)°
+ (h+E)IVu—uap))z, +h Hu—ugz, + (6 +E)|| Ve —plllE,)

k _
%in(sm) T Z [(u—ur)" —(u—uy)
TET;:L

2
Tin(T)

Fon(s,) T C(hllue — [uelrI3,, + 82| [u — urlell5,,

ko _ _ 2
+Z|u —u Din(T)

Using standard approximation theory estimates, we further obtain for A, 8, &, and k sufficiently small
that for some constant & > 0,

|e_|12~0m(5m) —|—€ Z |e+ — e

Ter™

Py +ERZI(e)e]]5,, + ER2(|Vell3,, + Ellell3,,
<(1+ Ck)|e_|1%in(5m) + Ch* (||u||721+175m + ||p||721+3/2,5m) .

Iterating this inequality, we obtain

M-1 M-1 M-1
e B D, D let —eTIR oy HER D llen)ell3, +ER7 D (IVenllZ, +Ellenlly
m=0 m=0

m=0Ter™

< Cle™Ryyiq) + CP" ([l 1 + 1212 45/2.0) -

The result follows immediately from standard estimates for e on I'iy(@Q) and the triangle inequality.
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