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LOCAL BOUNDED COCHAIN PROJECTIONS

RICHARD S. FALK AND RAGNAR WINTHER

ABSTRACT. We construct projections from HA¥® (£2), the space of differential
k forms on Q which belong to L?(Q) and whose exterior derivative also be-
longs to L?(Q), to finite dimensional subspaces of HAF(Q) consisting of piece-
wise polynomial differential forms defined on a simplicial mesh of 2. Thus,
their definition requires less smoothness than assumed for the definition of the
canonical interpolants based on the degrees of freedom. Moreover, these pro-
jections have the properties that they commute with the exterior derivative
and are bounded in the HA*(Q) norm independent of the mesh size h. Un-
like some other recent work in this direction, the projections are also locally
defined in the sense that they are defined by local operators on overlapping
macroelements, in the spirit of the Clément interpolant. A double complex
structure is introduced as a key tool to carry out the construction.

1. INTRODUCTION

Projection operators which commute with the governing differential operators
are key tools for the stability analysis of finite element methods associated to a
differential complex. In fact, such projections have been a central feature of the
analysis of mixed finite element methods since the beginning of such analysis; cf. [5,
[6]. However, a key difficulty is that, for most of the standard finite element spaces,
the canonical projection operators defined from the degrees of freedom are not well
defined on the appropriate function spaces. This is the case for the Lagrange finite
elements, considered as a subspace of the Sobolev space H', and for the Raviart-
Thomas [20], Brezzi-Douglas-Marini [7], and Nédélec [I8[I9] finite element spaces
considered as subspaces of H(div) or H(curl). For example, the classical continuous
piecewise linear interpolant, based on the values at the vertices of the mesh, is not
defined for functions in H' in dimensions higher than one. Therefore, even if the
canonical projections commute with the governing differential operators on smooth
functions, these operators cannot be directly used in a stability argument for the
associated finite element method due to the lack of boundedness of the projections
in the proper operator norms. In addition to the canonical projection operators,
it is worth mentioning another family of projection operators that commute with
the exterior derivative. This approach, usually referred to as projection based
interpolation, is detailed in the work of Demkowicz and collaborators (cf. [§],
[12], [13], [14], [15]). The main motivation for the construction of these operators
was the analysis of the so-called p-version of the finite element method, i.e., the
focus is on the dependence of the polynomial degree of the finite element spaces.
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However, as in the case of the canonical projection operators, the definition of
these operators requires some additional smoothness of the underlying functions,
so again they cannot be used directly in the standard stability arguments. On the
other hand, the classical Clément interpolant [I1] is a local operator, and it is well
defined for functions in L?. However, the Clément interpolant is not a projection,
and the obvious extensions of the Clément operator to higher order finite element
differential forms (cf. [I3]) do not commute with the exterior derivative. Therefore,
these operators are not directly suitable for a stability analysis.

Bounded commuting projections have been constructed in previous work. The
first such construction was given by Schéberl in [21I]. The idea is to compose a
smoothing operator and the unbounded canonical projection to obtain a bounded
operator which maps the proper function space into the finite element space. In
order to obtain a projection, one composes the resulting operator with the inverse
of this operator restricted to the finite element space. In [2]], a perturbation of
the finite element space itself was used to construct the proper smoother. In a re-
lated paper, Christiansen [9] proposed to use a more standard smoothing operator
defined by a mollifier function. Using this idea, variants of Schéberl’s construction
are analyzed in [I], Section 5], [3] Section 5], and [I0]. The constructed projections,
frequently referred to as “smoothed projections,” commute with the exterior deriv-
ative and they are bounded in L?. Therefore, they can be used to establish stability
of finite element methods. However, these projections lack another key property
of the canonical projections; they are not locally defined. In fact, up to now it
has been an open question if it is possible to construct bounded and commuting
projections which are locally defined. The projections defined in this paper have all
these properties. The construction presented below resembles the construction of
the Clément operator in the sense that it is based on local operators on overlapping
macroelements. The discussion here is performed in the setting of no boundary
conditions, but the construction of the projections also adapt naturally to homoge-
neous essential boundary conditions; cf. [I0] for a corresponding discussion in the
setting of smoothed projections.

We will adopt the language of finite element exterior calculus as in [IL[3]. The
theory presented in these papers may be described as follows. Let 2 C R™ be a
bounded polyhedral domain, and let HA*(Q) be the space of differential & forms
w on €, which is in L?, and where its exterior derivative, du = d*u, is also in L?.
This space is a Hilbert space. The L? version of the de Rham complex then takes
the form

HAY Q) S HAY Q) S - S HA™(Q).

The basic construction in finite element exterior calculus is of a corresponding
subcomplex

0 d n
Ah—>Ah—>"'—>Ah,

where the spaces Aﬁ are finite dimensional subspaces of HA¥(£2) consisting of piece-
wise polynomial differential forms with respect to a partition, 7y, of the domain €.
In the theoretical analysis of the stability of numerical methods constructed from
this discrete complex, bounded projections WZ : HAF(Q) — AZ are utilized, such
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that the following diagram commutes.

HA(Q) - HAY(Q) -% - -4 HA™(Q)

[ [ I

A 4y oAl 4y 4y A
Such commuting projections are referred to as cochain projections. The importance
of bounded cochain projections is immediately seen from the analysis of the mixed
finite element approximation of the associated Hodge Laplacian. In fact, it follows
from the results of [3 Section 3.3] that the existence of bounded cochain projections
is equivalent to stability of the associated finite element method. Furthermore, if
these projections are local, like the ones we construct here, then improved properties
with respect to error estimates and adaptivity may be obtained; cf. [T6L17].

For a general reference to finite element exterior calculus, we refer to the survey
papers [IL3], and references given therein. As is shown there, the spaces A’fL are
taken from two main families. Either A} is of the form P,A*(7}), consisting of
all elements of HA¥(2) which restrict to polynomial k-forms of degree at most
on each simplex 7' in the partition Ty, or A} = P~ A¥(T},), which is a space which
sits between P,.A*(Ty,) and P,_1A*(T},) (the exact definition will be recalled below).
These spaces are generalizations of the Raviart-Thomas and Brezzi-Douglas-Marini
spaces, used to discretize H(div) and H(rot) in two space dimensions, and the
Nédélec edge and face spaces of the first and second kind, used to discretize H (curl)
and H(div) in three space dimensions.

A main feature of the construction of the projections given below is that they
are based on a direct sum geometrical decomposition of the finite element space.
In the general case of finite element differential forms, such a decomposition was
constructed in [2]. However, this is a standard concept in the case of Lagrange finite
elements. Let 7; be a simplicial triangulation of a polyhedral domain Q € R™. If
T is a simplex we let A(T) be the set of all subsimplexes of T', and by A,,(T) all
subsimplexes of dimension m. So if T is a tetrahedron in R3, then A,,(T) are the
set of vertices, edges, and faces of T for m = 0, 1, 2, respectively. We further denote
by A(Tp) the set of all subsimplices of all dimensions of the triangulation 7, and
correspondingly by A, (7;,) the set of all subsimplices of dimension m. The desired
geometric decomposition of the spaces P.A¥(T,) and P~ A¥(T,) is based on the
property that the elements of these spaces are uniquely determined by their trace,
try, for all f of A(7;,) with dimension greater or equal to k. The decompositions
of the spaces P, A*(7},) established in [2] is then of the form

(1.1) PANTL) = @ Ef.(PAR(S)).

FEA(TE)
dim f>k

Here P, AF (f) is the subspace of P, A*(f) consisting of elements with vanishing trace
on the boundary of f. The operator Ekﬂn : PoAR(f) — P.A*(Tp,) is an extension

is the identity operator on P.A¥(f). Further-

more, Elf,r is local in the sense that the support of functions in Ek-m(ﬁrAk (f)) is
restricted to the union of the elements of 7; which have f as a subsimplex. A

operator in the sense that trys oFEk

NS
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completely analogous decomposition

(1.2) PrANT) = D EfL (P ANS)
FEA(TR)
dim f>k

exists for the space P~ A*(Ty).

We will utilize modifications of the decompositions (LI)) and (L2]) to construct
local bounded cochain projections onto the finite element spaces P,AF(7;) and
P=A*(T3,). In the spirit of the Clément operator, we will use local projections to
define the operators tr; onr} for each f € A(7,) with dimension greater or equal to
k. To make sure that the projections WZ commute with the exterior derivative, we
will use a local Hodge Laplace problem to define the local projections, while the
extension operators will be of the form of harmonic extension operators.

This paper is organized as follows. In Section[2we introduce some basic notation,
and we show how to construct the new projection in the case of scalar valued
functions, or zero forms. We also review some basic results on differential forms
and their finite element approximations. A key step of the theory below is to
construct a special projection into the space of Whitney forms [22], i.e., the space
P, AF(Ty). In fact, in the present setting the construction in this lowest order
case is in some sense the most difficult part of the theory, since here we need to
relate local operators defined on different subdomains. To achieve this we utilize a
structure which resembles the Cech-de Rham double complex; cf. M]. In addition
to being a projection onto the Whitney forms, the special projection constructed
in Section [ will also satisfy a mean value property with respect to higher order
finite element spaces; cf. equation ([BI]) below. The general construction of the
cochain projections, covering all spaces of the form P.A*(T) or PA¥(Ty,), is then
performed in Section [l Finally, in Section Blwe derive precise local bounds for the
constructed projections.

2. NOTATION AND PRELIMINARIES

We will use (,-) to denote L? inner products on the domain 2. For subdomains
D C Q we will use a subscript to indicate the domain, i.e., we write (u,v)p to
denote the L? inner product on the domain D.

We will assume that {7} is a family of simplicial triangulations of € R",
indexed by the mesh parameter h = maxrecr, hr, where hr is the diameter of
T. In fact, hy will be used to denote the diameter of any f € A(7;). We will
assume throughout that the triangulation is shape regular, i.e., the ratio h%:/|T)|
is uniformly bounded for all the simplices T' € 7T;, and all triangulations of the
family. Here |T'| denotes the volume of T. Note that it is a simple consequence of
shape regularity that the ratio hp/hy, for f € A(T) with dim f > 1 is also uniformly
bounded. We will use [zg, 21, ... x| to denote the convex combination of the points
X0, X1, ..., 2 € Q. Hence, any f € Ag(Tp) is of the form f = [xg,x1,... 2],
where zg, 21, ..., 25 € Ao(Tn). Furthermore, the order of the points z; reflects the
orientation of the manifold f. We will let f; € Ag_1(7s) denote the subcomplex
of f obtained by deleting the vertex x;, i.e., fj = [©o,...,Tj—1, %5, Tjt1,...,Tk].
Here the symbol ~ over a term means that the term is omitted. Hence, if j is even,
then f; has the orientation induced from f, while the orientation is reversed if j is
odd.
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For each f € A(Tr), we let Qf be the associated macroelement consisting of the
union of the elements of 7 containing f, i.e.,

Q= J{TIT €T, feAD)}.

Figure 1. Vertex macroelement, n = 2.  Figure 2. Edge macroelement, n = 2.

In addition to macroelements €2, we will also find it convenient to introduce the
notion of an extended macroelement 2 defined for f € A(7y) by

o= UJ
gEAL(f)
90 f 91

Figure 3. The extended macroelement Q; corresponding to the union of the two

macroelements Qg (outlined by the thick lines) and Q,,, n = 2.

In the special case that dim f = 0, i.e., f is a vertex, then Q% = Q. In general,

if f,g € A(Ty) with g € A(f), then
Qp CQy and Q C Q5.

We shall assume throughout that all the macroelements of the form 2 and Qf%,
for f € A(Tp), are contractive. We let 7y, denote the restriction of 7, to €y,
while 7}6,1 is the corresponding restriction of 7; to Q5. It is straightforward to
check that a consequence of the shape regularity of the family {7} is that the
ratio [2%|/|Q¢] is uniformly bounded. Furthermore, the coverings {Qy}ea(7,) and
{Qjc}feA(Th) of the domain 2 both have the bounded overlap property, i.e., the
sum of the characteristic functions is bounded uniformly in h. Finally, although
the projections WZ that we construct clearly depend on h, we will simplify notation
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2636 RICHARD S. FALK AND RAGNAR WINTHER

by dropping the subscript h, referring to them as 7*. The subscript k will also be
dropped on other operators whose dependence on h is clear.

2.1. Construction of the projection for scalar valued functions. To mo-
tivate the construction for the general case of k forms given below, we will first
give an outline of how the projection is constructed for zero forms, i.e., for scalar
valued functions. The projection 7% will map the space H*(2) = HA®(Q) into
P.A°(T), the space of continuous piecewise polynomials of degree r with respect
to the partition 7. The space P.A%(T7 ) is the restriction of the space P.A%(7Tp)
to T¢.n, and 7STAO(7}7;L) is the subspace of PTAO(’Y},h) of functions which vanish on
the boundary, 0€2¢, of Q. Of course, by the zero extension the space 757~A0(7},h)
can also be considered as a subspace of P,.A°(Ty,).

A key tool for the construction is the local projection P}J s HY(Qy) = Pro(Trn)s
associated to each f € A(Ty). If dim f = 0, such that f is a vertex, we define P})
by PJQu € P.A(T; 1) as the H' projection of u, i.e., PJQu is the solution of

<P;9u71>9f = <u7 1>Qf7
(dPYu,dv)q, = (du,dv)q,, v &€ P (Tin)

Of course, for zero forms, the exterior derivative, d, can be identified with the
ordinary gradient operator. When 1 < dim f < n, we first define the space

PrA®(Trn) = {u € PeA(Tyn) | trpu € Pr(f) )
We then define P}Ju S ﬁer(ﬂ,h) as the solution of
(dPfu,dv)q, = (du,dv)q,, vEPA(Tpn).

The projection 7° will be defined recursively with respect to the dimensions of
the subsimplices of the triangulation 7,. More precisely, we will utilize a sequence

of local operators {7% }7 _,, and define 7% = 70. The operators 7, are defined
recursively by

(2.1) Tou =70 _ju+ Z EJ9 try P]?(u —79% u), 1<m<n.
JEAL(Th)

Here EY : Po(f) = PA(T;) € PoA%(T;) is the harmonic extension operator
determined by

(dEY$,dv)a, =0, v € PA(Tpn) trpv =0,

and that try E]Q is the identity on Pr( f). To simplify notation, we have suppressed
the dependency of the operator E? on the degree r. It is a key property that
try E?»(ﬁ =0 for all g € A(Tp), dimg < dim f, and g # f. For the vertex degrees of
freedom we will use an alternative extension operator. We simply define 7J by
Tou = Z 5}) try P})u = Z Eg(P})u)(f)
FEAN(TR) f€L(Th)
where, for any a € R, 51904 is the piecewise linear function with value « at the vertex
f and value zero at all other vertices. Hence, for f € Ay(75) we have 5}) = E?
if » = 1. The reason for choosing the special low order extension operator for

vertices is not essential at this point, but will be needed later to make sure that the
projections 7F commute with the exterior derivative.
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The key result for the construction above is the following lemma.
Lemma 2.1. The operator ©° is a projection onto P.A°(Ty,).

Proof. To see that 7° is a projection, we only need to check that if u € P,.A°(T),
then for all f € A(Ty), try 7°u = tryu. We do this by induction on m, where m
corresponds to the dimension of the face f € A(7;,). We assume throughout that
u € P.A(Ty). We will show that the operator 70 has the property that

(2.2) trpmou=trpu if f € A(T,) with dim f <m,

and since 7 = 70 this will establish the desired result. If f € Ag(7T3), then PPu =
ulq,. By construction, it therefore follows that (2.2)) holds for m = 0. Assume next
that ([22)) holds for m—1, where 1 < m < n. It follows that for any f € A,,(73), we
have try(u—m9,_ju) € P..(f), and therefore PP(u—m0,_yu) = u—mp,_ju. It follows
by construction that tr, 79,u = tr, 70, _ u = tr,u for g € A(Tp), with dimg < m,
while for f € A,,(T,) we have

trp o u = trp(mo,_qu+ P})(u — o _qu)) = tryu.
Therefore, ([Z2]) holds for m and the proof is completed. O

It follows from the construction above that the operator 7% is local. For example,
for any T' € T}, we have that (7Ju)7 depends only on u restricted to the extended
macroelement €2%.. Define D,, v C € by

(2.3) D =| { Dm0 |T' € Ty f € A(T)}, Do = Q.

It follows from ZI) that (m,u)|7 depends only on u|p,, ,.. In particular, (7%u)|r
depends only on u|p,., where Dy = D,, .
The operator 7° satisfies the following local estimate.

Theorem 2.2. Let T € Ty,. The operator 7° satisfies the bounds
7l 2y < ClJull2(pyy + hrlldul|L2(ppy)
and
ldm°ul| L2y < ClldullL2(Dy),
where the constant C' is independent of h and T € Ty,.

In fact, this result is just a special case of Theorem[B.2below, so we omit the proof
here. Of course, due to the bounded overlap property of the covering {Dr}reT,
of Q, derived from the corresponding property of {Q;}, global estimates follow
directly from the local estimates above.

2.2. Differential forms and finite element spaces. We will basically adopt
the notation from [3]. The spaces P.A*(T,) C HA®(Q) can be characterized as the
space of piecewise polynomial k forms u of degree less than or equal to r, such that
the trace, try u, is continuous for all f € A(7},), with dim f > k, where we recall that
the trace, try, of a differential form is defined by restricting to f and applying the
form only to tangent vectors. The space P, A*(T;,) € HAF(Q) is defined similarly,
but on each element T € T, u is restricted to be in P-A¥ C P.AF. Here, the
polynomial class P A* consists of all elements u of P,.A* such that u contracted
with the position vector z, u_z, is in P, A*~1. Hence, for each k we have a sequence
of nested spaces

PrAR(TL) € PLAR(Th) € Py AR(Th) € ... HAR(Q).
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In particular, P, A%(T,) = P.A°(Ty), and P, A™(Ts) = Pr_1A™(Th).

Instead of distinguishing the theory for the spaces P~ A*(T;,) and P, A (Ty), we
will use the simplified notation PAF(7;,) to denote either a space of the family
P-A*(Ty,) or P.A*(T;,). More precisely, we assume that we are given a sequence
of spaces PA*(Ty), for k = 0,1,...,n, such that the corresponding polynomial
sequence (PA,d), given by
(2.4) R — PAOR") -4 PALR?) - .. —Ly PARR?) -0
is an exact complex (cf. Section 5.1.4 of [3]). In particular, this allows for combi-
nations of spaces taken from the two families P,-A*(7;,) and P,.A*(T;,). For any
f € A(Ty), with dim f > k, the space PA*(f) = tr; PA*(T;,), while PA*(f) =
{v € PA*(f)| troyv = 0}. The corresponding polynomial complexes of the form
(PA(f),d) are all exact. Furthermore, the complexes with homogeneous boundary
conditions, (PA(f),d), given by

(2:5) PAO(f) =5 PAN(S) L - —L PAIRI(f) 5 R

are also exact.
We recall that the spaces PAF(T;,) admit degrees of freedom of the form

(2.6) /ftrfu/\n, neP(f,k), feAlT),

where P'(f, k) C AYm/=E(f) is a polynomial space of differential forms and the
symbol A is used to denote the exterior product. These degrees of freedom uniquely
determine an element in PA¥(Ty,), (cf. Theorem 5.5 of [3]). In fact, if

PAR(Ty) = PrAR(T,),  then P'(f,k) = Prii—dim p—1 AT 7F(f),
while if
PAM(Th) = PeA*(Th),  then P'(f,k) = Pryp_qim A TF(F).

Ifv e ’ﬁAk( f), then v is uniquely determined by the functionals derived from
P'(f, k). Furthermore, any v € PA*(f) is uniquely determined by P’(g, k) for all
g € A(f). In particular, if dim f < k, then P’'(f, k) is empty, while P'(f,k) is
always nonempty if dim f = k. For dim f > k the set P’(f, k) can also be empty if
the polynomial degree r is sufficiently low.

The local spaces PA*(T; ) and PAK( # 1) are defined by restricting the space
PA*(T;,) to the macroelements Q2 or Q5. It follows from the assumption that €y
and €25 are contractive, that all the local complexes (PA(7¢,s),d) and (PA(TF),), d)

are exact. The same holds for the subcomplexes (PA(T7.1),d) and (PA( ) d)s
corresponding to the subspaces of functions with zero trace on the boundary of the
macroelements.

For a given triangulation 7, the spaces of lowest order polynomial degree,
Py A*(Th), i.e., the space of Whitney forms, will play a special role in our construc-
tion. The dimension of this space is equal to the number of elements in Ay (77),
and the properties of these spaces will in some sense reflect the properties of the
triangulation. Therefore, this space will be used to transfer information between
different macroelements; cf. SectionBbelow. For k = 0 this space is just P; A*(T3,),
the space of continuous piecewise linear functions. The natural basis for this space
is the set of generalized barycentric coordinates, defined to be one at one vertex,
and zero at all other vertices. It follows from the discussion above that the degrees
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of freedom for the space P; A*(Tp), 0 < k < n, are ffu for all f € Ap(7Tp). In
fact, if f = [zo,21,...2%] € Ag(Th), we define the Whitney form associated to f,
QS? € Py A*(Th), b

k
¢ = (1) NidXg A+ AdX A Adg,
i=0
where A\g, A1, ..., \; are the barycentric coordinates associated to the vertices z;.

The basis function ¢’;» reduces to a constant k£ form on f, i.e., try ¢’} € PoAk(f), and
it has the property that tr, gb’} =0for g € Ai(Thn), g # f. In fact, if vol; € PoAk(f)
is the volume form on f, scaled such that ff voly =1, then

try d)’} = (k!)_lvolf;
cf. [I, Section 4.1]. Furthermore, the map vol; — EJ’fvolf = k!qﬁ’; defines an
extension operator E? : PoAR(f) — 7517Ak(7}1h) for any f € Ap(Ty). We observe
that the operators 5}“ are natural generalizations of the piecewise linear extension

operators 519, introduced above for scalar valued functions. In fact, any element u
of P, A¥(T;,) admits the representation

(2.7) u= > (/f trfu) Efvoly.

FEAL(Th)

We finally note that it follows from Stokes’ theorem that if f = [zg, 21, ..., k1]
and wu is a sufficiently smooth k& form on f, then

28) /m—% v [

where f; = [vo,...,2j_1,%j,2j4+1, Tp41]. Here the factor (—1)7 enters as a
consequence of orientation.

3. A SPECIAL PROJECTION ONTO THE WHITNEY FORMS

Recall that the purpose of this paper is to construct local cochain projections
7% which map HA*(Q2) boundedly onto the piecewise polynomial space PA*(Ty).
Furthermore, in the construction of 7° given above, the construction of tr f oV is
based on a local projection, P 0 , defined with respect to the associated macroelement
Q. Therefore one might hope that all the projections 7% have the property that
try or¥ is defined from a local projection operator defined on Qy for f e A(Th),
dim f > k. However, a simple computation in two space dimensions, and with

PA(Ty) = Pf/\k(%), will convince the reader that if f = [xg,x1] € A1(Tr), then

/trf dru = / diﬂ'ou ds = (7%u)(z1) — (%) (z0),
f w48

0

and the right-hand side here clearly depends on u restricted to the union of the
macroelements associated to the vertices zy and x;. Therefore, ff trymidu =

/ plry dm% must also depend on u restricted to the union of these macroelements,
and this domain is exactly equal to the extended macroelement ch This motivates
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2640 RICHARD S. FALK AND RAGNAR WINTHER

why the extended macroelements, %, for f € Ak(Ty), will appear in the construc-
tion below. In fact, a special projection operator, RF : HA¥(Q) — P A*(T;,) C
PA¥(Ty), will be utilized in the construction of 7% to make sure that

/trfwkdu:/trfdwk_lu:/ trafwk_lu,
f f of

for all f € Ap(Th).

The operator R* will commute with the exterior derivative, and it is a projec-
tion onto P; A*(T},). Therefore, in the case of lowest polynomial degree, when
PAF(T) = Py AR(Th), we will take 7% = RF. However, another key property of
the operator RF is that in the general case, when P;” A*(7},) is only contained in
PA*(T1), we will have

(3.1) /trf RFu = /trf u, f€AL(Th), u€ PA*(Th),
f f

i.e., the operator R* preserves the mean values of the traces of function in PA*(T;,)
on subsimplexes f of dimension k. The rest of this section is devoted to the con-
struction of the operator R¥, and the derivation of the key properties given in
Theorem below.

3.1. Tools for the construction. Following our convention, we have suppressed
the dependence on the mesh parameter i of the operator R¥ and the other operators
defined in this section. To define the special projection R onto the Whitney forms,
Py A*(Th), we will use local projections, Q’Jﬁ, defined with respect to the extended

macroelements %. We define the projection Q’} : HA’“(Q?) — PAF( #n) by the
system

(Qfu,dr)os = (u,dr)as, 7€ PAH TS,
(dQu, dv)os = (du,dv)a:, v e PAF(TE,).
For k = 0, the first equation should be replaced by a mean value condition, so that
Q?c = P]‘?. This system has a unique solution due to the exactness of the complex
(’PA('ESh), d). Furthermore, by construction we have
(3.2) Q’}du = dQlJﬁflu, 0<k<n.
We will also find it useful to introduce the operator Q’}ﬁ : HA’“(Q?) — PAFL (Tfn)
defined by the corresponding reduced system
(Q]Jfﬁu,dﬂgi =0, 7ePAY Fh)s
(dQf _u,dv)gs = (u,dv)as, ©ve PATY(TE,).

As a consequence, the projection Q’; can be expressed as

(3.3) Qf =dQj_+ Q.
To make this relation true also in the case when k = 0 and f € Ag(7y), the operator
dQ%,_ should have the interpretation that dQ$ _wu is the constant fo u Avolg, on
2y, where volg, is the volume form on (2, restricted to {2y and scaled such that
fo VOle =1.

To motivate the rest of the tools we need for our construction, consider again
dr%u in the special case when PA*(7,) = Py A¥(T,). To obtain a commuting
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relation of the form dn®u = 7'du, we have to be able to express dr’u in terms of
du. However, using the notation just introduced, we have

dru = Z /u/\voIQ —|—trg(Q )}dggvolg.

9€A(Th)

The second part of this sum is already expressed in terms of du. By combining the
contributions from neighboring macroelements we will see that the first part of the
right-hand side can also be expressed in terms of du. If f = [zg,21] € A1(Th), we

have
/trf Z / U/\VOIQ dé’ vol, / u A (volg, —volg, ),
}

gEA (T}
where g; = [z;]. Furthermore, volg, —volo, € PoA™(Tf,) = Py A™(Tf),), and
with vanishing integral. As a consequence, there exists z} € 75f A ffh) such
that dz]lc =volg, —volg, , and by integration by parts

/trf Z /u/\volg dSvoI /u/\dzjlc: du/\z}c.
Q Qs Q5

gEA(

By utilizing the representatlon 1), we therefore obtain

3 /Qum/mQ Jaspwoly = 30 ([ dunzf)efvoly.

g€ (Th) fen (T %%

This discussion shows that to construct local cochain projections, we must utilize
relations between local operators defined on different macroelements. To derive the
proper relations, we introduce an operator

i P PrATE) - D PrANTEL).

9EAM (Th) FEAm41(Th)
If f=1[zo, .-, Tm+1] € Apyy1(Tr), then the component (du) of du is defined by
m+1
u)r =Y (=1)uy,,
j=0
where, as above, f; = [2o,...,%j_1,%j,%j11,...,Tm11], and uy; the corresponding

component of u. We will also consider the exterior derivative d as an operator map-
ping Dy, (1) P AX(T5)) to Dyea, (1) PrA M(TS,) by applying it to each

component. Hence, the two operators dod and dod both map ®96Am(7—h,) 731 (7'97h)

into Bren, .. (7) 7517Ak+1(7}€7h): In fact, we have the stucture of a double complex
which resembles the well-known Cech—de Rham complex; cf. [4]. The following two
properties of the operator ¢ are crucial.

Lemma 3.1.
dod=0dod, and 606 =0.

Proof. Tt follows directly from the definition of § that for f = [zg,...,Zm11] €

A'm-‘,—l (771)7
m—+1

(dodu); = (Fodu)y = 3 (~1)Yduy,.

=0
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If we further denote by f;; the subsimplex of f obtained by deleting both x; and
2, then

m—+1
(Godu)p= ) (=1)7(du)y
j=0
m+1 -1 _ m41 _
= W [ g, = D (D] =0,

j=0 i=0 i=j+1
since for each 4,7 = 0,...,m + 1, with 7 # j, the term wuy,, appears exactly twice
with opposite signs. (I

The construction of the projection R* will depend on local weight functions,
z’; € Py AH( £n) for f € Ag(Ty). In particular, the function z? € PoA™(Ty,n)
for f € Ag(Tn) will be given by 29 = volg,. For k = 1,2,...,n, the functions
z’; € Py AT K( #n) are defined recursively to satisfy the conditions

(3.4) dzf = (—1)F(625 1),
and
(3.5) (zf,dr)o. =0, TEPTAFN(TE,),

for any f € Ag(T). We will not give an explicit construction of the functions z’j .
However, we have the following basic result.

Lemma 3.2. The weight functions z’; € 7317/\”*"3(7}%) exist and are uniquely

determined by 29 and the conditions B3) and B3).

Proof. We establish the existence of the functions z’}f by induction on k. Let f =
[0, z1] € A1(Tp). Then

(62°) = (2]91 - z?o) = volg, —volg, ,

which implies that fﬂﬁ (6z°)¢ = 0. Hence, by the exactness of the complex
< .

PrA™ N T S PoA™(TF,) — R,

there exists z} e Py A" 1) satisying dz} = —(62°);. Next, assume we have
constructed
k=1 @ ﬁ;An—k-ﬁ-l(foe’h)
JE€AL_1(Th)

such that dz;f*l = (=1)*1(6zF2); for all f € Ap_1(Tp). From Lemma Bl we
obtain

(dod)* ' =(fod)" ! = (-1)""(506)" % =0,
and for each f € Ag(Tp) the complex (d, 731_A(7}eh)) is exact. Therefore, we can

conclude that there is a z’} € Pr AR (A( £n)) such that (3.4) holds. This com-
pletes the induction argument. Finally, we observe that it is a consequence of the
exactness of the .complex (d, 73.1_ A(T§),)) and ([B.3) of the definition of z’j that these
functions are uniquely determined. ([l
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We will use the functions z’]f to define the operator M* : L2A*(Q) — P, A*(T3)

by
MFry = / u A 25 ) EFvol .
> (Q; f) fvoly

fEAK(Th)

Note that MF¥u is a generalization for k-forms of the expression

(/ u/\volgf)é'fvolf
Q

appearing above in the case of zero-forms. It follows from the construction of the
functions z’}f that the operator M* commutes with the exterior derivative.

FE€AN(Th)

Lemma 3.3. For any v € HA*=Y(Q) the identity dM*~1v = M¥*dv holds.
Proof. We have to show that

3 (/Q vAzjfl)dejflvolg: 3 (/

dv A\ zlj)g}cvolf
gEAK_1(Th) 9 FEAR(Th) 23

for any v € HAF~1(Q). Since both sides of this equation are elements of P; A¥(Ty,),
we need only check that the integrals of their traces are the same over each f =
[z0,21,...,2k] € Ap(Tn). Now it follows from the properties of the extension
operators & J’? that the integral of the right-hand side is simply fsz; dv N\ z’]ﬁ , while

([23) implies that the corresponding integral of the left-hand side is
k

Z(—l)j/ v/\z;f;l:/Q

o vA (0287, = (—1)k/ v A dz’;,
j=0 fj

< s
where the last identity follows by ([B4). However, by integration by parts (cf.
[ Section 2.2]), utilizing that troqe z’]‘é = 0, we have

/ U/\dz;?:(—l)k dv/\z]]f7
o o

and this completes the proof. O

The operator M* will be a key tool for the construction of the special projection
RF onto the Whitney forms. However, the operator M itself is not a projection
since it is not equal to the identity on the Whitney forms. The next step towards
the final construction of R* is to define operators S* : HA¥(Q) — P, A*(Tp)
recursively by S° = M and

Shu=Mut Y (/trg[l - S lgcv_u)dé’f*lvolg, 1<k<n.
9€M_1(T) 79

We recall that the operator Q’;)_ is a local operator with range PA(Tffh). However,
by an inductive argument, it follows that the composition tr¢ oS ¥ is a local operator
mapping HA*(Q$) into PoA*(f). Therefore, the operators S* are indeed well
defined.

The following result shows that S*, restricted to the space dP; A*=1(T;,), pre-
serves the degrees of freedom of the space P, A*(T3,).
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2644 RICHARD S. FALK AND RAGNAR WINTHER
Lemma 3.4. For any v € PA*~1(T},) the following identity holds:
/trf Skdy = / trpdv, f € Ap(Th).
! f

Proof. The proof goes by induction on k. For k = 0 the space dPA*~1(T}) should
be interpreted as the space of constants on 2, and since S° = M9 reproduces
constants the desired identity holds.

Assume next that & > 1 and that the desired identity holds for £k — 1. By
utilizing the result of Lemma 33} we obtain that the commutator S*d — dS*~! has
the representation

Stdv—dsFtv= > (/trg[f—S’“—l]Q’;,,dv)dgg—lvolg, ve HAF1(Q).
g€ 1 (Th) Y
We recall that Q_’i_dv = Q’;_lv—d g;lv, and by the induction hypothesis fg try(I—
Skil)dQ’;;lv = 0. Therefore, for any v € HA*~1(Q) the commutator above can
be expressed as
(3.6) Stdy —dSF o= Y ( / trg[l — S’f—l]Qf;—lu) d&r~ vol,.
9€AK-1(Th) 77
However, since Q’;_l is a projection onto 73Ak_1(7'gfh)7 it follows from (27) that
ast o= > (/trg s’f—lQ’;—lu)dg;—lvo|g, ve PATY(Th).
9€AK-1(Th) 77
By restricting to a function v € PA*~1(T;,), equation [B.6) therefore reduces to
Skdy = Z (/trg v)dS;“_lvolg.
9elK—1(Th) 7

By integrating this representation over any f = [xg, 21, ..., xk] € Ak(Th), we obtain

k
Skdy = (—1)j/ trfjv:/dv,
/f ]Z:;) 7 f

where the final identity follows from (Z8]). This completes the induction argument.
O

In general, the operators S* will not commute with the exterior derivative. How-
ever, as a direct consequence of the proof above, we have the following result.

Lemma 3.5. The identity B.8) holds for k= 1,2,...,n and all v € HA¥1(Q).

3.2. The projection RF. In order to obtain an operator R¥ which is the identity
on all of P, A*(7y,), and hence a projection, the operator S* will be modified. For
each k, 0 < k < n, the operator R* : HAF(Q) — P A*(Ty,) is defined by

Rfu=S*u+ > (/ trf[I—Sk]Q’}u>5}“vo|f.
reanm)

Recall that the operator S* is local in the sense that try 0S¥ can be seen as a
local operator mapping HA’“(Q;) onto PAF(f). Tt is immediate from this and the

properties of the projection Q’fc that try oR" also is local. In fact, for any T' € Tp,
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(RFu)|r only depends on ulgs. Furthermore, if f € Ag(7x), then Q% = Py.
Therefore, it follows that for & = 0 the operator R is identical to the operator 7,
used in the construction of the projection 7° in Section 2] above.

The key properties of the operator R* are given in the theorem below.

Theorem 3.6. The operators R* : HAF(Q) — Py A¥(Ty) are cochain projections.
Furthermore, they satisfy property B1), i.e.,

/trf Rru = / trru, £ € A(Th), ue PAN(TL).
f f

Proof. As above we use a notation where we suppress the dependence on h. It is
a consequence of the projection property of the operators Q’} that if u € PA*(Ty),

then
RFu = Z (/f trfu>8.’;vo|f.

FEAL(Th)
However, this implies the identity ([B), and an immediate further consequence is
that R* is a projection onto Py A*(Tp,).
It remains to show that R* commutes with the exterior derivative. From the
definition of R* and Lemma we have

dRFu =dS*u+ ) (/trf [ — Sk]Q’}u) dEfvoly =S¥ du.
7

FEAR(TH)
However, S**1du = R*T1du since
REFN dy — §Mdu = Y (/u«f 1 - sk+1]Q§+1du)5§+1vo|f
feAL 1 (Th) !

= Z (/trf[I - Sk“]dQ];jr_ldu)S}“Hvolf =0,
fetim(Th)

where the last identity follows from Lemma [3.41 a

The operators R* introduced above are local operators in the sense that (RFu)|r
only depends on u|qe, for any 7' € Tj,. Furthermore, for any fixed h the operator
RF is a bounded operator on HA*(§2). The discussion of more precise local bounds
is delayed until the final section of the paper.

4. CONSTRUCTION OF THE PROJECTION: THE GENERAL CASE

We finally turn to the construction of the projections 7% in the general case, in
which PA*(T;,) denotes any family of spaces of the form P~ A¥(T;,) or P.A¥(Ty),
such that the corresponding polynomial sequence (PA*, d), given by (24 is an exact
complex. In particular, the Whitney forms, P; A*(7T3,), are a subset of PA*(Ty,),
and in the special case when PA*(T,) = P, A*(T;,) we will take 7% to be the
operator R¥ constructed above.

In the construction we will utilize a decomposition of PAF(7},) of the form

(4.1) PAMTL) = @D EfPA )+ @ EFPA*(),
FEAK(TR) ﬁﬁf}g"i
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where 6']’? is the extension operator defined in the previous section, mapping into
the space of Whitney forms, while E’; is an harmonic extension operator mapping
into PA (T7.n). Furthermore, the space PAF(f) = PAF(f) if dim f > k, while

ﬁAk(f):{ue?A’“(m/u:()}, if dim f = k.
f

The decomposition [ can be seen as a modification of the more standard de-
compositions (II) and (2] in the sense that we are utilizing the special extension,
5}]?, for the constant term of the traces on f, when dim f = k. The existence of

such a decomposition of the space PAk(’Tfﬁ) is an immediate consequence of the
degrees of freedom (2.0)).

As in the case k = 0 (cf. Section ), the projection 7* will be constructed from
a sequence of operators 7%, where 7% = 7%. The operators 7%, are defined by a
recursion of the form

(4.2) ak =xk 4 Z E’; otry OP;“[I —x* 1, E<m<n,
FE€AM(Th)

where the operators P}“ are local projections defined with respect to the macroele-
ments {1y, generalizing the operators PJ? introduced in Section 2l Furthermore,
the operator 7F | will be taken to be the operator R* defined in Section [ above.

Hence, to complete the definition of 7%, it remains to give precise definitions of the
local operators E’; and P]’?.

4.1. Extension operators. The extension operators E’]E are generalizations of the
harmonic extension operators E? used for zero forms in Section Il Let us first
assume that f € A(7,) such that f is not a subset of the boundary of Q. In this
case, the harmonic extension E’]? maps PAk(f) to 75Ak(7}7h), where 0 < k < dim f.
More specifically, we let E}“qb be characterized by

|dEY | 120,y = inf{||dv]| 2(q,) | v € PA¥(Tpn), trpv =6 }.

We should note that it is a consequence of the degrees of freedom of the spaces
PA*(T;.n) and PAF (T7,n) that there are feasible solutions to this optimization
problem. As a consequence, an optimal solution exists. However, the solution
is in general not unique. The solution is only determined up to adding functions w
in ’ﬁAk(ﬂc,h) satisfying dw = 0 on €2y and try w = 0. Therefore, to obtain a well-
defined extension operator, we need to introduce a corresponding gauge condition.
Hence, for any ¢ € PA*(f) we let E’J?qﬁ € PAF (T7.) be the solution of the system

(4.3) (Ef¢,dr)o, =0, 7€ N(trg; PAF1(Tpn)),
(dE%¢,dv)a, =0, ve N(tryPA(T;r),

and such that try oE’J? is the identity on PA*(f). Here N(trs; X) denotes the
kernel of the operator tr; restricted to the function space X. A key property of the
extension operators E’)‘é is that they commute with the exterior derivative.

Lemma 4.1. Let f € A(Ty,). The extension operators E’)‘é c PAR(f) — PAk(ﬂh)
are well defined by the system [@3)) for k=0,1,...,dim f, and for k > 1 we have
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the identity
(4.4) Efd¢ = dE} "¢, ¢ € PAFI(f).
Moreover, the kernel of d restricted to N (tr; ’PAk('Y}h)) is dN(trf;ﬁAk’l('Y}vh)).

Proof. For k = 0 the first equation in the system (@3]) should be omitted. The
kernel of d restricted to N(trf;ﬁAO(ﬂ-,h)) is just the zero function, and E?gﬁ is
clearly uniquely determined by the second equation and the property that try OE’]?
is the identity. We proceed by induction on k.

Assume that the statement of the lemma holds for all levels less than k. We first
establish the characterization of the kernel of d, restricted to N(trf;75Ak(7}7h)).
Assume that u € N(try;PA*(T7.,)) satisfies du = 0. Then, by the exactness
of the complex (PA(T}.4),d), u = dr for some 7 € PA*=1(7;,). Furthermore,
dtrym =trpdr = trpu = 0. If k=1 this implies that 7 € N(trf;ﬁAO(’Y}yh)). For
k > 1 it follows from the exactness of (PA(f),d) that there is a ¢ € PA*~2(f) such
that d¢ = try 7. However, the function

oc=1—dE" 2 =1 E"ldp N(trf;ﬁAk_l(ﬂ',h))

and satisfies do = u. Hence the complex (N (try; 75A(7},h)), d) is exact at level k in

the sense that d N (tr; PAF-1 (T7.1)) is the kernel of d restricted to N (try; ?Ak(’Tfh))
Consider a local Hodge Laplace problem of the form

(0,7)a, — (u,dr)a, =0, 7€ N(try;PAFY(T;n)),

4.5
(4.5) (do,v)a, + (du, d’l)>Qf =0, ve N(trf;ﬁAk(ﬁ’h)),

where the unknown (o,u) € N(trf;ﬁAkfl(’Y}yh)) X 75Ak(7}1h), and with tryu =
¢ € PAF(f). Since the complex (N (trp; PA(T;.5)), d) is exact at level k, it follows
from the abstract theory of Hodge Laplace problems (cf. for example [3, Section
3]), that the system () has a unique solution. Furthermore, by the exactness
of the same complex at level kK — 1, 0 = 0. Hence, u and E’f% satisfy the same
conditions, and the uniqueness of E’J?qb follows by the uniqueness of u.

Finally, to establish the identity ([@4]), we just observe that for any ¢ € PAF-1 (f),
the pair (o, u), with 0 =0 and u = dEIJf_1¢ € 751\(7}7;1)7 satisfies the system (Z£3)
with try dE’Jfflqb =dtry E;f*lqﬁ = d¢. By uniqueness of such solutions we conclude
that dE;f*lng = E’]?dgé. This completes the induction argument and the proof of the
lemma. ]

If g € A(Typ), with k < dimg < dim f and g # f, then tr, E’J?¢ = 0. In the
case that f C 09, we will also have that f C d€Qf. In this case, the definition of
the operator E’Jﬁ should be properly modified, such that E’JSQS is not required to be
in PAF (T#,n), but only required to be zero on the interior part of 9€2;. The key
desired property is that the extension of E’]fgb from Qf to Q, by zero outside )y, is
in the global space PA*(Ty).

It is a consequence of the decomposition ([@I]) that any element u of PA¥(Ty)
is uniquely determined by its trace on f, tryu, for all f € A(7;,) with dim f > k.
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Furthermore, if u is an element of the subspace given by

(4.6) P PoA N+ P EFHPANL),
FEAL(Th) FeA(Ty)
k<dim f<m

then u is determined by tryu for all f € A(7,) with & < dimf < m. A key
observation is the following.

Lemma 4.2. Assume that u € PA¥(T,) belongs to the subspace given by (@S],
where k < m < n. Then its exterior derivative, du, belongs to the corresponding
space

B TP+ P EFTPAMT(S).

fE€AL11(Th) FEA(TR)
k+1<dim f<m

Proof. It follows from the fact that (P; A(7p),d) is a complex for which
dé’gvolg € @feAHl(Th)EJIfH(POAkH(f)) for any g € Ag(7p). Furthermore, if
g € A(Ty) and dimg > k, then (@) implies that dEF¢ = EFt'd$ for any
RS PAF (9). As a consequence, it only remains to check terms of the form dE;“qb,
where ¢ € 75Ak(g) and dim g = k.

Note that dqub is identically zero outside §2,. Furthermore, consider any f €
Ap1(Th), with g € Ag(f). Then Q; C Q4 and the space N(trf;ﬁAk(ﬂgh)) can
be identified with a subspace of N(tr,; PAF (Tg,1)). Therefore, it follows from the
definition of E§¢ that

(dEF, dv)a, =0, ve N(trp;PA (Tpn)), f € Apia(Th), g € Ar(f).

However, this implies that

dEf¢ e €D EFTHPAMT(Y)

FEAK41(Th)
geAL(f)
= P EgUPAT N+ D EFTHPATH).
fel,11(Th) feARL1(Th)
geAL(f) geAL(f)
This completes the proof. O

The harmonic extension operator discussed above is the one we will use in the
construction of the local cochain projection 7%; cf. ([@Z). However, in the theory
below we will also utilize an alternative local extension, defined with respect to
spaces PA*(Ty,;) instead of ’ﬁAk(ﬂc,h). For 0 < k < n the operator E}“ : PAR(f) —
PA¥(Ty) is defined by the conditions

(Ef¢,dr)a, =0, 7€ N(try; PA* 1 (T;4)),

(4.7) -
(dEf¢,dv)o, =0, v e N(try; PA*(Tin)),

in addition to the extension property try OE’;QS = ¢ for all ¢ € PA¥(f). In complete
analogy with the discussion for the operators E’)‘é above, by utilizing the exactness of

the complex (PA(7; 1), d) instead of the exactness of (PA(7}h), d), we can conclude
with the following analog of Lemma A1l
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Lemma 4.3. Let f € A(Ty,). The extension operators E’)‘é t PAR(F) = PA(Tpn)
are well defined by the system [@T) for k =0,1,...,dim f, and for k > 1 we have
the identity

Efdg =dE{™'¢, ¢ € PA*I(f).
Moreover, the kernel of d restricted to N(trp; PAF(Ty 1)) is dN (trp; PA¥1(T7.0)).

4.2. Local projections. Let f € A(7;,) and recall the definition of the spaces
75Ak(f) given above, as 75Ak(f) if k is less than the dimension of f, and as the
subspace of PA*(f) consisting of functions with zero mean value if ¥ = dim f.
Hence, as an alternative to (2], we can state that the complex

0= PAY(f) L5 PANS) —Lo - L PAIMI(F) 50
is exact. In particular, this means that the first operator, d = d°, is one-to-one and

the last operator, d = d9"™f~1 is onto. In order to define the local projections P]’?,

appearing in ([£2), we will use the spaces 73( f) to introduce proper local spaces,
PA¥(T; ). For 0 < k < dim f these spaces lie between PA* (T} ) and PAF(T; 1),

ie.,
PA*(Tr0) € PAR(Tyn) € PA*(T;0).
More precisely, for 0 < k < dim f, the space PAF (T7.n) is defined by

PA(Tyn) = {u € PAN(Tya) | try € PAR(S) ),

while we let PA¥(T; ) = PA¥(T;4) for dim f < k < n. We note that for k = 0
this definition is consistent with the definition of the space 75,0/\0(7}1;1) used in
Section 211

We observe that dPA*(T7,) € PA*1(T;4). In other words, (PA¥(T}),d),
given by

0= PAYT;n) - PAY(Tn) -5 - -5 PA™(Tjh) — O,
is a complex. We also have the following;:

Lemma 4.4. The complex (PA*(T;.4),d) is exact.

Proof. Let m = dim f, and assume that u € 75Ak(7}h) satisfies du = 0. We
need to show that there is a o € PA*~1(T},) such that do = u. For k > m + 1
this follows from the exactness of the complex (PA(7yp),d). Assume next that
k < m. Since dtryu = trydu = 0, it follows from the exactness of the complex
(PA(f),d) that there is ¢ € PA*~1(f) such that d¢ = tr; u. Therefore u—dE}“‘%b
is in N(try, PA*(T;5)) and d(u — dE’;71¢) = 0. By Lemma (3] there is a 7 €
N(try, PA*=1(T} 1)) such that dr = u—dE”]f_qu. Hence, the function o = T+E];_1¢
satisfies tr; o = ¢ € PA*"1(f). So o € PA*(T; 1) and do = u.

Finally, we have to consider the case when k = m+ 1. The exactness of the com-
plex (PA(Ty.1),d) and the assumption du = 0 implies that there is 7 € PA™(T;5)
such that dr = u. Furthermore, the exactness of (PA(f),d) implies that there is a
¢ € PA™1(f) such that d¢ = try 7. The function o =7 — dE}”_lgb has vanishing

trace on f. Therefore, it is in 73Am(7},h), and do = u. O
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We are now ready to define a local projection P]’? : HA®(Q) — PAR(Tin)
satisfying

(Pfu,dr)q, = (u,dr)q,, 7€ PA(Tph),
(dPfu,dv)q, = (du,dv)q,, v€E PA*(Tyu).

The operator P}“ is a well defined projection onto PAF (T7.n) as a consequence of
Lemma[LZl When k = 0, the space d’PA‘l(Tf,h) should be interpreted as the space
of constants on ¢, such that P}? is exactly the projection defined in Section 2]
With this definition it is straightforward to check that the projections PJIE commute
with the exterior derivative, i.e.,

(4.8) Pfdu=dP;'u, 0<Fk<n.

4.3. Properties of the Operators 7*. The definitions of the operators E’; and
P]’f given above complete the construction of the operators 7% given by the recursion
([#2). Here we shall derive two key properties of these operators, namely that they
are projections onto PA*(7) and that they commute with the exterior derivative.
It is also clear from the construction that the operator 7% is local, and, for each
triangulation 7;,, 7% is well defined as an operator on HA¥(Q). However, the
derivation of more precise bounds will be delayed until the next section.

We recall that the recursion ([@Z) is initialized by choosing 7§ , = R*, i.e.,
the special projection onto the Whitney forms constructed in Section Bl above.
Therefore, we obtain from Theorem that

(4.9) dw,’j_luzﬂ'lljﬂdu, k=0,1,....,.n—1,

and for k& = 0 the two operators 7, and n) are the same. Furthermore, for

functions in PA*(7y,), the operator 7r’,§_1 preserves the integral of the trace over all
subsimplexes of dimension k, i.e.,

(4.10) /trfw’,g,lu:/trfu, f e A(Th), uc PAR(T,).
f f

In other words, if u € PA*(Ty), then (u—7f_ u)lq, € PAR(T; ) for f e Ap(Th)
and £ > 1.

We observe that it follows from ([£2]) and the properties of the extension operators
E’]E, that if f € A, (Th), with m > k, then

(4.11) trp R u = trp(rh_ju+ P}“[u — k).
On the other hand,
(4.12) try mhu = tr, T8 _u, g€ A(Tp), k < dimg < m.

These observations are the key tools to obtain the following result.

k

Theorem 4.5. The operators ©F are projections onto PA*(Ty,).

Proof. Assume throughout that u € PA*(7;,). We have to show that m%u = u. We
will argue that

(4.13) trpmlu=trpu, if f€A(T), k<dimf<m,

for m = k,k+ 1,...,n. This will imply the desired result, since functions in

PAF(T;,) are uniquely determined by their traces on f € A(T,). We will prove
([EI3) by induction on m. Recall that u — 7f_u € PA*(T; ) for any f € Ag(Th).
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As a consequence, Pf (u—7mF_ju) =u—7F_ u, and therefore [@I3), with m = k,
follows from ([IT)).

Next, if (I3) holds for m replaced by m — 1, then [IZ) implies that tr, 7% u =
try mk_ju = tryu for all g € A(Ty), with k& < dim f < m. So it only remains to
show the identity (LI3) for f € A,,(Tr). However, for each f € A,,(74), we have
(u— ﬂfn_lu)k)f € 75Ak(7},h). Hence Pf(u — 7k _u) = (u— W,’jl_lu)sz, and then
(EII) implies that try 7% u = tryu. We have therefore verified that the operator
7k satisfies property (@I3), which completes the proof. O

k

To show that the projections 7" are cochain projections, the following observa-

tion is useful.

Lemma 4.6. Assume thatO <k <n andthatu € HA*=1(Q). For any f € Ax(Tr)
the function d(mf~1u — 7y~ Su)le, € PAR(Tr ).

Proof. The function e = d(ry~tu—7F"Ju) is obviously in PA*(7; ). Therefore, it

only remains to show that ff trpe=0. If f = [z, 21,..., 2], then it follows from
the definition of 7}~ ! and (ZJ) that
k
/trfe = Z(—l)j/ try, P]’fjfl(u — 7 ou) = 0.
f j=0 fi

Here the last identity follows since for dim f; = k — 1, the projection P ! projects
into a space of functions of mean value zero on f;. ]

We conclude with the final result of this section.

Theorem 4.7. The operators " are cochain projections, i.e., de*~1 = w*d for
k=1,2,....n

Proof. We will prove that for u € HAF~1(Q), and 1 < k < n,

(4.14) trp 78 du = trydrktu, if f € A(Tg), k < dim f < m,

form =k, k+1,...,n. As above, the case m = n implies the desired result. We

note that it follows from Lemma that if ([LI4) holds for any k < m < n, then
7k du = drktu.
The identity (ZI4]) will be established by induction on m, starting from m = k.
By (A8)) and [@II]) we have, for any f € Ag(Tn),
trpmidu = trp[nf_ du + P}“(du — iy _ydu)] = dtry Pf_lu +try (I — P]f)w,’j_ldu.
On the other hand,
dtrpmFtu = dtry P;C_lu +dtrp(I — Pk_l)wllj tu
=dtry Pf Yutrp (1 — Pf)dﬂ',C 1.
By comparing the two expressions, and utilizing (£9), we obtain
trp(mgdu — dry " u) = trp (I — PF)(mg_ydu — drmy”ju)
=try(f — Pf)(dwk 2u drk~u) =0,

where the last identity is a consequence of Lemma 6l So (@I4) holds for m = k.
Assume next that (#TI4) holds for m replaced by m — 1. As we observed above,
this implies that 7% _,du = dr* Y u. Furthermore, by @IZ) it follows that the
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operators mk~1 and 7F, satisfy [@I4) for all f € A(Ty) with k < dim f < m — 1.

m

Finally, for f € A,,(7;,) we have by ([@38) and ([LII)) that
trywk du = trf[PJ’f(du — kL du) + 7 dul

m—1

= try d[P]’f_l(u — 7 L) + 7 ) = trp drf

m—1

This completes the proof. O

Remark 4.1. Recall that the operator M*, introduced in Section[3 is defined on all
L?A*(Q). However, the domain of 7% has to be restricted to HA*(Q2), due to the
appearance of the projections Q’} and P}? in the construction. In fact, it may be
possible to modify the construction given above to obtain local cochain projections
defined on L?, by replacing Q’} and P]’? by proper local operators defined on L2.
A possibility is to use L? bounded cochain projections constructed by following
the path used for the nonlocal smoothed projections (cf. [ILBLI0L21]), but now
restricted to a suitable macroelement. On the other hand, the local projections
used above, essentially constructed by local Hodge Laplace problems, may seem
more natural.

5. LOCAL BOUNDS

The purpose of this section is to derive local bounds for the projections 7*

constructed above. The main technique we will use is scaling, a standard technique
in the analysis of finite element methods. The arguments below resemble parts of
the discussion given in [T, Section 5.4], where scaling is used in a slightly different
setting.

From the construction above, it follows that the operators 7" are local operators.
In fact, we observed in Section [ that the operator 71',’571 = R* has the property

k

that try ork_,u only depends on u|9?. As a consequence, (mf_ u)|7 only depends
on u restricted to
U Q? C Q% = D07T C Dk—LT
feag(T)
for T € T, and 0 < k < n. Here we recall that the local domains D,, r and
Dy = D, r are defined by (Z3)). Therefore it follows by (Z3)), (@II]), and the local
properties of the operators P]’? and E’]& that the operator 7" has the property that

(7*u)|7 only depends on u|p, for any T € Tp, 0 < k < n. Furthermore, for each

h the operator ©* is a bounded operator in HA*(2). Hence, for each h and each
T € Ty, there is a constant ¢ = ¢(h, T) such that

(5.1) ||7Tku||L2Ak(T) <c(h,T) (||UHL2A’€(DT) + HdUHLMkH(DT))a u € HAk(DT)~
Our goal in this section is to improve this result by establishing the uniform bound
(5.2)  m"ullpearncry < C (|ullpzar(p,) + hrlldullpzaveipyy), € HA¥(Dy),

for 0 < k < n, where the constant C'is independent of h and T'. Since the operators

7% commute with the exterior derivative, the estimate (5.2 will also imply that

(5.3) ||d7TkU||L2Ak(T) <C ”du”L?Ak(DT)a u € HAk(DT)a

for 0 < k < n, with the same constant C' as in (5.2). Therefore, the estimate (5.2))
will, in particular, imply the bounds given in Theorem
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The rest of this section will be used to prove the estimate (5.2). For any fixed
T € Ty, we introduce the scaling ®r(x) = (z — zo)/hr, where zg is a vertex of T
We let T = &7 (T) and Dy = &7 (Dr) be the corresponding reference domains with
size of order one. The restriction of the triangulation 7, to Dy will be denoted
Tin(Dr), and ﬁl(DT) the induced triangulation on Dy. In general we will use
the hat notation to denote scaled versions of domains and local triangulations,
eg., f = Or(f), f € A(Tn). We note that the pullback, ®F maps HAk(ﬁT) to
HA*(Dr). Furthermore, it follows from the definition of pullbacks that

* —k+n/2 -
(5.4) 195 ull 2nr(py = by P Ul popn(py,  w € LPAR(D),

where D C Dy and D = ®7(D). We will obtain bounds for the operator 7%,
considered as a local operator mapping HA*(Dr) to HA®(T), by studying the
operator @i}_lﬂ'k@} as an operator mapping HAk(ﬁT) to HAk(T). In fact, since
the since the pullbacks commute with the exterior derivative, it follows from (&4)
that

_ —k 2
Il paar(ry = 195 7 ull o gy hr T

*— * —k 2 *— *—
(5.5) < @7 17Tk(I)THhT o (127 1uHL2Ak(T) + (|7 1duHL2Ak+1(T))

< ||@7 7 % (full L2ar(pr) + hrldull L2ar+1 (D)),

where ||®4'7#®%|| denotes the operator norm in L(HA*(Dyz), L*A¥(T)). Note
that if we can show that this operator norm is uniformly bounded with respect to
h and T € T, then (BH) will imply the desired bound (52). The following result
is the key tool for this verification.

Lemma 5.1. The operator @}_17#‘@;« can be identified with the operator % €
L(HA*(Dyp), HA*(T)) obtained by constructing the operator 7% with respect to the
triangulation Ty, (Dr) of Drp.

Proof. We have to show that the operators 7% and 7% satisfy 7*®% = ®%#%. In
fact, the proof just consists of checking that the pullback ®% commutes properly
with the operators used to construct 7%. A key property of the polynomial spaces
PAF is that they are affine invariant. Therefore, in particular, we will have that the
spaces PA* (T, (Dr)) = ®%PA*(T,(Dr)). As a consequence of this, we also obtain
that the local projections Q’}?, defined with respect to the extended macroelements
Q?, satisfies

(5.6) o5.Q% = Qhoh,  f € Ay(Th(Dr)),

with the obvious interpretation of Q’} as the corresponding projections defined
with respect to the domain Q¢ = @}(Q;) A corresponding property holds for the
extension operators £¥, i.e., 8}%’} = @*Té:}“, where é:jf maps ’PoAk(f) to ’ﬁfAk(j}7h).
In particular,

(5.7) Efvoly = BLEFOY voly = @5 Efvol ;.
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Consider the operator S°®., where S* are the operators introduced in Section (3]
above. By (B.1) we have, for any u € HA*(Dr),

SO(I);’U, = Z </ <I>*Tu A VOle> 5?V0|f
Qp

F€Ao(Th(Dr))

(5.8) = > </Q O (u A @;1vo|gf> Evoly
f

FeAo(Th(Dr))

= Z (/Q (u A voIQf> @*Té?volf = 0580,
;

F€A(Th (D))

In general, we define the operators S* with respect to the reference domain Dy as
outlined in SectionBl In particular, the weight functions 2 7 are taken to be <I>*T_1z’;.
It follows essentially from (5.6), and an argument similar to one leading to (5.8]),
that S¥®% = ®%.5% and this further leads to

(5.9) 7k @k = RF®L = ®LRF = dhar .
It is also straightforward to check that the local projections P}“ and the extension

operators E’)‘é satisfy the corresponding properties P}WI)*T = @*T]S]’f and E’;@@*T =
@*TE’; , which implies that

k K * * 1ok Dk
By combining this with the recursion ([II)) and (EH), we obtain the relation

W,’iﬂ);« = fID*Tﬁfn for k < m < n. In particular, the desired relation ﬂk‘I)*T = fID*Tﬁk is
obtained for m = n. O

We now have the following main result of this section.

Theorem 5.2. The operators 7" satisfy the bounds (52) and (53), where the
constant C'is independent of h and T € Ty,.

Proof. Tt follows from (&) that for each h and T, there is constant C'(h,T) such
that

(5.10) 175*ull 2 pr 7y < O Dllull gpnpyys v € HAN(Dr),

where, as above, 7¥ is obtained by constructing the operator 7" with respect to the
triangulation ﬁl(DT) of Dr. However, due to the assumption of shape regularity
of the family {73}, it follows that the induced triangulations 75, (Dr) vary over a
compact set. Therefore, the constant C'(h,T) is uniformly bounded with respect to
h and T € T,. The desired estimate (5.2]) now follows from Lemma [5.I] combined
with (5] and (&I0). As we observed above, (53] follows from (52) and the fact
that the projections 7* commute with d. O

Finally, we observe that since the shape regularity of the triangulation {7}
implies that the covering {Dr} of Q has a bounded overlap property, it follows
from the bounds (52) and (B3) that the global estimates

7%l 20) < C (llullL2@) + blldullL2@)
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and
Hd7rku||L2(Q) < C ||du||L2(Q), u e HAk(Q),

also hold, where C' is independent of h.
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