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A FORTIN OPERATOR FOR TWO-DIMENSIONAL
TAYLOR-HOOD ELEMENTS * **

RICHARD S. FALK!

Abstract. A standard method for proving the inf-sup condition implying stability of finite element
approximations for the stationary Stokes equations is to construct a Fortin operator. In this paper,
we show how this can be done for two-dimensional triangular and rectangular Taylor-Hood methods,
which use continuous piecewise polynomial approximations for both velocity and pressure.
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1. INTRODUCTION

In this paper, we consider the approximation of the stationary Stokes equations

—vAu+Vp=f inQ,
divu =0 in ), u=0 on 0,

by elements of Taylor-Hood type where  is a polygon in R? (when triangular elements are considered) or a
union of rectangles in R? (when rectangular elements are considered). The construction of the Fortin operator
will be given in detail for the case of triangular elements. The extension to rectangular elements is discussed
briefly in the final section of the paper. More specifically, for triangular elements and k£ = 2,3, the velocity
vector u is approximated in the space V’OC, h = VZ N H{(Q), where VZ is the space of continuous piecewise
polynomial vectors of total degree < k and the pressure p is approximated in the space Qi_l consisting of
continuous piecewise polynomials of total degree < k — 1. The stability of these pairs depends on verification
of the classical inf-sup condition

sup 22— 1" > 5 [|g|l 2 for all g € Qn, (1.1)
H(Q)
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where v is a constant independent of the mesh size h. If (1.1) is satisfied, the general theory of saddle-point
problems developed by Babuska and Brezzi then implies the quasi-optimal error estimate

[l — UhHHl(Q) + [lp —thL2(Q) < Cinf(flu — ”HHl(Q) +lp— QHL?(Q))a

where the inf is taken over all v € Vo, and all g, € Q.
For many stable pairs (Vo p, Q) for the Stokes problem, the inf-sup condition is established by constructing
a Fortin operator IT mapping H(f2) to Vi, and satisfying

/Qdiv('v —Iv)gdz, q€ Q, o] g1 (o) < Cllv]l 1 ()- (1.2)

Using the inf-sup condition for the continuous problem, it is then easy to establish the discrete inf-sup condi-
tion (1.1), 4.e., for ¢ € Qp,

<C sup

Sl < sup Jodivogdx Jo divIIv g dz <C sup Jodivegdz
veri@) lvlla (@) vert@ M| (@ veVo, IVl (@)
which is the discrete inf-sup condition with v =74/C.

In the case of Taylor-Hood type elements, this approach has not been used, possibly because it is not so
obvious how to construct the Fortin operator, and stability has been established by using a number of other
approaches. Of course, once one has a stability analysis, the existence of a Fortin operator follows directly.
Our aim in this paper, however, is not to prove the existence of a Fortin operator, but to construct it by using
suitable degrees of freedom.

The first error analysis of the (k = 2) Taylor-Hood method was given by Bercovier and Pironneau [1]. Their
approach was to show that the Taylor-Hood spaces satisfy a modified form of the inf-sup condition (1.1), namely,

Jodivegdz
sup =r——— >||Vq| 12 forall ¢ € Q.
veEV ) ||”||L2(Q)

Using this stability result, they obtained optimal order error estimates of the form
IV (w —up)ll L2 (o) + AV = pr)ll2(0) < CP*([[ullas@) + Iplla2()-

Later, Verfiirth [9] showed that if the modified stability condition holds, then so does (1.1). Stability for the
Taylor-Hood method has also been established using the macro-element technique (see [6] for the case k = 2, [§]
for the case k = 3, and [2,3] for general k > 2 in both two and three dimensions). For k& > 4, Scott and Vogelius [7]
have shown, that except for some exceptional meshes, the combination VISV h- Q’fjl (i.e., discontinuous pressures)

satisfy the stability condition (1.1). It was then shown in [4] that when Q’fb_l is replaced by Qi_l, the stability
condition (1.1) is satisfied under a milder restriction on the meshes. The method to be used in this paper is
most closely related to the presentation in Brezzi-Fortin [5] for the case k = 2 and its generalization to the case
k = 3 in Brezzi-Falk [4]. Given the result of [7] for k > 4, these are the most interesting cases.

In the derivation given below, we show how to construct Fortin operators, II, for the two pairs of Taylor-Hood
elements (corresponding to k = 2 and 3). For some applications, it will also be convenient to construct II so
that it satisfies the optimal order approximation properties

lv —Tv||s < CR"*||v]|,, s=0,1, 1<r<k+1
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We begin our construction by following the approach described in Brezzi-Fortin [5], which constructs the
function ITv in two pieces, i.e., I[lv = Il;v 4 Ilsw. For II;v, we choose a Fortin operator associated with the
Py — Pr_5 Stokes element, i.e., [Tyv € V’&h satisfies

/ div(w - Lw)jde, Ge 02 Mol < Cllolh,
Q

where Q;TQ denotes the space of discontinuous piecewise polynomials of degree < k — 2. We note that II;v can
be constructed to also satisfy the error estimate

|lv — vl <CR"*|v|ly, s=0,1, 1<r<k+1.

For example, we could define ITyv to satisfy for each triangle T', with vertices a, and edges e,

Mo(o) = (R)a),  [(@-Tho) ppds=0, [ @-Tho)pydo =0,

where p, denotes vector polynomials of degree < ¢ and Rjv denotes the Clement interpolant of v.
Let IIpq be a suitable approximation to ¢ in Q;TQ to be chosen later. To satisfy (1.2), we then need to
construct Ilowv to satisfy:

/ divIlyvgde = / div(v — Ijv) gdz = / div(v — v)(q — Mog)dz, g€ QF (1.3)
Q Q Q

For both k£ = 2 and k& = 3, the construction of IIyv will rely on the use of appropriate quadrature formulas.
When k = 2, we will use the midpoint rule formula, exact for polynomials of degree < 2, i.e., for ¢ € Po(T),

/T<z>dx = % > dlaij), (1.4)

i<j

where a;; denotes the midpoint of the edge e;; and |T'| the area of . When k = 3, we will use the following
quadrature formula (cf. [4]), exact for polynomials of degree < 4, i.e., for ¢ € Py(T),

3 3
/Téf)dﬂf =|T| (w1¢(a123) + wy Z o(a;) + ws Z ¢(au‘j)), (1.5)

i,j=1
iF£]

where wy = 9/20, wy = —1/60, wz = 1/10, a; denote the vertices of T, ajo3 the centroid, and on each edge
€ij = [ai,aj], Q55 = (1/2 + 9)(11 -+ (1/2 — 9)(1]', where 0 = ]./m

To make clear the basic idea of the construction of Ilyv, we will first consider for both k = 2 and k = 3
a simpler case, when the space H 5(Q) is replaced by the space HL(Q) = {v € H'(Q) : v-n = 0 on 9Q}. We then
define V’fL, L =VFNHL(Q). Thus, the remainder of the paper consists of four sections on triangular elements,
detailing the construction of the Fortin operator in the spaces, V?L, s Vah, V?Lh, and ng n, respectively, and
a final section indicating how these ideas can be applied to rectangular elements.
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2. CONSTRUCTION OF A FORTIN OPERATOR IN V2,

To satisfy (1.3), we define IIyv to be zero at all the vertices of 7;, and IIyv - n to be zero at the midpoints of
all edges of triangles in 7, where 7}, is a triangulation of the domain Q by triangles of maximum diameter h.
Here m is the unit normal to an edge and t the counterclockwise unit tangent vector along the edge. Thus, it
remains to determine Ilsv - ¢ at the midpoint of all edges in 7j,.

To do so, we consider an arbitrary triangle 7" € 7, and let a;, i = 1,3 denote the vertices of 7', e;; denote
the edge joining the vertices a; and a; (with length |e;;| and midpoint a;;), and ¢;; denote the unit tangent
along e;; in the direction from a; to a;. Using the definition of IIsv, the midpoint quadrature rule (1.4), and
the fact that Vq is constant, we obtain

/divﬂqudx:/ Hgv-nqu—/ﬂgv-qux
T oT T

= Y Bl vy == 3 Bl )@ va 1), @)

ei; €T ei; €T

where the vanishing of the boundary integral is a consequence of the fact that on each edge v - n is a quadratic
polynomial vanishing at three points and thus is identically zero on each edge. Letting M; and Mp denote the
set of interior and boundary edges in 7}, respectively, and summing over all T € 7, we get

1
/ divIyv gda = Z/ divIlov gda = —3 Z |75 (TTqw - t5) (@is)-(Vq - ti5)
Q T 7T eij€EMp

1
~3 D (Tl + 1 Tois ) (Taw - i) (i) (Vg - i), (2.2)
e ; €My

where for an edge e;; € My, T1;; and Th;; denote the two triangles sharing this common edge and for e;; € Mp,
T;; is the triangle with e;; as an edge.

We next consider the term [, div(v — II;v)(¢q — Iloq) dz and, abandoning the approach described in [5], show
that this can also be written as a summation involving the terms (Vq - t;;)(ai;). We choose IIpg to be the
L? projection of ¢ into Q?L and observe that using barycentric coordinates on the triangle T,

3¢ —Tog) = > q(as)BAi(z) — 1] = gq(a1)[(\ = A2) + (A1 — A3)]

-

K =

K2

+q(a2)[(A2 — A1) + (A2 = A3)] + q(a3)[(As — A1) + (A3 — A2)]
[g(az) — g(a1)](A2 — A1) + [g(as) — q(az)](As — A2) + [g(a1) — q(a3)](A1 — A3)
(Vg - ti2)|era] (A2 — A1) + (Vg - tas)|eas|(As — A2) + (Vg - ta1)]es1 (A — A3).

Hence,

/ div(v — Iyv) (¢ — Hpq) dz = %(Vq : tlg)/ div(v —Tiv)(A\2 — A1) da
T T

+ %(vq - t23)/ div(v — Thv)(As — o) d + @(vq - t31)/ div(v — Tho) (A — ) de. (2.3)
T T
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Summing over all T € 7j,, we get

/lev(v—Hlv)(q—Hoq XT:/T iv(v — I v)(q — Iyq) dz

_ Z %(Vq . tij)/ div(v — ILiv)(A; — \;) dz

ei; EMy T1ijUT24;
m| .
+ D S (Vaty) / div(v — Tw) (A — A;) da, (2.4)
ei;€Mp Tij

where 11,5, To;;, and T;; are defined as above.
Hence, from (2.2) and (2.4), it is clear that (1.3) will be satisfied if for e;; € M;, we choose

leis]

(Iov - i) (aiy) = — 7
R [Tuij| + | T2i5] Sy, 0ty

div(v — ILiv)(\; — A;) dz

and for e;; € Mp, we choose

leij]

(v - t5)(aiz) = 1Ty

div(v — ILiv)(A\; — \;) dz

To estimate the norm of Ilsv, we first note that

|e”| .
v - t:;)(ai)| < 2| div(v — T10)||7y, oms, [ — A7y oz
v )] £ S divto = o) o [ = Mo,
<ol - ) um, —= (T + (T2
[T | + | T2 V6

< CH diV(’U - Hlv)||T1ijUT2ij'
An easy scaling argument shows that
[Mzv| < Chl[div(v = L), [v] < Cfldiv(v — L) < Clvf.

Combining these results, we see that the operator II = II; + Il satisfies (1.2). Finally, we observe that an
estimate for ||v — Iv||s, s =0, 1, follows easily from the previous results, i.e., for 1 < r < 3,

lv =Tl < [lv = ol + [Tav[ls < v = | + CA*[lv — |y < CA"v]|,.

3. CONSTRUCTION OF A FORTIN OPERATOR IN V?),h

To construct a Fortin operator for functions that vanish on 02, we will need to distinguish among several
types of triangles: those that have no edges lying on 99 which we designate 7,?, those that have one edge
lying on 99 which we designate 7,', and those that have two edges lying on dQ which we designate 7;>. Thus
T, = T2 U T} UT?2. The issue in this case is that since Ilov - £ = 0 on 952, we no longer have the degrees of
freedom (IIyv-t;;)(a,;) at our disposal in equation (2.2) to deal with the terms (Vg-t;;)(a;;) in (2.4), when a;; is
the midpoint of a boundary edge. The remedy, following ideas from other proofs of stability of the Taylor-Hood
element, is to eliminate the terms (Vq - ¢;;)(a;;) (when e;; € Mp) from equation (2.4) and to introduce the
additional degrees of freedom (Ilyv - m;;)(a;;) at the midpoints of the edges not lying on 9 of triangles in 7,2.
It will be convenient for the construction to also define ’];? to be the set of triangles sharing a common edge



416 R.S. FALK

with triangles in 7,2, and denote by My the set of edges common to triangles in 7,2 and 7;>. We shall assume
that 7,2 N ’];? is empty (so the mesh must consist of more than two triangles).

In this more general case, we will again choose IIov to be zero at all the vertices of 7;,. Now Ilywv - t will
be zero at the midpoints of boundary edges and Ilsv - n will be zero at the midpoints of all edges of triangles
in 73, with the exception of the edges in My . Thus, we need to determine Ilov - t at the midpoints of all edges
not lying on 9 and Ilyv - n at the midpoints of edges in My. For triangles in 7, U 7;! — 7,3, we can again
use formula (2.1), noting that for triangles in 7;!, the term (Ilov - t)(a;;) will be zero if a;; is a midpoint of
a boundary edge. For triangles in 7,2 U Th3, we need to use a modified version of (2.1). Let T3 € ’]}? have
edges e;;, with midpoints a;;, unit tangents ¢;;, and outward unit normals n;;. Suppose first that T3 has edges
in common with only one triangle 75 € ’ThQ, and denote that common edge by eo3. Now, since Ilyv - n vanishes
along all the edges of To U T3 except e12, we get by the midpoint quadrature rule:

/divﬂquder/ diVHqudz:f/ H21;~qu:c7/ v - Vqdx
Ts T3 T>

Ts
Ts| + |T: T:
= —M(va - ta3)(a23)(Vq - taz) — |—33|(H2’U t13)(a13)(Vq - t13)
T: Ty + |7
B0 t10)(012) (90 112) ~ L 11,0 1) 020) (90 ).
(3.1)
Summing over all T € Ty, we get
. 1
/ divllpvgde = —3 D (Tl + 1 Tois ) (T2w - 35) (a55) (Vg - £i5)
Q2 eijEIVII
1
~3 ([ Thi5| + [T245]) (Haw - 1) (aij). (Vg - mgj). (3.2)
ei;€EMN

We next consider the case when a triangle in 7,2 could have edges in common with two triangles in 7,2. This
would include the case of a mesh with three triangles. If T} € ’];LQ and T3 € T,f share the common edge e;3 and
15 € ThQ and Ts € ’];? share the common edge es3, then a simple modification of (3.1) gives the following:

/divﬂqudx—i—/ divﬂqudx—i—/ divﬂqudx:—/ Hgv-quac—/ Hgv-quac—/ Ilbv-Vqdx
T1 T2 T3 T1 T2 T3

To| + |1 1| + |T:
= B ) 020) (90 )~ B 110 415 02V - )
T T + |T: T+ |T:
— |—33|(H2’U t12)(a12)(Vq - t12) — %(HQU -m93)(a23) (Vg - mo3) — M(HW -n13)(a13) (Vg - ni3).

Formula (3.2) then remains unchanged.

We now turn to the modification of formula (2.3), beginning with triangles in 7!, where we denote by es3
the edge lying on 02 and as3 the midpoint of that edge. Using the facts that V ¢ is constant on each triangle
and |eja|t12 + |eas|tas + |es1|ts1 = 0, we may rewrite (2.3) as:

/ div(v — Iyv) (¢ — pq) dz = %(Vq . tlg)/ div(v —ILv)(2A2 — A1 — A3)dz
T T

+ @(Vq . t31)/ diV(’U — Hl’l))()\l + Ay — 2)\3) dx
T

_ e

3 (Vg - tlg)/ div(v —TIv)(3\y — 1) dx + @(Vq : tlg)/ div(v — IIyv)(3A3 — 1) da.
T T
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For triangles in 7,2, denote by es3 the edge that does not lie on 9 and as3 the midpoint of that edge. Again
using the fact that V ¢ is constant on each triangle, we get from (2.3)

/ div(v — ILv)(g — Ilog) dz = |@23|vq t23/ div(v — Tv)(A\3 — Xg) dz
’ T
e .
+ | :132| Vaq - [(ti2 - tas)taz + (ti2 .n23)n23]/ div(v — TLv) (A2 — A\y) dz
T

[ 1
+ Jes] §1|V¢1' (31 - tas)tas + (ts1 ~n23)n23]/ div(v —w) (A1 — As) dz.
T

Combining terms, we may write this in the form

. 1 .
/ div(v — IIiv) (¢ — Ipq) do = g(Vq - ta3) [|623| / div(v — IIv) (A3 — A2) dx
T T
+ |612|(t12 . tgg)/ diV(’U — Hl’l})()\g — )\1) dx + |€31|(t31 . tgg)/ diV(’U — Hl’l))()\l — )\3) dI:|
T
1
g(Vq TL23) |:|612|(t12 . ’ngg)/ diV(’U — Hl’l))()\g — )\1) dI
T

+ les1|(ts1 'n23)/

; div(v — Thv) (A1 — A3) dx} .

Summing over all T' € 7j,, we now obtain

/Qdiv('v —Iv)(q — pq) da = XT: /T div(v — Iyv) (¢ — Hpq) dx

= > %(vq.tij) </T1

diV(’U — Hl’v)(buj dx + / diV(’U — Hl’l))(f)gij d$> R

eij EMr ij Toij
+ Z Vq nj) (/ div(v — IIyv)y, de + / div(v — ITv)e; dx) ,
ei; GMN Thij T2

where T1;; and T5;; are again the two triangles sharing the common edge e;;, A\; now denotes the continuous
piecewise linear function that is equal to one at vertex a; and zero at the other vertices of T1;; U T5;;, and for
m=1,2,

Gmij = leif| (N = Xi)y  Umij =0, Ty €Ty,

and for T}, € 7}?,

Gmij = leij|(Nj — Ni) + ler| (ki - tij) (N — M) + lejrl (i - ig) (Ae — A),
Vimij = leril(tri - 1) (N — M) + lejrl (Er - 1) O — Aj),

where ey; and ey are the other two edges of T},;;.
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It is then immediate that we will satisfy (1.2) by choosing

1
(HQ’U . tz)(az ) = - / diV(’U — Hl’l))(,bu 1 dlL’ —+ /
o Taij| + 1T2i5| \ 1 ’ T,

1
v - n)(a) = =
(Mo i) {as) Tij| + [Taij | </T1

for a;; the midpoint of an edge in M and My, respectively.
An estimate for the norm of Ilov may be obtained by a slight modification of the procedure used in the
previous section, i.e., we have for a;; € M,

diV(’U — Hlv)z,zbgij dl‘) s

diV(’U — Hl’v)wlij dx + /

diV(’U — Hl’l))”(/}gij dx y
T2

ij

(v - i) (aij)| < Ol div(v — Th)|7y,;075;

and for a;; € My,
|(H2v - nij)(aiz)| < C|ldiv(v — H1v)|7y,;0umy,; -

Again, an easy scaling argument shows that
[Mzv[| < Chlldiv(v —Iho)ll,  [[Hyv]y < Cf div(v — )| < Cllvl.

Combining these results, we see that the operator II = II; + I, satisfies (1.2). Finally, we observe that an
estimate for v — ITv||s, s = 0, 1, follows easily from the previous results, i.e., for 1 <r < 3,

lv =Tl < [lv = ol + [Mev]ls < |lo - ol + Ch'*(lv = [y < CA™v]|,.

4. CONSTRUCTION OF A FORTIN OPERATOR IN V? ,

To satisty (1.3), we define ITov to be zero at all the vertices of 7, II;v -1 to be zero at the points a;;; (defined
in the quadrature formula (1.5)) on the edges of 73, and IIyv to be zero at the centroid of each triangle in 7.
Thus, it remains to determine Ilov - t at the points a;;; on each edge e;; of 7},.

Since [Iov - n € P on each edge, and vanishes at four points on each edge, IIov - = 0 on each edge. Hence,
using the above definitions, and the quadrature formula (1.5), we get

3
/ divIlyvgdr = —/ Iyv - Vgdz = —|T| (wl(Hg'v -Vq)(a123) + wa Z(Hgv -Vaq)(a;)
T T =1
3 3
+ws Y (Myv- VQ)(aiz'j)) = —|T|ws Y (Mo - ti;)(aiiy) (Vg - tij)(ai;)- (4.1)
g7y korh

Summing over all T' € 7j,, and letting A;j = a5 U ajji, © # j, we get

/divHqudx = Z/ divIlyvgdr = —ws3 Z T3] Z (Iyw - ti;)(a)(Vq - tij)(a)
Q — Jr

€ij eEMp aeAij

—ws Y (Thi| + [Tais) D (v - ti5)(a)(Va - tij)(a). (4.2)

ei; EMr ac€A;j
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We next consider the term [, div(v—II;v)(¢—IIoq) dz and show that this can also be written as a summation

involving the terms (Vq - ¢;;)(aii;). In this case, we let Ilyg € Q}l denote the piecewise linear function that
interpolates ¢ at the vertices of T'. Since ¢ — IIpg = 0 at the vertices of T', and in the triangle T, (ITpq)(ax) =

[(TToq)(a;) + (IToq)(ar)]/2, we get for points in T', that

q —1Ilog = 2M1A2[2q(a12) — q(a1) — q(az)] + 2X2A3[2q(a2s) — q(az) — q(as)] + 2A1A3[2q(a13) — q(a1) — q(as)]

- 72[A1)\2A2q(a12) —+ )\2)\3A2q(a23) —+ )\1)\3A2q(a13)] = -2 Z A2q(aij))\i)\j

1<i<j<3

where A?q(a;;) = q(a;) + q(aj) — 2q(a;j). Hence,

/ div(v — Ihv)(q — Mpg) de = —2 Z AQq(aij)/ div(v — i)\, de. (4.3)
T 1<i<j<3 T
Now since ¢4 is constant on each edge, we easily obtain from simple Taylor expansions that
€
8%(aiy) = leiyPau/4 = S19g 100 ~ V- g (ai) (1.4
Inserting this result and summing over all T' € 7},, we get
/ div(v — IIv)(q — pq) do = Z/ div(v — IIjv) (g — [yq) dz
Q T JT
€ij .
- — Z %[Vq . tij (aiij) - Vq . tij (ajji)] / le(’U — Hlv))\i)\j dx
ei; EM] ThijUT25
€ .
- Z %[Vq . tij (aiij) - Vq . tij (ajji)] / le(’U - Hl’l)))\i)\j dz. (45)
€ij EMp T7'j
Hence, from (4.2) and (4.5), it is clear that (1.3) will be satisfied if for each e;; € My, we choose
I p div(v = v) A\ d
Hov - i) (aj;i) = —(law - ti;)(a;) = ——L—=2 ,
( 2 1])( 77 ) ( 2 1])( 1]) 490)3(|T11]|+|T21]|)
and for e;; € Mp, we choose
fT . diV(’U — Hl’l)))\iAj dx
ov - ti5)(aj5:) = —(Ibv - t)(ai;) = —— :
( 2V ])(G‘N ) ( 20 ])(a’ ]) 49&)3(|le|
Applying estimates similar to those used for the space V%, hs we obtain
[Mav|| < Chlldiv(v —ILw)|,  [[Hy[ < Cdiv(v —ILv)|| < Clvl, (4.6)

H'U*HvHS SChriS”/UHTv S:()a]-a 1<r<4.

5. CONSTRUCTION OF A FORTIN OPERATOR IN Vg,h

As in the case of VCQ), n», We need to consider several types of triangles and modify the definition of Ilyv, since
we no longer have the degrees of freedom Ilov - ¢;;(ai;;) for edges e;; lying on 0. Following the procedure for
the case Vg,hv we eliminate the terms (Vq-t;;)(ai;;) for e;; lying on 0Q from (4.5) and introduce the additional
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degrees of freedom (IIov-m;;)(ai;;) on the edges not lying on 9 of triangles in 7,2 and (Ilyv)(a123) for triangles
in 7,} UT2

In this more general case, we will again choose IIov to be zero at all the vertices of 7,. Now Ilsv-t will be zero
at the points a;;; of boundary edges and we choose Ilov - 1 to be zero at the points a;;; of all edges of triangles
in 7;, with the exception of the edges that are common to triangles in 7,2 and 7;?. Finally, we choose Ilv
to be zero at the centroids of all triangles in 7,°. Thus, we need to determine IIyv - ¢ at the points a;;; of all
edges not lying on 99, Ilov - n at the points a;;; of edges common to triangles in 7,2 and ’];?, and ITyv at the
centroids aj23 of all triangles in 7,! U ’];LQ For triangles in ’];LO — ’];f, we can again use formula (4.1), while for
triangles in 7,} — 7,3, we have from (4.1),

/ divITavgde = —|T|wi (112w - Vq)(a123) — |T|ws Z Z (ILv - t35)(a)(Vq - tij)(a).
T
eij 0L acAi;

For triangles in 7,2 U ’T,f, we need to use a modified version of (4.1). Let T3 € ’T,f have edges e;;. Suppose first
that T35 has edges in common with only one triangle Ts € ’]}3, and denote that common edge by ea3. Let alys
denote the centroid of 7;. Now, since IIsv - n vanishes along all the edges of Ts U T3 except es3, we get by the
quadrature formula (1.5) that

/divﬂqudx—l—/ divﬂqudac:—/ Hgv-qux—/ Ilbv - Vqdx
Ty T3 T>

T3

= —|Talwi (2w - Va)(atas) — ws(|To| +|T3]) D (2w - t23)(a)(Va - ta3)(a)

a€Asz3
—ws|Ts| Y (v - t13)(a)(Vq - tas)(a) — ws|Ts| Y (v - t12)(a)(Vg - t1a)(a)
ac€Ai3 a€Aia
—ws(|To| + |T5)) > (Mo - mas)(a)(Vg - mas)(a) — [Tslwr (Mav - Vg)(adys),

a€Aas

where the last term is not needed if T3 € 7,°. Summing over all T' € 75, we get

/diVqudx: —ws Y (Tl + |Teisl) Y (TMaw - 255)(a)(Vg - ti5)(a)
2 e;j €My acA;;

— W3 Z (|T1ij| + |T2ij|) Z (HQ’U . nij)(a)(Vq . nij)(a) — W1 Z |T|(H2’U . Vq)(algg).

eij EMN acAij TeT,}UT}?

We note that if a triangle in 7, has edges in common with two triangles in 7,2, then using an argument analogous
to the one used for V%j n, the above formula will still be valid.

We next consider the modification of formulas (4.3) and (4.5) required for triangles in 7;! and 7,;2. We begin
by observing that since Vg is a linear function, V¢ is completely determined by its values at the two points a;;;,
ajj; on any edge e;j, together with its value at ai93. It is easy to check that

1
Vq = @[)\1(20 + 1) + )\j(29 — 1) — 49)\k]Vq(aiij)

1
+ E[)\z(29 — 1) + )\j(29 + 1) — 49)\k]Vq(ajji) + 3)\qu(@123), (51)

where ), is the barycentric coordinate that is equal to zero on the edge e;;.
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Now let T € 7;!, and denote by ea3 the edge lying on 9. Using the formula
leraltia + |eas|tas + [es1|ts1 = 0,

and the above result, we obtain

leas|Vq - tag = —le12| Vg - t12 — |e31|Vq - ta

1
= |€12|{4—9[>\1(29 —+ 1) -+ )\2(29 — ].) — 49)\3]Vq(a112) . t12

1
+ @[}\1(29 — 1) + )\2(29 + 1) — 49)\3]Vq(a221) ~t10 + 3)\3Vq(a123) . tlg}
1
— |631|{E[)\3(29 + 1) + M (29 — 1) — 49)\2]Vq(a331) -t31
1
+ 4—9[>\3(29 — 1) + )\1(29 + ].) — 49)\2]Vq(a113) -t31 + 3)\2Vq(a123) . t31}.

Since )\1 (a223) — )\1(0,332) = 0, )\2 (a223) — )\2(0,332) = 29, )\3(0,223) — )\3 (a332) = 729, and 1/(49) = 39, we have

le2s|[Vq - taz(aga3) — Vg - taz(assz)] = |e23|(Vq - taz)(azes — ass2)
= le12|(Vq(a112) - t12)30(20 — 1) — |e12|(Vq(ago1) - t12)360(20 + 1)
+ les1|(Va(ass) - £31)30(20 + 1) — |es1|(Vg(ai13) - t31)360(20 — 1)
+ le12[(Vq(ai23) - t12)66 — |e13](Vq(ai23) - t31)60.

Using this formula, |e23|[Vq - tas(as23) — V@ - taz(assz)] may be eliminated from formula (4.5) on edges e;; € Mp
for triangles in 7;' by introducing additional terms containing one of the following expressions:

Vq-tia(aiiz), Vg-tia(a), Vg-tsi(aiiz), Vq-tsi(assi), Vg(aias).

We next consider a triangle T € ’Th2 In this case, let ea3 be the edge not lying on 0€2. We then want to write
the quantities
Vq-tia(anz), Vq-tia(az), Vq-tsi(ass), Vq-tsi(as)
in terms of the quantities
Vq(azes), Vqlassz), Vq(aizs).
This follows directly from (5.1) by choosing i = 2, j = 3, and k = 1. Hence, these quantities can also be
eliminated from (4.5) on edges e;; € Mp for triangles in 7,2.

Inserting these results, we can then satisfy (1.3) by obvious choices, analogous to those in the previous
section, of the quantities Ilyv - ¢ at the points a;;; of all edges not lying on 9€2, II,v - n at the points a;;; of
edges common to triangles in 7,2 and 7,2, and Ilpv at the centroids aj23 of all triangles in 7;! U 7,2, As in the
discussion for Va n, these changes do not affect the estimates given in (4.6).

6. CONSTRUCTION OF A FORTIN OPERATOR ON RECTANGLES

In this final section, we show how the ideas previously developed can be extended to rectangles. To keep the
treatment brief, we consider here only approximations to w in the space Vfl’ h= VZ N H}(Q), (rather than

V’OC, h= V’fL N H{(RQ)), since as we have seen in the previous sections, the extension to zero boundary conditions

is quite technical. Rather than change notation, we now use VZ to denote the space of continuous piecewise
polynomial vectors of degree < k in each variable and Q’fb_l, the approximating space for p, to denote the space
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of continuous piecewise polynomials of degree < k — 1 in each variable. We again set Ilv = [y v + Ilav, where
now IIyv is a Fortin operator associated with the @, — Qr—2 Stokes element, i.e., II;v € V’&h satisfies

/ div(o — Mw)gde, G082 Mol < Cllo|s,
Q
where de now denotes the space of discontinuous piecewise polynomials of degree < k — 2 in each variable.
We note that II;v can be constructed to also satisfy the error estimate
lv — |l < CR"*|v]l,, s$s=0,1, 1<r<k+1.

For example, we could define IT;v to satisfy for each rectangle K, with vertices a, and edges e,

IMyv(a) = (Rpv)(a), /('v —Iv) - p,_ods =0, /K('v —Iv) - p,_odz =0,

where p, denotes vector polynomials of degree < ¢ in each variable and Rj,v denotes the Clement interpolant
of v.

Let ITpq be a suitable approximation to ¢ in Q’fb_Q to be chosen later. To satisfy (1.2), we again need to
construct ITyv to satisfy:

/ divIlyvgdr = / div(v — hv) ¢gdz = / div(v —hhv)(qg — pg)dz, ¢ € ijl. (6.1)
Q Q Q

As in the case of triangular elements, we shall make use of a suitable quadrature formula. In this case, it
is the two-dimensional Gauss-Lobatto formula, exact for polynomials of degree < 2k — 1 is each variable, and
given on the rectangle R;; = [z;—1, %] X [y;—1, ¥:i] by:

1 T; Yj
m/ / f(z,y)dyde = HE[f(wim1,yj—1) + f (i, yj—1) + F(zic1,y5) + f(@4,95)]
13 Ti—1 j

Yj—1
k—1 k-1 k-1
+ Ho Z Hon[f(@im,yj-1) + f(@ims y5) + F(@im1,Y5m) + F (i, y5m] + Z Z Hy Hi f(%5,m, yj0),  (6.2)
m=1 m=1 [=1
where the H; denote the Gauss-Lobatto weights, and ;1,...,2;%—1 and y;1,...,y;k—1 denote the interior

Gauss-Lobatto points in the intervals [z;—1, 2;] and [y;_1,ys], respectively.

To satisfy (6.1), we define ITov to be zero at all the vertices of 75, and Ilyv - n to be zero at the interior
Gauss-Lobatto points on the edges of 7;,. Thus, it remains to determine Ilsv - t at the interior Gauss-Lobatto
points on each edge e;; of 7;, and Ilyv at the interior Gauss-Lobatto points of each rectangle in 7.

Since IIsv - n € P, on each edge and vanishes at k + 1 points on each edge, Ilsv - = 0 on each edge. Hence,
using the quadrature formula (6.2), we get

k—1
/ divIlvgdz = 7/ IIyv - Vgdz = —|R;j|Hy Z Hp [(Waw - ) (@m0, Yj—1) (V- ) (Ti.m, y5-1)
Rij Rij m=1
+ (ov - ) (@i,m, ¥5)(Va - 1) (@im, y5) + (Hov - ) (@51, yj,m ) (V- 8)) (Ti1, Yjm)
k—1 k—1
+ (v - ) (i, Yj.m) (V- 1) (@i, yjm)| = [Rig| DY HonHi (v - V) (2., y.0)-

m=1[=1

Since the analysis is similar to the case of triangles, we now present only some of the main calculations,
further simplifying the presentation by restricting our attention to the two lowest order cases, k = 2 and k = 3.
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Letting M; and Mp denote the set of interior and boundary edges in 7j, respectively, and summing over
all R;; € Ty, we get for k = 2,

/ divIlbvqdx = Z
Q

/ div Hqudx = —H0H1 Z |Rij|(H2’U . tij)(aij).(Vq . tij)
qu

Ri; €Ty, e;;€EMp
— HoHy Y (|Ruijl + |Raij|) (v - t35)(ai) (Vg - ti5) — HY Y |Rij| (v - V) (i1, 951), (6.3)
eij €My R;;€Ty

where a;; denotes the midpoint of the edge e;;, R1;; and Ry;; denote the two rectangles sharing this common
edge e;; € My, and R;; is the rectangle with edge e;; € Mp. For k = 3, we obtain a similar expression with
two interior Gauss-Lobatto points per edge and four interior Gauss-Lobatto points in each rectangle.

As in the case of triangles, the main new idea in this paper is to show that the term [, div(v—IIv)(¢—1Ilpq) dz
can also be written as a summation involving the terms (Vg - ¢;;)(ai;) (i.e., the tangential derivative of ¢ at
the interior Gauss-Lobatto points along rectangle edges), and V¢ at the Gauss-Lobatto points interior to the
rectangles in 75,. This is done by showing that ¢ — Ilyg can be written in this form.

For the case k = 2 we choose, as in the case of triangles, IIoq to be the L? projection into piecewise constants,
i.e., on the rectangle R,

1
Ilog = m[Q(ZFh%’fl) +q(zi,yj—1) + q(wim1,y5) + q(xi, y;)]-

To simplify computations, we consider the unit square. Then

Slg — Tloq] = 2q(0, 0)[4(1 — 2)(1 — ) — 1] + 2q(1, 0)[4(1 — ) — 1] + 2q(0, [A(1 — 2}y — 1] + 2q(1, 1) 4y — 1
=2¢(0,0)[(1 — 22)(1 — 2y) — 22 — 2y + 2] + 2¢(1,0)[(2z — 1)(1 — 2y) + 2z — 2y]
+2(0, 1)[(1 — 22)(2y — 1) + 2y — 22] + 2q(1, 1)[(2z — 1)(2y — 1) + 2y + 2z — 2]
~ [4(1,0) — (0, 0)J[(2 — 1)(1 — 2) + 2(2 — 1] + [a(1,1) — a(1, 0)][(2 — 1)(2y — 1) + 2(2y — 1)
T 9(0,1) — g(1, DJ[(1 — 22)(2y — 1) + 2(1 — 22)] + [4(0,0) — (0, D][(1 — 22)(1 — 2y) + 2(1 — 2y)]
— (Vg £)(1/2,0)(22 — 1)(3 — 29) + (Vg - £)(1,1/2)(2 + 1)(2y — 1)
(Vg (172, 1)(1 - 20)(2y + 1) + (Vg £)(0,1/2)(1 — 25)(3 — 20).

where t denotes the counterclockwise unit tangent vector to R. Hence, with this choice of Ilpq, ¢ — IIpg will
have the desired form. Since the term Vg at the center of the rectangle does not occur in this expression, we
may choose Ilsv = 0 at this point. The remainder of the analysis is similar to the case of triangles.

For the case k = 3, we choose IIpg to be the piecewise bilinear interpolant of ¢q. Then, again performing
calculations on the unit square, we have

q—Tlog = 2x(1 —2)(1 —y)(1 —2y)[2¢(1/2,0) — ¢(0,0) — q(1,0)] +22(1 — z)y(2y — 1)[2¢(1/2,1) — q(0,1) — ¢(1,1)]
+2(1 —2)(1 - 22)y(1 - y)[2¢(0,1/2) — q(0,0) — q(0, 1)] + 22(2z — 1)y(1 — y)[2¢(1,1/2) — ¢(1,0) — ¢(1,1)]
+4x(1 — x)y(1 —y)[4q(1/2,1/2) — ¢(0,0) —¢(1,0) — ¢(0,1) — ¢(1,1)].

Terms of the form 2¢(1/2,0) — ¢(0,0) — ¢(1,0) are handled just as in the case of triangles by using (4.4) to
write them as the difference of the tangential derivative of ¢ at the two interior Gauss-Lobatto points along the
edge. Thus, it remains to show that 4¢(1/2,1/2) — ¢(0,0) —¢(1,0) — ¢(0,1) — ¢(1,1) can be written in terms of
the tangential derivative of ¢ at the two interior Gauss-Lobatto points along the rectangle edges and Vq at the
Gauss-Lobatto points interior to the rectangle.
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First write

4¢(1/2,1/2) — q(0,0) — ¢(1,0) — ¢(0,1) — ¢(1,1) = [2¢(1/2,1/2) — ¢(1/2,0) — ¢(1/2,1)]
+[2a(1/2,1/2) = 4(0,1/2) — a(1,1/2)] + 5 {[24(1/2,0) = 4(0,0) ~ 4(1,0)]
+[24(1/2,1) ~ (0,1) — a1, 1)] + [20(0,1/2) ~ 4(0,0) ~ (0, 1] + [2a(1,1/2) ~ a(1,0) — a(1, 1)]}.

The last four terms as handled as above, so we only have to deal with the first two terms. Since ¢ € Q?(R),
the function 2¢(x,1/2) — q(x,0) — g(z,1) is a quadratic in z, so can be written as a linear combination of its
values at the four Gauss-Lobatto points on [0, 1], i.e., at = ag = 0 and = a3 = 1, and the two interior
Gauss-Lobatto points, which we denote a1 and as. As above, we can then write 2¢(a;, 1/2) — q(a;,0) — q(a;, 1)
as a linear combination of gy(a;, a1) and gy(a;,az). When i = 0 or ¢ = 3, these will be tangential derivatives
on the boundary of the rectangle. The other term is handled in a similar manner. Combining these results,
we see that the term 4¢(1/2,1/2) — ¢(0,0) — ¢(1,0) — ¢(0,1) — g(1,1) can be written in terms of the tangential
derivatives of ¢ at the interior Gauss-Lobatto points on the boundary of the rectangle and the gradient of ¢ at
the Gauss-Lobatto points in the interior of R. The remainder of the derivation follows as in the case of triangles.
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