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Abstract. We consider the approximation properties of quadrilateral finite element spaces of
vector fields defined by the Piola transform, extending results previously obtained for scalar approx-
imation. The finite element spaces are constructed starting with a given finite dimensional space
of vector fields on a square reference element, which is then transformed to a space of vector fields
on each convex quadrilateral element via the Piola transform associated to a bilinear isomorphism
of the square onto the element. For affine isomorphisms, a necessary and sufficient condition for
approximation of order r + 1 in L? is that each component of the given space of functions on the
reference element contain all polynomial functions of total degree at most r. In the case of bilinear
isomorphisms, the situation is more complicated and we give a precise characterization of what is
needed for optimal order L2-approximation of the function and of its divergence. As applications,
we demonstrate degradation of the convergence order on quadrilateral meshes as compared to rect-
angular meshes for some standard finite element approximations of H(div). We also derive new
estimates for approximation by quadrilateral Raviart—Thomas elements (requiring less regularity)
and propose a new quadrilateral finite element space which provides optimal order approximation in
H (div). Finally, we demonstrate the theory with numerical computations of mixed and least squares
finite element approximations of the solution of Poisson’s equation.
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1. Introduction. Many mixed finite element methods are based on variational
principles employing the space H (div,Q) consisting of L? vector fields with diver-
gence in L2. For such methods, finite element subspaces of H (div,(2) are generally
constructed starting from a space of reference shape functions on a reference element,
typically the unit simplex or unit square in two dimensions. See, e.g., [4] for nu-
merous examples. These shape functions are then transformed to general triangular,
rectangular, or quadrilateral elements via polynomial diffeomorphisms and the Piola
transform. For the case of triangular and rectangular (or more generally parallel-
ogram) elements, i.e., the case of affine isomorphisms, the order of approximation
so achieved can be easily determined from the highest degree of complete polynomial
space contained in the space of reference shape functions. In the case of arbitrary con-
vex quadrilaterals with bilinear diffeomorphisms, the situation is less well understood.
In this paper, we determine precisely what reference shape functions are needed to
obtain a given order of approximation in L? and H (div, 2) by such elements. It turns
out that the accuracy of some of the standard H (div, () finite elements is lower for
general quadrilateral elements than for rectangular elements.

Let K be a reference element, the closure of an open set in R2, and let F : K — R2
be a diffeomorphism of K onto an actual element K = F(K). For functions in
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H(div,Q) the natural way to transform functions from K to K is via the Piola
transform. Namely, given a function @ : X — R?, we define u = Ppa : K — R2 by

(1.1) u(x) = JF(z) ' DF (2)u(z),

where ¢ = F (&), and DF (&) is the Jacobian matrix of the mapping F and JF (&)
its determinant. The transform has the property that if w = Ppt, p = po F ! for
some p : K — R, and n and 7 denote the unit outward normals on 9K and 9K,
respectively, then

/divupda::/ divﬁ;ﬁdﬁc, / u~npds:/ u - npds.
K K oK oK

Since continuity of w - 1 is necessary for finite element subspaces of H (div, {2), use of
the Piola transform facilitates the definition of finite element subspaces of H (div, )
by mapping from a reference element. Another important property of the Piola trans-
form, which follows directly from the chain rule and which we shall use frequently
below, is that if G is a diffeomorphism whose domain is K, then

(1.2) Pgor = Pg o Pp.

Using the Piola transform, a standard construction of a finite element subspace
proceeds as follows. Let K be a fixed reference element, typically either the unit
simplex or the unit square. Let V C H (div,f( ) be a finite-dimensional space of
vector fields on K, typically polynomial, the space of reference shape functions. Now
suppose we are given a mesh T}, consisting of elements K, each of which is the image
of K under some given diffecomorphism: K = F(K). Via the Piola transform we
then obtain the space P FKV of shape functions on K. Finally we define the finite
element space as

S, ={ve H(div,Q) | v|x € Pp,V VK € Tj,}.
Recall that S} may be characterized as the subspace of
Vi :={veL*Q)|v|lg € Pp,V VK € T4},

consisting of vector fields whose normal component is continuous across interelement
edges.

We now recall a few examples of this construction in the case where K is the
unit square. If we restrict to linear diffeomorphisms F', the resulting finite elements
K = F(K ) will be parallelograms (or, with the further restriction to diagonal lin-
ear diffeomorphisms, rectangles). If we allow general bilinear diffeomorphisms, the
resulting finite elements can be arbitrary convex quadrilaterals. The best known ex-
ample of shape functions on the reference square for construction of H (div, () finite
element spaces is the Raviart—Thomas space of index r > 0 for which V is taken to

be RT, = H_LT(IA() X Prr+1(K). Here and below Ps(K) denotes the space of
polynomial functions on K of degree at most s in 1 and at most ¢ in 5. Thus a
basis for RT . is given by the 2(r + 1)(r + 2) vector fields

(1.3) (#343,0), (0,#]2), 0<i<r+1,0<j<r
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A second example is given by choosing V to be the Brezzi-Douglas—Marini space of
index r > 1, V = BDM,,, which is the span of P, (K ) and the two additional vec-
tor fields curl(z}"'4) and curl(#;257"). Another possibility is the Brezzi-Douglas—
Fortin—Marini space V= BDF M, 1, r > 0, which is the subspace of codimension 2
of P41 (K) spanned by (2% 4,0) and (0,27 &%) for nonnegative i and j with i+j < r+1
and j < r. We note that for each of these choices V strictly contains ’PT(K' ) but does
not contain ’PTH(K’). Note that BDM, is not defined, BDFM; = RT, and
BDM, C BDFM, 1 C RT, for r > 1. More information about these spaces can
be found in [4, section III.3.2].

One of the basic issues in finite element theory concerns the approximation prop-
erties of finite element spaces. Namely, under certain regularity assumptions on the
mesh T3, for a given smooth vector field u : 2 — R? one usually estimates the error
(in some norm to be made more precise) in the best approximation of u by vector
fields in S}, as a quantity involving powers of /i, the maximum element diameter. For
instance, given a shape-regular sequence of triangular or parallelogram meshes 7T}, of
Q with S} the corresponding Raviart—-Thomas spaces of index r > 0, then for any
vector field w smooth enough that the right-hand sides of the next expressions make

sense, there exists wpu € Sj, such that (cf. [4])

||’U. — TI'huHL2(Q) S Chr+1|u\H7-+1(Q),

|| le(’u, — Tl'h'u,)HL2(Q) < Chr+1| div U‘HT+I(Q).

In the case of more general shape-regular convex quadrilaterals, the best known
estimate appears to be the one obtained by Thomas in [12]:

||’LL — WhuHLQ(Q) S Chr+1[‘u|Hr’+1(Q) + h| diV U‘Hr+1(sz)],
|| div(w — ﬂ'hU)HL?(Q) < Ch"|div U‘HrJrl(Q).

Note that the order in h for the L? estimate on u is the same as for the parallelogram
meshes, but additional regularity is required, while the estimate for div w is one order
lower in h. As we shall see below, the latter estimate cannot be improved. However,
in section 4 of this paper, we use a modification of the usual scaling argument to
obtain the improved L? estimate

H’U, — 7Th’u,||L2(Q) S ChT+1|u|HT+1(Q).

We restrict our presentation to two-dimensional domains, the three-dimensional
case being considerably more complicated. We hope to address this issue in future
work. We observe that in [9] the construction of H(div,(?) elements on hexahedrons
has been considered. The point of view of [9] is somewhat different from ours in that
the elements are not obtained by applying the Piola transform starting from a fixed
set of basis functions on the unit cube. Other papers dealing with modifications of
standard shape functions for the approximation of vector fields are [11, 8]; in the
first paper a simple lowest-order two-dimensional element is proposed (which is not
obtained via the Piola transform), while in the second paper a construction based on
macroelements is presented.

In this paper, we adapt the theory presented in [1] to the case of vector elements
defined by the Piola transform, seeking necessary conditions for L?-approximation of
order r+ 1 for w and div u. More specifically, we shall prove in section 3 that in order
for the L? error in the best approximation of w by functions in V', to be of order
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7 + 1, the space V must contain S,, where S, is the subspace of codimension one of
RT, spanned by the vector fields in (1.3) except that the two fields (&} 114%,0) and
(0, 2725%1) are replaced by the single vector field (2]7'25, —2725!). To establish
this result, we shall exhibit a domain 2 and a sequence T}, of meshes of it, and prove
that whenever &, is not contained in V, there exists a smooth vector field w on €
such that

J0f w2y # o(h).

The example is far from pathological. The domain is simply a square, the mesh se-
quence does not degenerate in any sense—in fact all the elements of all the meshes
in the sequence are similar to a single right trapezoid—and the function u is a poly-
nomial. We use the same mesh sequence to establish a necessary condition for order
r 4+ 1 approximation to div w, namely that div VD R, where R, is the subspace of
codimension one of 9,1, the space of polynomials of degree < r + 1 in each vari-
able separately, spanned by the monomials in Q,. 41 except :fc;“:i“gﬂ. A consequence
of these results, also discussed in section 3, is that while the Raviart—Thomas space
of index r achieves order r + 1 approximation in L? for quadrilateral meshes as for
rectangular meshes, the order of approximation of the divergence is only of order r
in the quadrilateral case (but of order r + 1 for rectangular meshes). Thus, in the
case r = 0, there is no convergence in H (div, §2). For the Brezzi-Douglas—Marini and
Brezzi-Douglas—Fortin—Marini spaces, the order of convergence is severely reduced on
general quadrilateral meshes not only for divw but also for w.

In section 4, we show that the necessary conditions for order r+1 approximation of
u and div u established in section 3 are also sufficient. The argument used allows us to
obtain the previously mentioned improved estimate for approximation by quadrilateral
Raviart—Thomas elements. In section 5, we devise a new finite element subspace of
H(div,Q) which gives optimal order approximation in both <2 and H(div,) on
general convex quadrilaterals. In sections 6 and 7, we present applications of these
results to the approximation of second order elliptic partial differential equations by
mixed and least squares finite element methods. In particular, we show that despite
the lower order of approximation of the divergence by Raviart—Thomas quadrilateral
elements, the mixed method approximation of the scalar and vector variable retain
optimal order convergence orders in L2. By contrast, error estimates for the least
squares method indicate a possible loss of convergence for both the scalar and vector
variable. In the final section, we illustrate the positive results with some numerical
examples and confirm the degradation of accuracy on quadrilateral meshes in the
cases predicted by our theory.

2. Approximation theory of vector fields on rectangular meshes. In this
preliminary section of the paper we adapt to vector fields the results presented in the
corresponding section of [1] for scalar functions. Although the Piola transform is used
in the definition of the finite elements, its simple expression on rectangular meshes
requires only minor changes in the proof given in [1] and so we give only a statement
of the results.

Let K be any square with edges parallel to the axes, namely K = F K(K' ) with

(2.1) FK(ﬁI) =xg + hga,

where xx € R? is the lower Jeft corner of K and hx > 0 is its side length. The
Piola transform of @ € L?*(K) is simply given by (Pp,at)(x) = hi'@(&) where
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x = Fr&. We also have the simple expressions div(P g, ut)(x) = hy> div @) and
1P ritlza ey = 1l

Let Q denote the unit square (2 and K both denote the unit square, but we use
the notation €2 when we think of it as a domain, while we use K when we think of it
as a reference element), and for n a positive integer, let U;, be the uniform mesh of
into n? subsquares of side length h = 1/n. Given a subspace V of L*(K) we define

(2.2) Vi={u:Q—R?|u|x € Pp, V VK €U}

In this definition, when we write u|x € Pp, V we mean only that u|x agrees with a
function in P FKV almost everywhere, and so do not impose any interelement conti-
nuity. Then we have the following approximation results.
THEOREM 2.1. Let V be a finite-dimensional subspace of LQ(K’) and r be a
nonnegative integer. The following conditions are equivalent:
(i) There is a constant C' such that infyev, [|[u — v||L2(0) < Ch™H u|gr(q)
for allu € H™(Q).
(ii) infyev, [u —v|lL2(Q) = o(h") for all u € P.(Q).
(iii) V 2 P.(K).
THEOREM 2.2. Let V be a finite-dimensional subspace of LQ(K) and r be a
nonnegative integer. The following conditions are equivalent:
(i) There is a constant C' such that

vien‘ﬁh || divu — divo||r2g) < CA™ T div g (q)
for allw € H™H(Q) with divu € H™1(Q).
(ii) infyev, [|divu —divol|r2q) = o(h") for all w with divu € P.(Q).
(iii) divV 2 P.(K).
Remark. Since we do not impose interelement continuity in the definition of Vi,
in Theorem 2.2 div v should be interpreted as the divergence applied elementwise to
v EVy.

3. A necessary condition for optimal approximation of vector fields
on general quadrilateral meshes. In this section, we determine the properties
of the finite element approximating spaces that are necessary for order r + 1 L2-
approximation of a vector field and its divergence on quadrilateral meshes. The
construction of the finite element spaces proceeds as in the previous section. We
start with the reference shape functions, a finite-dimensional space V of vector fields
on the unit square K = [0,1] x [0,1] (typically V consists of polynomials). Given
an arbitrary convex quadrilateral K and a bilinear isomorphism F'i of the reference
element K onto K, the shape functions on K are then taken to be P FKV. (Note
that there are eight possible choices for the bilinear isomorphism F'i, but the space
P FKV does not depend on the particular choice whenever V is invariant under the
symmetries of the square, which is usually the case in practice. When that is not
the case, which we shall allow, it is necessary to specify not only the elements K but
for each a choice of bilinear isomorphism from the reference element to K.) Finally,
given a quadrilateral mesh T of a two-dimensional domain 2, we can then construct
the space of vector fields V' (T) consisting of functions on Q which belong to Pp, V
when restricted to a generic quadrilateral K € 7.

It follows from the results of the previous section that if we consider the sequence
Th = Uy, of meshes of the unit square into congruent subsquares of side length h = 1/n,
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then the approximation estimate

3.1 inf — 2y =0(h") VueP,.(Q
(3. W= vl = o) ¥ ue ()

is valid only if V' 2 P,.(K) and the estimate

(3.2) inf ||dive —divo| g2 ) = o(h") V u with divu € P.(Q)
veV(Th)

is valid only if div(V) 2 P,(K). In this section we show that for these estimates
to hold for more general quadrilateral mesh sequences T}, stronger conditions on \%
are required.

Before stating the main results of this section, we briefly recall a measure for the
shape regularity of a convex quadrilateral K, cf. [7, A.2, pp. 104-105] or [13]. From the
quadrilateral K we obtain four triangles by the four possible choices of three vertices
from the vertices of K, and we define pg as the smallest diameter of the inscribed
circles to these four triangles. The shape constant of K is then o := hx/px, where
hx = diam(K). A bound on ok implies a bound on the ratio of any two sides of K
and also a bound away from 0 and = for its angles (and conversely such bounds imply
an upper bound on o). It also implies bounds on the Lipschitz constant of hl_(lF K
and its inverse. The shape constant of a mesh T}, consisting of convex quadrilaterals
is then defined to be the supremum of the shape constants ox for K € Tj, and a
family T, of such meshes is called shape-regular if the shape constants for the meshes
can be uniformly bounded.

The following two theorems give necessary conditions on the shape functions in or-
der to ensure estimates like (3.1) and (3.2) on arbitrary quadrilateral mesh sequences.
The spaces S, and R, were defined in section 1.

THEOREM 3.1. Suppose that the estimate (3.1) holds whenever Ty, is a shape-
regular sequence of quadrilateral meshes of a two-dimensional domain 2. Then VD
S,.

THEOREM 3.2. Suppose that the estimate (3.2) holds whenever Ty, is a shape-
reqular sequence of quadrilateral meshes of a two-dimensional domain 2. Then divv D
Ry.

In order to establish the theorems, we shall make use of two results analogous to
Theorem 4 of [1]. To state these results, we introduce some specific bilinear mappings.
For a > 0, let F* and G denote the mappings

(3.3) F*(&) = (&1, (a + &1)d2), G (x) = F*(&q,21),

each of which maps the unit square K to the quadrilateral K% with vertices (0,0),
(1,0), (1, + 1), and (0, o).

LEMMA 3.3. Let V' be a space of vector fields on K such that PpV 2 P,(F(K))
when F' is any of the four bilinear isomorphisms F' F? Gl, and G*. ThenV D S;.

LEMMA 3.4. Let V be a space of wvector ﬁelds on K such that divPpV D
P (F(K )) when F is any of the four bilinear isomorphisms F', F?, G', and G2
Then divV 2 R,.

We postpone the proof of these lemmas to the end of the section. Now, based on
Lemma 3.3 and Theorem 2.1, we establish Theorem 3.1.

Proof of Theorem 3.1. To establish the theorem, we assume that V' 2 S, and
exhibit a sequence T}, of shape regular meshes (h = 1,1/2,1/3,...) of the unit square
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Ko K3

Ky Ky

Fi1G. 1. (a) The mesh T1 of the unit square into four trapezoids. (b) The mesh Ty, (here h =1/8)
composed of translated dilates of T1.

for which the estimate (3.1) does not hold. We know, by Lemma 3.3, that for either
a=1or a=2either PpaV or PgeV does not contain P,.(K%). We fix this value
of a and, without loss of generality, suppose that

(3.4) ProV 2 P.(K?).

Set 8 = a/(1+ 2a). As shown in Figure 1(a), we define a mesh J7 consisting of
four congruent elements K7, ..., K4, with the vertices of K; given by (0,0), (1/2,0),
(1/2,1-70), and (0, 8). For h = 1/n, we construct the mesh T, by partitioning the unit
square into n? subsquares K and meshing each subsquare K with the mesh obtained
by applying F'k, given by (2.1), to T7 as shown in Figure 1(b). For each element T'
of the mesh T} there is a natural way to construct a bilinear mapping F' from the
unit square onto T' based on the mapping F'“. The first step is to compose F® with
the linear isomorphism E(x) = (£1/2,22/(1+ 2a)) to obtain a bilinear map from the
unit square onto the trapezoid K;. Composing further with the natural isometries of
K, onto K>, K3, and K4, we obtain bilinear maps F'; from the unit square onto each
of the trapezoids K, j = 1,...,4. Finally, further composition with the map F g
(consisting of dilation and translation) taking the unit square onto the subsquare K
containing 7', defines a bilinear diffeomorphism of the unit square onto T'.

Having specified the mesh T}, and a bilinear map from the unit square onto each
element of the mesh, we have determined the space V' (T},) based on the shape func-
tions in V. We need to show that the estimate (3.1) does not hold. To do so, we
observe that V' (T},) coincides precisely with the space V', constructed at the start of
section 2 (see (2.2)) if we use V'(J7) as the space of shape functions on the unit square
to begin the construction. This observation is easily verified in view of the composition
property (1.2) of the Piola transform. Thus we may invoke Theorem 2.1 to conclude
that (3.1) does not hold if we can show that V' (T) 2 P,.(K). Now, by construction,
the functions in V' (T1) restrict to functions in Pr, V on Ky = F1 K, so it is enough
to show that P, V 2 P,.(K;). But F; = Eo F® and, hence, Pp,V = Pg(PraV).
Now F is a linear isomorphism of K* onto K7, and so Pg is a linear isomorphism of
P.(K*) onto P,(K;). Thus P,V 2 P,(K;) if and only if PraV 2 P,.(K®) and
so the theorem is complete in view of (3.4). O

Proof of Theorem 3.2. The proof is essentially identical to the preceding one,
except that Lemma 3.4 and Theorem 2.2 are used in place of Lemma 3.3 and Theo-
rem 2.1. a

Before turning to the proof of Lemmas 3.3 and 3.4, we draw some implications
from Theorems 3.1 and 3.2 for the approximation properties of the extensions of stan-
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dard finite element subspaces of H(div, () from rectangular meshes to quadrilateral
meshes. By definition, 8, C R7T ., so Theorem 3.1 does not contradict the possibility
that the Raviart-Thomas space of index r achieves order r 4+ 1 approximation in L?
on quadrilateral meshes, just as for rectangular meshes. This is indeed the case (see
the discussion in section 1). But div R7T, = Q, which contains R,_; but not R,.
Thus we may conclude from Theorem 3.2 that the best possible order of approxima-
tion to the divergence in L? for the Raviart-Thomas space of index r is only r on
quadrilateral meshes, one degree lower than for rectangular meshes, and, in particu-
lar, there is no convergence for r = 0. (This lower order is achieved, as discussed in
section 1.) In contrast to the Raviart-Thomas spaces, for the Brezzi-Douglas—Marini
and Brezzi-Douglas-Fortin-Marini spaces there is a loss of L2-approximation order
on quadrilateral meshes. Both BDM,. and BDF M., contain P,, which is enough
to ensure order r + 1 approximation in L? on rectangular meshes. However, it is easy
to check that BDM,. contains S|(,._1)/2) but not &|(,41)/2) so that the best possi-
ble order of approximation for the Brezzi—-Douglas—Marini space of index r on general
quadrilateral meshes is | (r41)/2], a substantial loss of accuracy in comparison to the
rectangular case. For the divergence, we have div BDM, = Prfl(K ) which contains
R|(r—2)/2) but not R|,/2). Therefore the best possible order of approximation for
the divergence for the Brezzi-Douglas—Marini space of index r on general quadrilat-
eral meshes is R, 2. Similarly, the best possible order of L2-approximation for the
Brezzi-Douglas—Fortin—Marini space of index r + 1 on general quadrilateral meshes
is |(r + 2)/2], while since div BDFM, ., = P,(K), the best possible rate for the
divergence is |(r + 1)/2]. We specifically note that in the lowest index cases, namely
when V = RT o, BDM,, or BDFM, (which is identical to RT ), the best approz-
imation in H(div,Q) does not converge in H(div,Q) for general quadrilateral mesh
sequences. Section 8 of this paper contains a numerical confirmation of this result.

We conclude this section with the proofs of Lemmas 3.3 and 3.4.

Proof of Lemma 3.3. By hypothesis PzV D ’PT(F(K)) or, equivalently, V' D
PP, (F(K))], for F=F' F? G' and G*. Thus it is sufficient to prove that

(35) S, C X, = Pul[P (K" + Ppi[P.(K?)] + Pgi[P(K")] + Pgai[Pr(K?)).

We will prove this using induction on r.
Now for any diffeomorphism F : K — K and any u : K — R?, we have, directly
from the definition of the Piola transform, that

OFy . oF; .
. 679%2(-’” _87552(:1:)
(3.6) (Ppu)(z) = JF(:?c)DF(:i)_lu(:c) = OF, OF u(x)
— (@) (@
8.231 6.231

Specializing to the case where F = F* or G given by (3.3), we have

Piu@ = ("5

Ju@.  Patw@ = (", el
Thus, when u(x) is the constant vector field (1,0), (Ppiu)(&) = (1 + 41, —32), and
when u(z) = (0,1), (Ppiu)(2) = (0,1) and (P5iu)(#) = (—1,0). These three vector
fields span 8¢, which establishes (3.5) in the case r = 0.

Suppose now that 8,1 C X, for some r > 1. To complete the induction we
need to show that S, C 3,.. Now &, is spanned by 8,1 plus the 4r + 4 additional
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vector fields
(£425,0) and (0,272%), 0<i<n,
(#77145,0) and (0,#]d5%"), 0<j<r—1,

(#73571,0) and (277123, —a{a5"™).

Pick 0 < i <r, and set F = G* and u(z) = (0, —2} "z}) € P,.(K*). Note that
x=GT = (%2, (a + &2)&1). Then

(Pgau)(®) = (a7 "25,0) = (257" (a + 22)'21,0) = (215, 0) + ia(#125",0)
(mod S,_1).

Since §,_1 C ¥, by the inductive hypothesis, and since we may take both a =1and
o = 2, we conclude that (#145,0) € 3, (for 0 < i < r) and also that (2]25',0) € =,.

In a similar way, setting F = F“ and u(z) = (0,27~ z:1:2) we conclude that
(0,2%2%) € B,, 0 < i < r. The choice F = F* and u(z) = (z} /2},0) together with
the fact that X, O Q, x Q,, which is a consequence of the proof thus far, implies
that (277123,0) € =, for 0 < j <r — 1. The choice F = G with the same choice of
w similarly implies that (0,#]2571) € 2, for 0 < j <r — 1.

Finally, with u(z) = (23,0), we find that (Ppiu)(2) = (#1745, —@7@5™")
(mod Q, x Q,), which completes the proof of (3.5) and so the lemma. ad

Proof of Lemma 3.4. The hypothesis is that div PpV 2 P.(F(K)) for F =
F', F?, G', and G*. Now divi(z) = JF(&)div(Ppa)(Fz), so divV contains
all functions on K of the form & — JF(&)p(F&) with p € P.(F(K)) and F €
{Fl,FZ,Gl,GQ}. To prove the lemma, it suffices to show that the span of such
functions, call it 3., contains R,.. Note that JF*(z) = a+#; and JG*(&) = —a—I».

For r = 0, we take p = 1 and F = F', F? and G*, and find that ¥, contains
14+ 21, 2+ 21, and —1 — Z5. These three functions span Ry, so X9 2 Ro.

We continue the proof that ¥, O R, by induction on r. Now R, is the span of
Rr—1 and the 2r + 3 additional functions 33”1352 and 2§25, 0 <@ < r, and xlxz
Taking p(x) = 2 "2} and F = F* we find that the function & +— &7 *(a + )"t}
belongs to X,.. Modulo R,_; (which is contained in ¥, by the inductive hypothesis),
this is equal to the function @ + 2744 + (i + 1)a@}#h. Using both a = 1 and 2,
we conclude that #7124 belongs to ¥, for 0 < i < r and that 2725 does as well.
The same choice of p with F = G shows that X, contains the functions 425",
0 < i <r, and completes the proof. 0

4. Sufficient conditions for optimal order approximation. In this section
we show that the necessary conditions we have obtained in the previous section are
also sufficient for approximation of order r + 1 in L? and H(div,Q). To state this
more precisely, we recall the construction of projection operators for H (dlv) finite
elements. We suppose that we are given a bounded projection 7w : H H'1( ) — \%
(typically this operator is specified via a unisolvent set of degrees of freedom for V)
We then define the corresponding projection 7wy : H™ ™1 (K) — PpV for an arbitrary
element K = F(K) via the Piola transform, as expressed in this commuting diagram:

HT(K) —=2> VvV

Pr| |7e-

HYK) —— PpV

TK
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That is, 7x = Pp o # o P'. Finally a global projection operator 7, : H"t1(Q) —
V(T3,) is defined piecewise: (wru)|x = wr(u|k). (The degrees of freedom used to
define v will determine the degree of interelement continuity enjoyed by mwpw. In
particular, for the standard H (div) finite element spaces discussed previously, the
degrees of freedom ensure that on any edge é of K, (Fu) - 1 on é depends only on
u - n on é. From this it results that w,u € H(div).)

The following two theorems contain the main results of this section.

THEOREM 4.1. Let 7 : H' Y (K) — V be a bounded projection operator. Given
a quadrilateral mesh Ty, of a domain Q, let ), : H™™(Q) — V(T3,) be defined as
above. Suppose that V O S,. Then there ezists a constant C depending only on the
bound for 7 and on the shape reqularity of Ty, such that

(4.1) ||’Ll.—7ThUHL2(Q) < C’hr+1|u\H7-+1(Q)

for allu € H™(Q).
THEOREM 4.2. Let & : H' " (K) — V be a bounded projection operator. Given
a quadrilateral mesh Ty, of a domain Q, let w, : H™(Q) — V(T,) be defined as

above. Suppose thatAdivV 2 Ry Suppose also that there exists a bounded projection
operator 11 : H™1(K) — div V' such that
(4.2) divia =Idiva Vo e H™M(K) with diva e HY(K).

Then there ezists a constant C depending only on the bounds for «© and I and on the
shape regularity of Ty, such that

(4.3) | dive — divwpulr2) < CA T div | geo o)

for all w € H™(Q) with divu € H™1(Q).
Remarks. 1. It follows immediately that if the hypotheses of both theorems are
met, then 7rp, furnishes order r 4+ 1 approximation in H (div, Q):

[ = mhul| maiv.o) < Ch™ (|l i) + | dival gre o)

for all w € H™1(Q) with dive € H™(Q).

2. The commutativity hypothesis involving the projection I1 plays a major role
in the theory of H(div, () finite elements. It is satisfied in the case of the Raviart—
Thomas, Brezzi-Douglas—Marini, and Brezzi—Douglas—Fortin—-Marini elements, as well
as for the new elements introduced in the next sections, with Il equal to the L? pro-
jection onto divV.

3. When applied to the Raviart-Thomas elements of index r, Theorem 4.1 gives

||u — Tl'huHLz(Q) < Ch’“+1|u\Hr+1(Q)
and Theorem 4.2 gives
| div e — div wpul[r2o) < Ch|divau|gro o).

The latter estimate is proved in [12], but the former estimate appears to be new. It
improves on the estimate given in [12]:

||u - 7Thu||L2(Q) < Chr+1[|u|H7‘+1(Q) + h| div U|HT+1(Q)]'
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The proofs of the theorems depend on the following two lemmas which are
strengthened converses of Lemmas 3.3 and 3.4.

LEMMA 4.3. Let V be a space of vector fields on K containing S,. Then PFV D
P.-(K) for all bilinear isomorphisms F ofK onto convez quadrilaterals K = F(K)

Proof. Tt is sufficient to show that S, O P4'[P,(K)], since then the hypothesis

1% D &, implies that
PrV D PrS, 2 PrPy'[P.(K)] =P, (K).
Now (3.6) tells us that

[ OFy/dis —OF,)0is
P F“‘(-an/agel oF, j03, ) (@ F)

Since u € P,(K) and F is bilinear, u o F € Q,(K). Also, again in view of the
bilinearity of F', the matrix appearing in this equation is the sum of a constant
matrix field and one of the form (i1, —i‘g)T(ag, —ay) (where a; € R is the coefficient
of £1&9 in F;). Tt follows immediately that P7 uesS,. ]

LEMMA 4.4. Let V be a space of vector fields on K such that divV D R,. Then
div PFV 2 P(K) for all bilinear isomorphisms F of K onto convex quadrilaterals
K = F(K).

Proof. Let p € P.(K) be arbitrary. Choose any u € H(div,{) such that
divu = p. From the identity

(div Pplu)(z) = JF(2)(divu) (),

we have div P.'u=JF-(poF). Nowp € P.(K) and F is bilinear, so po F belongs
to Q,(K) and JF is linear. Thus § := div P7'u € R,.

Invoking the hypothesis that R, C div V', we can find & € V such that dive = q.
Then

p(x) = divu(z) = JF(o%)_l(div P;lu)( )
= JF (&) '4(&) = JF (&) ' divo(z) = div Ppd(x).

This shows that p € div P PV as required. u
Proof of Theorem 4.1. We will show that if V O &, and K is any convex quadri-
lateral, then

(4.4) lw — mrull o) < CREE Ul gy Yu € HH(K),

where hx = diam(K) and the constant C' depends only on 7 and the shape constant
for K. The theorem follows easily by squaring both sides and summing over the
elements.

We establish (4.4) in two steps. First we prove it under the additional assumption
that hx = 1, and then we use a simple scaling argument to obtain it for arbitrary K.

For the first part we use the Bramble-Hilbert lemma. In view of Lemma 4.3 and
the fact that 7 is a projection onto V, it follows that wxu = u for all u € P,.(K).
Now under the assumption that hx = 1, the Piola transform Ppg, is bounded and
invertible both from L?(K) to L*(K) and from H" " (K) to H" "' (K) with bounds in
both norms depending only on the shape constant. A similar statement holds for P;}(.
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Since 7 is bounded from H' ™ (K) to L*(K), it follows that wx = Pp, o o Py}
is bounded from H" " (K) to L?(K) with bound depending only on the bound for #
and the shape constant for K. The map u — u — 7w is then similarly bounded and
moreover vanishes on P, (K). Therefore,

lw—mrullr2) < M = 7l o+, L2x) pe,glrf(K) lw = pll a1k

Now the Bramble—Hilbert lemma states that the last infimum can be bounded by
c|u|gr+1(k), where ¢ depends only on r and the shape regularity of K (see, e.g., [2,
Lemma 4.3.8]). The estimate (4.4) then follows for hx = 1 with C = ¢||I —

Tk || o+ (), <2 (K)) -

To complete the proof, let K be an arbitrary convex quadrilateral, and denote
by M : K — K := h;(lK the dilation M (x) = h;(Izc. Then the bilinear maps Fg
and F ; of the reference element K onto K and K , respectively, are related by the
equation F' z = M o Fg, from which it follows easily that mz = Ppyomg o P]Tj. Of
course, Pj; has a very simple form:

PM’U,(CZJ) = hKu(hK:i)
Now for any w € H™ " (K), let & = Pyu € H™ T (K). It is then easy to check that
o — gl zage = P3G — )Ly = 1 — 7 2l o
< Clal oo gy = CR s ),

where we obtained the inequality from the already established result for elements of
unit diameter. O

Proof of Theorem 4.2. As for the previous theorem, it suffices to prove a local
result:

| divw — div WKUHL?(K) < Ch;;rl‘ div u|Hr+1(K)

4.5
(45) Vu € H™ ™ (K) with dive € H™(K),

where C' depends only on the bounds for # and IT and the shape constant of K.
Define A : L?(K) — L?(K) by
(4.6) Axp(x) = JF(&)1I[JF - (po F)](&),
i.e., Akp={JF ' -TI[JF - (poF)]} o F'. Then
div g u(z) = div(Pp, 7Py u)(z) = JF (&) div(7 Pyl u)(2)
= JF (&) '1I(div Pplu)(&) = JF (&) 'I[JF - (divu) o F]().
That is, divwgu = Ag(divu). Thus,
| dive — div g ul| 2 (k) = || dive — A (divu)||L2(x)
and (4.5) will hold if we can prove that
(4.7) Ip = ArepllL2 ) < CRE plaesi ) Vp € HTHH(K).

The proof of (4.7) is again given first in the case of elements of unit diameter. Then
Ak is bounded uniformly from H"t1(K) to L?(K) for elements K with uniformly
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t by

- —+2 > +8

' R

F1G. 2. Element diagrams indicating the degrees of freedom for ABFo and ABF1.

bounded shape constant. Now, as noted in the proof of Lemma 4.4, if p € P.(K),
then JF - (po F) € R, C div V. Since II is a projection onto div V, it follows that
Agp = p for p € P.(K). Thus the Bramble-Hilbert lemma implies (4.7) under the
restriction hxg = 1. To extend to elements of arbitrary diameter, we again use a
dilation. O

5. Construction of spaces with optimal order H(div,$2) approxima-
tion. We have previously shown that none of the standard finite element approxi-
mations of H(div,Q) (i.e., the Raviart—-Thomas, Brezzi-Douglas-Marini, or Brezzi—
Douglas—Fortin—-Marini spaces) maintain the same order of approximation on general
convex quadrilaterals as they do on rectangles. In this section, we use the condi-
tions determined in the previous sections to construct finite element subspaces of
H (div, Q) which do have this property. To obtain approximation of order r + 1
in H(div,Q) on general convex quadrllateralb we require that the space of ref-
erence shape functions VD S, and divV D R.. A space with this property is
ABF, := Prio,(K) X Py ri2(K), for which divABF, = R,.

As degrees of freedom for ABF, on the reference element, we take

. w-ngds, ¢e é) for each edge é o

(5.1) /A ngds, §ePr(é)f h ed fK

(5.2) / w-pde, ¢e€Pr 1, (K)x P, 1(K),
K

(5.3) / div umrﬂ b dz, / div uxﬁ;vgﬂ de, 1=0,...,r.
K K

Note that (5.1) and (5.2) are the standard degrees of freedom for the Raviart—-Thomas
elements on the reference square. In all we have specified 4(r+1)+2r(r+1)42(r+1) =
2(r +3)(r +1) = dim ABF, degrees of freedom. Since the new degrees of freedom,
with respect to the standard Raviart—Thomas elements, are local, we remark that the
implementation of the new space ABJF, should not be more expensive than that of
RT,. Figure 2 indicates the degrees of freedom for the first two cases r = 0 and 1.

In order to see that these choices of V and degrees of freedom determine a finite
element subspace of H(div, ), we need to show that the degrees of freedom are
unisolvent, and that if the degrees of freedom on an edge é vanish, then « - 7o vanishes
on e (this will ensure that the assembled finite element space belongs to H(div, (2)).
The second point is immediate. On any edge é of K, u-n € Pr(é), so the vanishing
of the degrees of freedom (5.1) associated to é does indeed ensure that @ -7 = 0.

We now verify unisolvence by showing that if & € ABF, and all the quanti-
ties (5.1)—(5.3) vanish, then @ = 0. If § € Q,(K), then §|: € P,.(é) for any edge é of
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K,and Vi € Pr_l,r(f() X PT7T_1(IA(). Therefore,
/ divagda = / @ - ngds —/ w-Vide =0, e Q. (K).
K K K
In view of (5.3) we then have that

/ divagdes =0, §eR,.
K

Since div @ € R, we conclude that divé = 0. Now we may write

@= [a;(@7225,0) + b:(0, 8135 %)] + o
=0

with © € RT .. Since

.
O=diva=> (r+2)(a;d] ™ a + bid{as"") + dive,
=1

and divd € Q,, it follows that a; = b; = 0 and so @ = ® € RT,.. Since (5.1), (5.2)
are unisolvent degrees of freedom for RT, [4, Proposition III.3.4], we conclude that
u = 0.

We also note that a small variant of the first part of this argument establishes
the commutativity property (4.2) with 7 : Hl(f() — ABF, the projection deter-
mined by the degrees of freedom (5.1)-(5.3) and II the L2-projection onto R, =
div ABF,. Thus, all the hypotheses of Theorems 4.1 and 4.2 are satisfied and the
estimates (4.1) and (4.3) hold on general quadrilateral meshes for finite element spaces
based on ABF,.

6. Application to mixed finite element methods. One of the main applica-
tions of finite element subspaces of H (div, ) is to the approximation of second order
elliptic boundary value problems by mixed finite element methods. For the model
problem Ap = f in Q, p = 0 on 012, the mixed formulation is the following: Find
u € H(div,Q) and p € L?() such that

(u,v) + (p,dive) =0 VYo € H(div,Q),
(divu,q) = (f,q) Yge L*(Q),

where (-,-) denotes the L?(Q) inner product. For S;, C H(div,Q) and W), C L?(Q),
the mixed finite element approximation seeks u, € S} and p, € W) such that
(up,v) + (pn,dive) =0 Vo € Sy,
(divun,q) = (f,q) Vg€ Wh.

The pair (S, Wh) is said to be stable if the following conditions are satisfied:

6.1) (v,v) > c||v\|%,(div’ﬂ) Yo e Zy={veSy: (divv,q) =0Vq € W},
(divw, q)

(6.2) sup —————— > cllql|z2() Vg € Wi.
ves, [Vl @iv,0)
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By Brezzi’s theorem [3], if (S}, W},) is a stable pair, then the quasioptimality estimate

(6.3)

|w — wp || (aiv,0) + 1P — Prll2) < C(viensfh | — vl aiv.0) + qg;‘f,} lp — CI||L2(Q))

holds with C' depending only on 2 and the constant c¢ entering into the stability
conditions.

For the space S}, we will take V' (T3) N H (div, Q), where T}, is an arbitrary quadri-
lateral mesh and V' (T},) is constructed as described at the start of section 3 starting
from a space of reference shape functions V on the unit square. To specify the corre-
sponding space Wy, we first define a space of reference shape functions W = divVv,
next define the space of shape functions on K by Wi = {wo Fi' | w € W1, and
then set

Wy, = {w S LQ(Q) | w|K S WK}.

Now suppose that V is any one of the previously considered spaces R7T .., BDM,.,
BDFM, 1, or ABF,. Associated with each of these spaces is a unisolvent set
of degrees of freedom. These are given in (5.1) and (5.2) for RT,, by (5.1)—(5.3)
for ABF,, and, for BDM, and BDFM, 1, by (5.1) and [ @ - ¢ di with ¢ in
P, o(K) or P,_1(K), respectively. These degrees of freedom determine the pro-
jection 7 : Hl(f() — V and then, by the construction described at the start of
section 4, the projection 7y, : H'(Q) — S},. Moreover, the degrees of freedom ensure
the commutativity property (4.2) where II is the L?(K) projection onto W. From
these observations it is straightforward to derive the stability conditions (6.1) and
(6.2), as we shall now do.

Given v € Z; and K € Tp,, let 9 = Pl (v|x) € V, § = dive € W, and
g=4go FI_(1 € Wk. Then (divw,q)r2x) = 0 (because we can extend ¢ to Q by
zero and obtain a function in W), and divw is orthogonal to W}, since v € Z},).
But (divv,q)r2(x) = (divf),(j)L:z(K) = ||divf)||iz(K)7 so dive = 0 and therefore
dive = [(JFk) 'divo]o Fi' = 0. Thus, if v € Zy,, then diveo = 0, and (6.1) follows
immediately with ¢ = 1.

To prove (6.2), we shall show that for any given g € W}, there exists v € S}, with

(6.4) (divw, q) = |lqllz2 (o)
and
(6.5) 0| mr(div,2) < Cllallz2(o)-

As usual, we start by noting that there exists w € H'(Q) with divue = ¢ and
llullm ) < Cllgllr2() and letting v = mwpu. Now (divwau,q) = (divu,q) when-
ever ¢ € Wp, as follows directly from the construction of 7p, the commutativity
property (4.2), and the properties of the Piola transform. Therefore (6.4) holds.
To prove (6.5) we note that in each case V 2 8y, so Theorem 4.1 gives the esti-
mate |lu — wpullr2) < Chllul|g1(q), and so, by the triangle inequality, [|v|[z2q) <
Cllqllz2 (o). Also, on any element K, dive = divwgu = Ax(divu) = Axq, where A
is defined by (4.6), which implies that || divv|z2q) < C|lq|lr2(q). This establishes
(6.5) and completes the proof of stability.
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Remark. Note that we do not have W}, = div S}, on general quadrilateral meshes,
although this is the case on rectangular meshes. With that choice of W}, it would be
easy to prove (6.1) but the proof of (6.2) would not be clear.

We now turn our attention to error estimates for mixed methods. Having estab-
lished stability, we can combine the quasioptimality estimate (6.3) with the bounds
for the approximation error given by Theorems 4.1 and 4.2 (and Theorem 1 of [1]
for the approximation error for p) to obtain error bounds. For the ABJF, method
this gives

lw — wnll maiv,) + 1P = pallL2) < CR T ([ulgee @) + [ diva] gr o) + [pla+q))-

But for the R7 , method it gives only an O(h") bound, and no convergence at all for
r = 0, because of the decreased approximation for the divergence (and the approxi-
mation orders are even lower for BDM.,. and BDFM,.11).

It is possible to improve on this by following the approach of [6] and [5], as
we now do. First we define Tlx : L*(K) — Wx by Tlgp = (IIp) o F' with p =
po Fy, and then we define IIj, : L?(Q) — W}, by p|x = Ui (p|r). It follows that

(p — Mxp, divo) 2y = (p — IIp, div PRl v) p2(xy, s0
(p —Hpp,dive) =0 Yo € Sy

We then have the following error estimates.
THEOREM 6.1.

w—wunlr2) < lJlu— mrulr(q),
| divun||p20) < C|l divaull L2,
| div(w — up)||z2(0) < C| div(u — wru)|| L2,
(ITTp — ph||%2(9) = (u—up, U —mwpU) + (divju — up], P — I, P),

where P is the solution to the Dirichlet problem —AP = llpp —pp, in Q, P =0 on
0 and U = grad P.
Proof. Using the error equations

(u —up,v) + (p—pp,dive) =0 Vo € Sy, (diviu —up],q) =0 Vq € Wy,
we obtain

(u — up, wpu — up) = (p — pp, diviuy, — wpul) = (Ipp — pp, diviu, — Thul)
= (Oup — pn, diviu, — u]) = 0.

Hence, [[u — wp |32y = (u — wp,u — myu) and it easily follows that
lw = unllr2(0) < lu — maulL2(o).-

To estimate || div(u — wup)| L2(q), we observe that if v € S}, and we define

_J|JFk(z)|dive(z), =cK,
“@{Q zeQ\ K,

then g € W},. Therefore, from the error equation we have

(le(’u - uh), |JFK| diVU)K =0.
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Choosing v = uy, it easily follows that
|||JFK|1/2 divuh||Lz(K) < |||JFK|1/2 diV’u,HLz(K),

and so || divup| 2y < Ol divu|p2(k) with C' depending on the shape constant for
K. Choosing v = wpu — uy, it also follows that

1JF g [V/2 div(w — wp) | L2 () < [[[TF k[ div(u — mpu)|| 22 (k).
so [[div(u — up)||z2(x) < Cfldiv(u — 7pu)||2(x). Summing over all quadrilaterals,
we obtain
[ divun |2 < Clldivulz),  [Idiv(e —up)llr2@) < Cfldiv(e — mhru)lr2)-
To estimate ||p — pr| z2(q), we define P as the solution to the Dirichlet problem
AP =Tlpp —pp in 2, P =0 on 09, and set U = grad P. Then
)= (divU,pp — pp) = (divepU, pp — pr) = —(u — up, wpU)
=(u—up,U—7mpU) — (u—up,U)
=(u—up, U —7mpU) + (divju — uyp], P)
= (u—up, U —wpU) + (divu — up], P — I, P). 0

IThp — pall7 (o

To obtain order of convergence estimates, one needs to apply the approximation
properties of a particular space. For the Raviart—Thomas elements of index r we
obtain the following estimates.

THEOREM 6.2. Suppose (uyp,pp) is the mized method approximation to (u,p)

obtained when V is the Raviart—Thomas reference space of index r and suppose that
the domain € is convex. Then for p € H"T2(Q),

lw—unlL2@0) < CAHull gre o),
H div(u — Uh)||L2(Q) < ChrH div u”Hr(Q),

Ch tlpllgrire)  (r 2 1),

- <
o= < (Gl ™ (20

Proof. 1t follows from [7, section 1.A.2] that ||p — IIppl|z2(

o) < ChE Y pllks10,
0 < k <r, and it follows from Theorems 4.1 and 4.2 that, for 0 < k <

T’
H’LL — 7'rhu||L2(Q) < C’hk+1||u||Hk+1(Q), || le[u — whu]||L2(Q) < Cth div u||Hk(Q)

Inserting these results in Theorem 6.1, we immediately obtain the first two estimates
of Theorem 6.2. From the last estimate of Theorem 6.1, we also obtain

ITp — prllzz(o) < C(Allw — wnl|r2(o) + R0 div(w — up)| 22 (0))-

Here we have used elliptic regularity, which holds under the assumption that
is convex, to bound ||U || g1(q) = ||P||m2(@) by [1Inp — pullz2(0). Hence, for r > 1 and
0 < k <r, we obtain

1T — pull L2y < CREF2([ull s o) + I div sl gx (o)) < CRF 2w i q-
Choosing k =1 — 1 and k = r, we obtain for r > 1
ITnp = pallrz) < CA™Hull g @), IThp — pall2 @) < CR™ 2wl grss @),

and for r = 0, |[IInp — pallz2(0) < Chllull1,0. The final estimates of the theorem now
follow directly by the triangle inequality. |
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7. Application to least squares methods. A standard finite element least
squares approximation of the Dirichlet problem Ap = f in ©, p = 0 on 0f) seeks
pn € Wy, C HY(Q) and uy, € S, € H(div, ) minimizing

J(g,v) = |lv — grad q||72(q) + | divo + fl|72(0

over Wy, x S},. For any choices of subspaces this satisfies the quasioptimality estimate
(cf. [10])

lp = pullar @) + v — wnllHdiv,0) < C(pief%/[f/h P — qll (o) + viensfh [lu — v||H(div,Q))~

If we take W}, to be the standard H' finite element space based on reference shape
functions Q,41 and use the ABXF, space for S}, we immediately obtain

D = pull e @) + 1w = wnll B@iv.) < CR PN e @+l gre @)+ div e greo q)-

However, the quasioptimality estimate suggests that if we choose the same W), but use
the R7T . elements for Sj, the lower rate of approximation of divu may negatively
influence the approximation of both variables.

Next, we use a duality argument to obtain a second estimate, which provides
improved convergence for p in L? when the ABZF spaces are used, but again suggests
difficulties for the R7T spaces. We shall henceforth assume that the domain € is
convex so that we have 2-regularity for the Dirichlet problem for the Laplacian. Define
w € H(div,Q) and r € H}(Q) as solution of the dual problem

(7.1) /(w—Vr)-vdx+ divwdivode =0 Yv € H(div,Q),
Q Q

(7.2) | w=90)-Vade = [ 0=pade vae (@),

This problem has a unique solution, since if p — p, were to vanish, then we could take
v = w and g = r, subtract the equations, and conclude that w = Vr, divw = 0 with
r € H}(Q), which implies that w and r vanish. For general p — pj, the solution of
the dual problem may be written as w = V(r + g) where g € H*(Q) N H{ (Q) satisfies
Ag=p—pp and r € H*(Q) N H () satisfies Ar = g — p + py, (so divw = g). Note
that [|7||m2(0) + |wllmi(o) + | divw||g2@) < Cllp — prllr2(e). Choosing ¢ = p — pa,
v = u — Uy, subtracting (7.2) from (7.1), and using the error equations

/(u—uh—V[p—ph])-vdw—F/div(u—uh)divvdsr:zO Yv € Sh,
Q Q
/(u—uh—V[p—ph])-qucc:O Yq € Wy,
Q

one obtains the estimate

lp=pnll720) < CUr=rrllm @ +lw=wil maive) (lp=palla @) +lu—wunl me,e)

for all wy € Sy and r; € Wy, This estimate will furnish an improved order of
convergence for p in L? as compared to H! if S;, has good approximation properties
in H(div, ). For the ABXF, space (still with W}, based on Q,;) we obtain

1P = prllz) < CR P2 (Ipll i) + Il grer ) + || div | g q))-
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But for the RT space we obtain no convergence whatsoever. Numerical computa-
tions reported in the next section verify these findings for both the scalar and the
vector variable: with W), taken to be the usual four node H! elements based on Q;
and S}, based on ABF, we obtain convergence of order 1 for w in H(div, ) and of
order 2 for p in L?(Q), but if we use R7T o elements instead there is no L? convergence
for w or p.

The numerical computations of the next section also exhibit second order conver-
gence for divu in L?(Q) when approximated by the ABZF, method on square meshes.
We close this section by showing that

| div(u — )| 2y = O(H*)

when the ABZF, elements are used on rectangular meshes. Now define w € H(div, Q)
and r € H}(Q) by

/('w—Vr)-vdm+/divwdivvdm:/div(u—uh)divvdm Yo € H(div, ),
Q Q Q

/(w—Vr)-qu:c:O Vg € Hy(9).

Q

Then Ar = div(u —up) and w = Vr, and so 7| g2) + |lw| g1 < C| div(u —
up)| r2(q). Taking v = w — wuy, ¢ = p — p, and using the error equations, we obtain

|| div(u — uh)HQLQ(Q) = /Q(w —w; —Vr—rf]) (u—u, —Vp—op])de
+/Qdiv('w —wy)div(u — up) de

for any w; € Sy, and r; € Wj,. Taking w; = 7w and r; a standard interpolant of r,
the first integral on the right-hand side is bounded by

Ch|[div(u — up)l| L2 ([P — pollar @) + (v — wnll#@iv.0)
< CR™?||div(w — wp) || L2y ([Pl r+1 ) + [l me ) + || div ] e o).

To bound the second integral, we note that, in the rectangular case, divmw,w =
I, divw with II;, the L2-projection into div V', and also, in the rectangular case,
div V'j, contains all piecewise polynomials of degree at most 7+1, so ||¢ —Ixq| £2(0) <
Ch™*2||q|| grr+2(q) for all g. Therefore,

/Qdiv(w —wr)div(u —up)de = /Qdiv w[dive — I (divu)] de
< C|ldiv(u — up)| r2()h" 2| div | grr+e (o).
Combining these estimates, we conclude that
[ div(w —un)L2) < CA 2 (Pl gri @) + lull @) + || div el gz )

8. Numerical results. In this section, we illustrate our results with several nu-
merical examples using two sequences of meshes. The first is a uniform mesh of the
unit square into n? subsquares and the second is a mesh of trapezoids as shown in Fig-
ure 1(b) (with the notation of Theorem 3.1, here a = 1 and § = 1/3). In the first of
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TABLE 1
Errors and orders of convergence for the piecewise H(div, ) projection into discontinuous

BDM and discontinuous BDF M.

Piecewise H(div, Q) projection into BDM1 on square meshes

lu — mhullr2 ) | div(w — mpu) L2

n errT. % order errT. % order

2 1.94e—02 13.010 2.11e—01 30.151

4 | 5.08e—03 3.405 1.9 | 1.15e—-01 16.428 0.9

8 | 1.28e—03 0.861 2.0 | 5.86e—02 8.375 1.0
16 | 3.22e—04 0.216 2.0 | 2.94e—02 4.207 1.0
32 | 8.05e—05 0.054 2.0 | 1.47e—01 2.106 1.0
64 | 2.01e—05 0.013 2.0 | 7.36e—03 1.053 1.0

Piecewise H(div, Q) projection into BDM 1 on trapezoidal meshes

lw — mhull L2 ) |div(w — mpu)ll L2 ()
n err. % order err. % order
2 | 2.57e—02 17.243 2.63e—01  37.646
4 | 7.89e—03 5.291 1.7 | 1.83e—01 26.109 0.5
8 | 2.80e—03 1.879 1.5 1.50e—01 21.430 0.3
16 | 1.21e—03 0.811 1.2 1.40e—01 20.031 0.1
32 | 5.78e—04 0.387 1.1 | 1.37e—01 19.662 0.0
64 | 2.85e—04 0.191 1.0 | 1.37e—01  19.568 0.0
Piecewise H(div, Q) projection into BDF My on square meshes
le — mhullp2 @) | div(w — mpu) L2
n err. % order err. % order
2 | 1.52e—02 10.206 5.27e—02 7.538
4 | 3.80e—03 2.552 2.0 | 1.32e—02 1.884 2.0
8 | 9.51e—04 0.638 2.0 | 3.29¢e—03 0.471 2.0
16 | 2.38e—04 0.159 2.0 | 8.24e—04 0.118 2.0
32 | 5.94e—05 0.040 2.0 | 2.06e—04 0.029 2.0
64 | 1.49e—05 0.010 2.0 | 5.15e—05 0.007 2.0

Piecewise H(div, Q) projection into BDF My on trapezoidal meshes

le — mhullr2 ) | div(w — mpu)|l 20

n err. % order err. % order

2 | 1.86e—02 12.502 6.85e—02 9.791

4 | 5.07e—03 3.399 1.9 | 3.52e—02 5.040 1.0

8 | 1.38e—03 0.926 1.9 | 1.77e—02 2.538 1.0
16 | 4.29e—04 0.288 1.7 | 8.89e—03 1.271 1.0
32 | 1.66e—04 0.111 1.4 | 4.45e—03 0.636 1.0
64 7.56e—05 0.051 1.1 2.22e—03 0.318 1.0

these examples (see Table 1), we demonstrate the decreased orders of convergence of
the BDM,; and BDF M spaces by computing the piecewise H (div,{2) projection
of a simple smooth function, u = grad[z;(1 — x1)x2(1 — 2z2)], into the discontinuous
versions of these spaces. On a rectangular mesh, the space BDF M gives second
order approximation of both components of the vector and of its divergence. This is
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TABLE 2
Errors and orders of convergence for the mized approximation to Poisson’s equation.

RTy on square meshes

lp =Pz lw —unll 2 @) [l div(w — up)ll L2
n err. % order err. % order err. % order
2 1.84e—02 55.28 6.09e—02  40.83 2.11e—01 30.15
4 | 1.04e—02 31.07 0.8 | 3.32e—02 22.24 0.9 | 1.15e—01 16.43 0.9
8 | 5.33e—03 15.99 1.0 1.69e—02 11.34 1.0 | 5.86e—02 8.38 1.0
16 | 2.68e—03 8.05 1.0 | 8.49e—03 5.70 1.0 | 2.94e—02 4.21 1.0
32 | 1.34e—03 4.03 1.0 | 4.25e—03 2.85 1.0 | 1.47e—02 2.11 1.0
RTy on trapezoidal meshes
lp =Pz lw —unll 2 @) [l div(w — up)l 20
n err. % order err. % order err. % order
2 1.84e—02  55.08 6.34e—02  42.55 2.67e—01 38.14
4 | 1.08e—02 32.37 0.8 | 3.63e—02 24.38 0.8 | 1.85e—01 26.51 0.5
8 | 5.60e—03 16.80 0.9 | 1.91e—02 12.83 0.9 | 1.53e—01 21.82 0.3
16 | 2.83e—03 8.48 1.0 | 9.81e—03 6.58 1.0 1.43e—01 20.42 0.1
32 | 1.42e—03 4.25 1.0 | 4.97e—03 3.33 1.0 | 1.40e—01  20.05 0.0
ABZF on square meshes
lp =Pz lw —unllL2 @) [l div(w — up)l L2
n err. % order err. % order err. % order
2 | 2.49e—02 74.59 6.89e—02 64.21 5.27e—02 7.54
4 1.36e—02  40.65 0.9 | 3.42¢—02 22.97 1.0 1.32e—02 1.88 2.0
8 | 7.03e—03 21.08 1.0 | 1.70e—02 11.43 1.0 | 3.29e—03 0.47 2.0
16 | 3.70e—03 11.10 0.9 | 8.51e—03 5.71 1.0 | 8.24e—04 0.12 2.0
32 | 1.93e—03 5.78 0.9 | 4.25e—03 2.85 1.0 | 2.06e—04 0.03 2.0
ABZF on trapezoidal meshes
Hp_ph”L2(Q) Hu_uh”L2(Q) ||diV(u—uh)||L2(Q)
n err. % order err. % order err. % order
2 | 2.31e—02  69.38 6.59e—02  44.20 6.91e—02  9.89
4] 1.33c-02 39.98 0.8 | 3.58—02 24.04 0.9 | 35802 512 0.9
8| 7.22¢-03 21.66 0.9 | 1.85e—02 1241 1.0 | 1.8le—02 258 1.0
16 | 3.84e—03 1151 0.9 | 9.43¢—03 633 1.0 | 9.05e—03 130 1.0
32 | 2.00e—03 599 0.9 | 477e—03  3.20 1.0 | 4.53e—03  0.65 1.0

confirmed in the approximation of the piecewise H (div,)) projection. On a trape-
zoidal mesh, BDF M, gives only first order approximation of both components of
the vector and of its divergence, and this is also confirmed in the approximation of
the piecewise H (div, ) projection. On a rectangular mesh, the space BDM, gives
second order approximation of both components of the vector, but only first order
approximation of its divergence. On a trapezoidal mesh these orders of convergence
are reduced to first order for the approximation of both components of the vector
and the approximation of the divergence shows no convergence. These theoretical
convergence orders are also confirmed in the computations. Although we do not in-
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TABLE 3
Errors and orders of convergence for the least squares approximation to Poisson’s equation.

RTy on square meshes

lp =Pz lw —unllL2 @) [l div(w — up)ll L2
n err. % order err. % order err. % order
2.61le—01 52.28 1.07e4+00  48.03 5.78e¢+00 58.58

7.71le—02 15.42 1.8 5.15—-01  23.19 1.1 | 3.09e4+00 31.34 0.9

8 | 2.0le—02 4.01 1.9 | 2.53e—01 11.41 1.0 | 1.57e+00 15.94 1.0
16 | 5.07e—03 1.01 2.0 | 1.26e—01 5.68 1.0 | 7.90e—01 8.00 1.0
32 | 1.27e—03 0.25 2.0 | 6.30e—02 2.84 1.0 | 3.95e—01 4.01 1.0
64 | 3.18e—04 0.06 2.0 | 3.15e—02 1.42 1.0 | 1.98e—01 2.00 1.0

RT o on trapezoidal meshes

lp = prllL2(q) lw —unllz2 ) [l div(w — wp)llL2 ()
n err. % order err. % order err. % order

2 | 2.95e—01 58.96 1.24e+00  55.74 6.03e+00 61.07

4 | 1.08e—01 21.67 1.4 6.05—-01 27.26 1.0 | 3.68e+00 37.25 0.7
8 | 4.29e—02 8.58 1.3 | 3.10e—-01 13.97 1.0 | 2.50e4+00 25.37 0.6

16 | 2.51e—02 5.01 0.8 | 1.72e—01 7.74 0.9 | 2.09e+00 21.16 0.3

32 | 2.06e—02 4.12 0.3 | 1.13e—01 5.09 0.6 | 1.97e4+00 19.96 0.1

64 | 1.95e—02 3.89 0.1 | 9.27e—02 4.17 0.3 | 1.94e+00 19.64 0.0

ABFy on square meshes

lp —pnllL2(o) lw —unllL2 @) [l div(w — up)l L2
n err. % order err. % order err. % order
2 | 1.42e—01 28.46 1.04e+00 46.77 2.19e+00 22.18
4 | 3.35e—02 6.70 2.1 | 5.10e—01 22.98 1.0 | 5.88e—01 9.96 1.9
8 | 8.22e—03 1.64 2.0 | 2.53e—01 11.38 1.0 | 1.50e—01 1.52 2.0
16 | 2.04e—03 0.41 2.0 | 1.26e—01 5.67 1.0 | 3.76e—02 0.38 2.0
32 | 5.10e—04 0.10 2.0 | 6.30e—02 2.84 1.0 | 8.41e—03 0.10 2.0
ABF on trapezoidal meshes
lp —pnllL2(o) lw —unllL2 @) [l div(w — up)l £2(q)
n err. % order err. % order err. % order
2 | 1.89e—01 37.74 1.17e+00 52.86 3.0e+00 31.39
4 | 5.49e—02 10.98 1.8 | 5.61le—01 25.24 1.1 1.12e+4-00 11.32 1.5
8 | 1.45e—02 2.89 1.9 | 2.80e—01 12.62 1.0 | 5.00e—01 5.07 1.2
16 | 3.67e—03 0.73 1.9 1.40e—01 6.32 1.0 | 2.42e—01 2.45 1.0
32 | 9.20e—04 0.18 2.0 | 7.02e—02 3.16 1.0 | 1.20e—01 1.21 1.0

clude the details of the computations, the same convergence orders are observed in
computations of the L?(€), rather than the piecewise H (div, Q) projection.

The second computation, reported in Table 2, illustrates our results on the conver-
gence orders of RT o and ABF for the approximation of Poisson’s equation by the
standard mixed finite element method. The exact solution is p = z1 (1 —x1)xa(1—x2).
As expected, on a trapezoidal mesh, R7 o gives a first order approximation to the
scalar and vector variable (the same as on a rectangular mesh), but there is no con-
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vergence of the approximation of the divergence of the vector variable in contrast
to the standard first order approximation seen on rectangles. When ABF is used
instead, there is an improvement in the convergence order of the divergence of the
vector variable.

Finally, Table 3 shows the difference in the convergence orders of RT o and ABF
coupled with Q; for the scalar variable for the approximation of Poisson’s equation
by a standard least squares finite element method. Again the exact solution is p =
21(1 — z1)x2(1 — z2). When RT is used, the poor approximation of the divergence
on trapezoidal meshes results in poor approximation of both the scalar and vector
variable, while on a rectangle the scalar variable is approximated to second order and
the vector variable and its divergence to first order. When ABF| is used instead, one
achieves second order convergence for the scalar variable and first order convergence
for the vector variable on both rectangular and quadrilateral meshes. The divergence
of the vector variable is approximated to second order on rectangles and to first order
on trapezoids, as predicted by the theory.
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