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We consider the finite element solution of the vector Laplace equation on a domain in
two dimensions. For various choices of boundary conditions, it is known that a mixed
finite element method, in which the rotation of the solution is introduced as a second
unknown, is advantageous, and appropriate choices of mixed finite element spaces lead
to a stable, optimally convergent discretization. However, the theory that leads to these
conclusions does not apply to the case of Dirichlet boundary conditions, in which both
components of the solution vanish on the boundary. We show, by computational example,
that indeed such mixed finite elements do not perform optimally in this case, and we
analyze the suboptimal convergence that does occur. As we indicate, these results have
implications for the solution of the biharmonic equation and of the Stokes equations
using a mixed formulation involving the vorticity.
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1. Introduction

We consider the vector Laplace equation (Hodge Laplace equation for 1-forms) on
a two-dimensional domain 2. That is, given a vector field f on 2, we seek a vector
field u such that

curlrotu — graddiva =f in Q. (1.1)

(Notations are detailed at the end of this Introduction.) A weak formulation of
a boundary value problem for this equation seeks the solution u in a subspace
H C H(rot) N H(div) satisfying

(rotu,rotv) + (divu,divv) = (f,v), ve€ H. (1.2)

If H is taken to be H(rot) N H(div), the variational formulation implies Eq. (1.1)
together with the electric boundary conditions

u-s=0, divu=0 on 0. (1.3)

Magnetic boundary conditions, u-n = 0, rotu = 0, result if instead the subspace
H in the weak formulation is taken to be H(rot) N H(div). (The terms electric and
magnetic are derived from the close relation of the Hodge Laplacian and Maxwell’s
equations.) If the domain € is simply-connected, both these boundary value prob-
lems are well-posed. (Otherwise, H contains a finite-dimensional subspace consisting
of vector fields which satisfy the boundary conditions and have vanishing rotation
and divergence with dimension equal to the number of holes in the domain, and
each problem can be rendered well-posed by replacing H with the orthogonal com-
plement of this space.)

Even when the domain is simply connected, finite element methods based on
(1.2) are problematic. For example, on a non-convex polygon, approximations using
continuous piecewise linear functions converge to a function different from the solu-
tion of the boundary value. See §2.3.2 of Ref. 2 for more details. A convergent finite
element method can be obtained by discretizing a mized formulation with a stable
choice of elements. The mixed formulation for the electric boundary value problem
seeks 0 € H', u € H(div) such that

(0,7) — (u,curlt) =0, 7€ H',
(curlo,v) + (divu,divv) = (f,v), v e H(div).

On a simply connected domain, this problem has a unique solution for any L?
vector field f; u solves (1.1) and (1.3) and o = rotu. To discretize, we choose finite
element spaces ¥, C H', V}, C H(div), indexed by a sequence of positive numbers
h tending to 0, and determine o}, € ¥p, uy, € Vj, by

(on,7) — (up,curlt) =0, 7€Xp, (1.4)

(curlop, v) + (divuy,divv) = (f,v), v € V. (1.5)
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In order to obtain a stable numerical method, the finite element spaces ¥, and Vj,
must be chosen appropriately. A stable method is obtained by choosing 3J;, to be the
Lagrange elements of any degree r > 1 and V}, to be the Raviart—Thomas elements
of the same degree r (where the case r = 1 refers to the lowest-order Raviart—
Thomas elements). In the notation of finite element exterior calculus,? ¥ x Vj, =
P.A% x P,-A', and the hypotheses required by that theory (the spaces belong to a
subcomplex of the Hilbert complex H* LN 7§ (div) 4, 12 with bounded cochain
projections) are satisfied. From this it follows that the mixed finite element method
is stable and convergent. Similar considerations apply to the magnetic boundary
value problem, where the finite element spaces are f]h = Y N H' and ‘ofh =
Vi, N H(div) and the relevant Hilbert complex is H* LNy 7§ (div) 4, 12 Another
possible choice is to take X to be Lagrange elements of degree r > 1 and V}, to be
Brezzi-Douglas—Marini elements of degree r — 1 (i.e. ¥, x Vj, = P.AY x P._1AY).
This case is similar, and will not be discussed further here.

We turn now to the main consideration of the current paper, which is Eq. (1.1)
with Dirichlet boundary conditions u = 0 on 92. This problem may of course be
treated in the weak formulation (1.2) with H = H*(€2;R?). In this case we may
integrate by parts and rewrite the bilinear form in terms of the gradient (which,
when applied to a vector, is matrix-valued):

(rotu, rot v) + (divu, divv) = (gradu, gradv), u,v e H'(Q;R?).
Thus the weak formulation (1.2) is just
(gradu, gradv) = (£,v), v e H'(:R?), (1.6)

for which the discretization using Lagrange or similar finite elements is completely
standard.

However, one might consider using a mixed method analogous to (1.4) and
(1.5) for the Dirichlet boundary value problem in the hope of getting a better
approximation of o = rot u, or when Dirichlet boundary conditions are imposed on
part of the boundary and electric and/or magnetic boundary conditions are imposed
on another part of the boundary. In fact, as we discuss in Secs. 4 and 5, a mixed
approach to the vector Laplacian with Dirichlet boundary conditions is implicitly
used in certain approaches to the solution of the Stokes equations which introduce
the vorticity, and in certain mixed methods for the biharmonic equation. In the
mixed formulation of the Dirichlet problem for the vector Laplacian, the vanishing
of the normal component is an essential boundary condition, while the vanishing
of the tangential component arises as a natural boundary condition. No boundary
conditions are imposed on the variable o. Thus, we define V;, = Vj, N H(div), and
seek o € 3p, up € f/h satisfying

(on,7) — (up,curlT) =0, 7€y, (1.7)
(curloy,v) + (divuy, divv) = (f,v), v e V. (1.8)

1250024-3



D. N. Arnold, R. S. Falk & J. Gopalakrishnan

Note that curl ¥j Q ‘0/;“ so there is no Hilbert complex available in this case, and
the theory of Ref. 2 does not apply. This suggests that there may be difficulties
with stability and convergence of the mixed method (1.7) and (1.8). In the next
section, we exhibit computational examples demonstrating that this pessimism is
well founded. The convergence of the mixed method for the Dirichlet boundary
value problem is severely suboptimal (while it is optimal for electric and magnetic
boundary conditions). Thus, the difficulties arising from the loss of the Hilbert
complex structure are real, not an artifact of the theory.

However, the computations indicate that even for Dirichlet boundary conditions,
the mixed method does converge, albeit in a suboptimal manner. While we do not
recommend the mixed formulation for the Dirichlet problem, in Sec. 3 we prove
convergence at the suboptimal rates that are observed and, in so doing, clarify the
sources of the suboptimality. Theorem 3.1 summarizes the main results of our anal-
ysis, and the remainder of the section develops the tools needed to establish them.

This analysis of the mixed finite element approximation of the vector Laplacian
has implications for the analysis of mixed methods for other important problems:
for the biharmonic equation using the Ciarlet—Raviart mixed formulation, and for
the Stokes equations using a mixed formulation involving the vorticity, velocity,
and pressure, or, equivalently, using a stream function-vorticity formulation. As a
simple consequence of our analysis of the vector Laplacian, we are able to analyze
mixed methods for these problems, elucidating the suboptimal rates of convergence
observed for them, and establishing convergence at the rates that do occur. Some
of the estimates we obtain are already known, while others improve on existing
estimates. The biharmonic problem is addressed in Sec. 4 and the Stokes equations
in Sec. 5.

We end this Introduction with a summary of the main notations used in the
paper. For sufficiently smooth scalar-valued and vector-valued functions ¢ and u,
respectively, we use the standard calculus operators

gl@zuddz(a(7 80), curla:(a_a _8_0), djvu:%+%

0z’ Oy oy’ Ox Ox oy’
rotu = % — %
 dx Oy

We use the standard Lebesgue and Sobolev spaces LP(Q), H'(€2), W}(€), and also
the spaces H (div,2) and H (rot, Q) consisting of L? vector fields u with divu in L?
or rotu € L?, respectively. Since the domain © will usually be clear from context,
we will abbreviate these spaces as LP, H', H (div), etc. For vector-valued functions
in a Lebesgue or Sobolev space, we may use notations like H'(2;R?), although
when there is little chance of confusion we will abbreviate this to simply H'. The
closure of C§°(Q) in H!, H(div), and H (rot), are denoted H', H(div), H(rot). Note
that if u € H(div), then the normal trace u-n € H~/2(99) and H(div) = {u €

o

H(div) |u-n = 0 on 09}. Similarly, H(rot) = {u € H(rot)|u-s =0 on 9Q}. We
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write (-, ) for the L?(Q) inner product (of either scalar- or vector-valued functions)
and || - || for the corresponding norm.
We shall also need the dual space of H(div), the space H(div)’, normed by

(v, w)
VI frapey = SUP (1.9)
) weH(div) Wz (aiv)
Clearly,
LA(Q:R?) € H(div) € H™H(%R?) (1.10)

with continuous inclusions.

2. Some Numerical Results

We begin by considering the solution of the Hodge Laplacian (1.1) with electric
boundary conditions (1.3) using the mixed method (1.4), (1.5). For the space Xy,
we use Lagrange finite elements of degree » > 1 and for the space V},, Raviart—
Thomas elements of degree r (consisting locally of certain polynomials of degree
<r, including all those of degree <r — 1). These are stable elements and a complete
analysis has been given in Ref. 2. Assuming that the solution is smooth, it follows
from Theorem 3.11 of that reference that the following rates of convergence, each
optimal, hold:

[ —un| = O(7), [div(w — up)|| = O(7),
lo = onll = O(h™1),  |lgrad(o — on)|| = O(h").

Table 1 shows the results of a computation with r = 2. Note that the computed rates
of convergence are precisely as expected. In the test problem displayed, the domain
is Q@ = (0,1) x (0,1) and the exact solution is u = (cos mz sin 7wy, 2 sin 7z cos Ty).
The meshes used for computation were obtained by dividing the square into n x n
subsquares, n = 1,2,4,...,128, and dividing each subsquare into two triangles with
the positively sloped diagonal. Only the result for the four finest meshes are shown.
Very similar results were obtained for the case of magnetic boundary conditions,
and for a sequence of nonuniform meshes, and also for other values of r > 1.

The situation in the case of Dirichlet boundary conditions is very dif-
ferent. In Table 2 we consider the problem with exact solution u =
(sin 7z sin 7y, sin 7z sin 7y ). The finite element spaces are as for the computation of

Table 1. L2 errors and convergence rates for degree 2 mixed finite element approximation
of the vector Laplacian with electric boundary conditions.

|[u—uy|| Rate [div(u—uy)|| Rate |lo—on| Rate |[curl(c —oy)|| Rate
2.14e-03 1.99 1.17e-02 1.99 2.16e-04 3.03 2.63e-02 1.98
5.37e-04 1.99 2.93e-03 2.00 2.70e-05 3.00 6.60e-03 1.99
1.34e-04 2.00 7.33e-04 2.00 3.37e-06 3.00 1.65e-03 2.00
3.36e-05 2.00 1.83e-04 2.00 4.16e-07 3.02 4.14e-04 2.00

1250024-5



D. N. Arnold, R. S. Falk & J. Gopalakrishnan

Table 2. L2 errors and convergence rates for degree 2 mixed finite element approximation
of the vector Laplacian with Dirichlet boundary conditions.

[u—uy|| Rate |div(u—uy)|| Rate |o—on| Rate [curl(c —op)|| Rate
1.22e-03 2.01 1.55e-02 1.58 1.90e-02 1.62 2.53e+00 0.63
3.05e-04 2.00 5.33e-03 1.54 6.36e-03 1.58 1.68e+00 0.60
7.63e-05 2.00 1.85e-03 1.52 2.18e-03 1.54 1.14e+-00 0.56
1.91e-05 2.00 6.49e-04 1.51 7.58e-04 1.52 7.89e-01 0.53

Table 1, except that the boundary condition of vanishing normal trace is imposed
in the Raviart-Thomas space V}. Note that the L? rate of convergence for o is
not the optimal value of 3, but rather roughly 3/2. The L? rate of convergence of
curlo (i.e. the H' rate of convergence of o) is also suboptimal by roughly 3/2: it
converges only as h'/2. For u, the L? convergence rate is the optimal 2, but the
convergence rate for div u is suboptimal by 1/2.

We have carried out similar computations for r = 3 and 4 and for nonuniform
meshes and the results are all very similar: degradation of the rate of convergence
by 3/2 for o and curlo, and by 1/2 for divu. However, the case r = 1 is different.
There we saw no degradation of convergence rates for uniform meshes, but for
nonuniform meshes o converged in L? with rate suboptimal by 1 and curl o did not
converge at all.

The moral of this is that the mixed finite element method using the standard
elements is indeed strongly tied to the underlying Hilbert complex structure which
is not present for the vector Laplacian with Dirichlet boundary conditions, and
the method is not appropriate for this problem. Nonetheless the experiments sug-
gest that the method does converge, albeit at a degraded rate. In the next section,
we develop the theory needed to prove that this is indeed so, and also to indi-
cate where the lack of Hilbert complex structure leads to the suboptimality of the
method.

3. Error Analysis

Theorem 3.1, which is the primary result of this section, establishes convergence of
the mixed method for the Dirichlet problem at the suboptimal rates observed in
the previous section. In it we assume that ) is a convex polygon endowed with
a shape-regular and quasi-uniform family of triangulations of mesh size h. We
continue to denote by ¥, C H! and Vj, C H(div) the Lagrange and Raviart—
Thomas finite element spaces of some fixed degree r > 1, respectively, with Vi =
Vi, 0 H (div).

Theorem 3.1. Let u denote the solution of the vector Laplace equation (1.1) with
Dirichlet boundary condition u = 0, and let 0 = rotu. There exist unique op, € Xp,
w, €V, satisfying the mized method (1.7) and (1.8). If the polynomial degree
r > 2, then the following estimates hold for 2 <1 <r (whenever the norms on the
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right-hand side are finite):
[ —up|l < OB ull,
[div(a —up)|| + [lo = onl| + hlcurl(c — o)
< Chl’”z(llnthullwgo + [Julli41/2)-
If r =1, the estimates are:
[u— || < Chllnh?(nhf[[ullwy, + [ull2),
Idiv(a —uap)[| + [lo = on]| + hllcurl(o — op)|| < CAY2([lnh|luflwy + A2 [|ul2).

Note that the error estimate for u is optimal order (modulo the logarithm when
r = 1), while (again modulo the logarithm), the estimate for div u is suboptimal by
1/2 order, and the estimates for o and curlo are suboptimal by 3/2 order. This is
as observed in the experiments reported above. Above and throughout, we use C
to denote a generic constant independent of h, whose values may differ at different
occurrences.

The proof of this theorem is rather involved. Without the Hilbert complex struc-
ture, the numerical method is not only less accurate, but also harder to analyze.
The analysis will proceed in several steps. First, in Sec. 3.2, we will establish the
well-posedness of the continuous problem, not in the space H' x H (div), but rather
using a larger space than H' with weaker norm for o. Next, in Sec. 3.3, we mimic
the well-posedness proof on the discrete level to obtain stability of the discrete
problem, but with a mesh-dependent norm on ¥;. This norm is even weaker than
the norm used for the continuous problem, which may be seen as the cause of the
loss of accuracy. To continue the analysis, we then introduce projection operators
into XO/h and Y; and develop bounds and error estimates for them in Sec. 3.4. In
Sec. 3.5 we combine these with the stability result to obtain basic error estimates
for the scheme, and we improve the error estimate for uy, in Sec. 3.6 using duality.

3.1. Preliminaries
First we recall two forms of the Poincaré—Friedrichs inequality:
I7] < Cellewlr|, 7eH', ||l < Cpleradyll, v e . (3.1)

Here H! denotes the subspace of functions in H' with zero mean. Similarly, we will
use L2 to denote the zero mean subspace of L2.

Next we recall the Hodge decomposition. The space L?(Q2; R?) admits a decom-
position into the orthogonal closed subspaces curl H! and grad H ! or, alternatively,
into the subspaces curl H' and grad H'. The decomposition of a given v € L2
according to either of these may be computed by solving appropriate boundary value
problems. For example, we may compute the unique p € H' and ¢ € H* such that

v = curlp + grad ¢, (3.2)
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by a Dirichlet problem and a Neumann problem for the scalar Poisson equation,
respectively:

(curlp,curlt) = (v,curl7), 7€ H,

(grad ¢, grad v)) = (v, grad ), ¢ € H'.

Clearly, ||grad ¢|| < ||v|. If v € H(div), then ¢ satisfies the Neumann problem
0

A¢p =divv in Q, —¢:O on 012, /qi)dx:(),
871 Q

so, by elliptic regularity, ||¢]ls < C||divv]| if the domain is convex, and ||¢|1 <

(3.3)

C||div v|| for any domain.

We shall need analogous results on the discrete level. To this end, let S}, denote
the space of piecewise polynomials of degree at most r — 1, with no imposed inter-
element continuity. Then the divergence operator maps V}, onto S; and also maps
Vj, onto Sh, the codimension one subspace consisting of functions with mean value
zero. The former pair of spaces is used to solve the Dirichlet problem for the Poisson
equation, and the latter is used to solve the Neumann problem. Each pair forms
part of a short exact sequence:

0-3 2Ly, &6 —0 and 0—3%, Ly, 96, —o, (3.4)

respectively.
The usual Raviart—Thomas approximate solution to the Poisson equation A¢ =
g with Dirichlet boundary condition ¢ = 0 is then: find v € V},, ¢, € Sp, such that

(V]—“W) + (diVW,QZ)h) = 07 W Vh7 (diVVhﬂ/)) = (971/))7 ’(/} S Sh'
Define the operator grad;, : S, — Vi, by
(gradh ¢7W) = _(¢,diV W)v ¢ € Sh7 w C Vh~

From the stability of the mixed method, we obtain the discrete Poincaré inequality
6l < Cpllgrad, ¢||, ¢ € Sh, with Cp independent of h. The solution (vp,¢n) €
Vi, x Sy, of the mixed method may be characterized by

(gradh ¢h7gradh ¢) = _(ng)v "/} € Sh

and v, = grady, ¢p.
Corresponding to the first sequence in (3.4), we have the discrete Hodge
decomposition

Vi, = curl ¥y, 4 grad;, S, (3.5)
and corresponding to the second, the alternate discrete Hodge decomposition
V,, = curl ¥, + grad; Sh, (3.6)
where grady, : S — V;, is defined by
(gradyo,w) = —(¢,divw), ¢€Sh, wEe Vi.
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Both of the discrete Hodge decompositions can be characterized by finite element
computations. For example, in analogy to (3.3), for given v € Vi, we may compute
the unique p;, € Eh and ¢y, € Sh such that v = curl p, +grady, ¢, from the following
finite element systems (one primal, one mixed):

(curl pp, curl7) = (v,curl7), 7€ 3y,

(grady, ¢, grady ) = (v,gradpsy), o € S.

3.2. Well-posedness of the continuous formulation

As a first step towards analyzing the mixed method, we obtain well-posedness
of a mixed formulation of the continuous boundary value problem for the vector
Laplacian. To do so, we need to introduce a larger space than H' for the scalar
variable, namely

S ={rel?:culr e H(div)},

with norm ||7[|%& = ||7]|* + [|curl 7|2 (see (1.9)). The space ¥ has appeared

H(div)’
before in studies of the Vorticity—vel(ocit)y—pressure and stream function-vorticity
formulations of the Stokes problem,'® and an equivalent space (at least for
domains with C1'! boundary) has been used.* The bilinear form for the mixed
formulation is

B(p,w;T,v) = (p,7) — (curl 7, w) + (curl p, v) + (divw, div v),

where (-,-) denotes the pairing between H(div)’ and H(div) (or more generally
between a Hilbert space and its dual). Often, we will tacitly use the fact that if 7
is in H!, then (curlT,w) = (curl 7, w). Clearly,

1/2 1/2
1B(p, w; 7, V)| < 20115 + 1w 13 aivy) "~ (7115 + V1 Fraiy) ™

p,TEX, W, VvE I;T(div),
so B is bounded on (X x H(div)) x (X x H(div)). For 7 € %, we define 1o € H! by
(curl 7o, curly)) = (curl 7, curleyy), o € H'.

Taking v = 79 shows that

leurl 7o < lewrl 7|y < 17l 7€ 5. (3.7)
It is also true that

I7lls < C(I7ll + [leurlo[)), 7€ % (3.8)

To see this, define ¢ € L2 by

(¢, divv) = (curlT,v) — (curl7o,v), v € H(div). (3.9)
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This is well-defined, since div H (div) = L2, and, if div v vanishes, then v = curl ¢

for some v € H ! so the right-hand side vanishes as well. Clearly,

(curl T, v) = (curlm, v) + (¢,divv) < ([[curl || + [|oID]| V[ z(aiv), V€ H(div).

Choosing v € H' in (3.9) with divv = ¢ and |v|; < C|¢|, we get ||¢] <
Clleurl(T — 7o)[|-1. This implies |[curl 7| 4,y < C([I7]| + [lcurlrol]), thus estab-
lishing (3.8). We conclude from (3.7) and (3.8) that the norm 7 +— ||7|| 4 ||curl ||
is an equivalent norm on .

Assuming that £ € L2 (or even H(div)'), we now give a mixed variational

formulation of the continuous problem. We seek o € 3, u € H (div), such that
(0,7) = (curlT,u) =0, T€X,
(curlo,v) + (divu,divv) = (f,v), v e H(div).

We note that, if u € I;TI(Q; [R?) is the solution of the standard variational formula-
tion (1.6) and o = rot u, then o, u solve this mixed variational formulation. Indeed,

ue HY(Q;R?) c H(div), o € L, and, for v € H'(Q;R?)
(curlo, v) = (o,rot v) = (rotu,rotv) = (f,v) — (divu,divv).

This implies that curle € H(div)’, so o € %, and, extending to v € H(div) by
density, that the second equation above holds. Finally

(o,7) = (rotu,7) = (u,curlt)

for all 7 € L?, so the first equation holds.

In the next theorem, we establish well-posedness of the mixed variational prob-
lem by proving the inf-sup condition for B, following the approach of Ref. 1. Note
that the theorem establishes well-posedness of the more general problem where the
zero on the right-hand side of the first equation is replaced by the linear functional
(g,7), where g € ¥/, and we allow f € H(div)'.

Theorem 3.2. There exist constants ¢ > 0, C < oo such that, for any (p,w) €
¥ x H(div), there ezists (1,v) € ¥ x H(div) with

B(p,w;,v) > c(llpl3 + W13 aivy) (3.10)
I7lls + IVl z@iv < Cllplls + Wl ziv))- (3.11)

Moreover, if w € curl HY, then we may choose v € curl H!.

Proof. Define py € H! by (curl pg, curl¢)) = (curl p, curly), ¢ € H*. Next, use the
Hodge decomposition to write w in the form w = curl p + grad ¢, with u € H' and
¢ € H', and recall that

Igrad ¢ < C||div wl|. (3.12)

1250024-10
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We then choose
T=p—90p, V=w+curlpg,
where § is a constant to be chosen. Hence,
Blp.wi,v) = lIpl[2 = 8(p, ) — (eurl p, w) + 3(curl p, w)
+ (curl p, w) + (curl p, curl pp) || div w||?
= llpll? + dllcurl plf* — 6(p, 12) + [leurl po|* + || div w[>.

Recalling the constant Cp in the Poincaré inequality (3.1) and choosing ¢ suffi-
ciently small, we obtain

1 :
Blp,w;T,v) 2 5llpll* + (5 = 6*CB /2) Jeurl p* + [|eurl po |* + [|div wi|*

> c(lloll + 1wl Frai))»

where we have used the facts that |w||? = |[curl u||? + ||grad ¢[|2, (3.12), and (3.8)
in the last step. This establishes (3.10).
To establish (3.11), we observe that

VI z(aivy < 1W |z (aiv) + [leurlpo | < [wl gaiv) + [olls
by (3.7), while

I7lls < llolls +dllulls < llplls +dlluly < Clolls + Iwl),

since [|ply < Cllcurl pl| < Cllw]|. )
To establish the final claim, we observe that if w € curl H!, then obviously
v =w +curlpy € curl H'. O

Remark 3.1. Had we posed the weak formulation using the space H! x H(div)
instead of ¥ x H(div), we would not have obtained a well-posed problem.

3.3. Stability of the discrete formulation

In this section, we establish the stability of the mixed method (1.7) and (1.8), guided
by the arguments used for the continuous problem in the preceding subsection.
Analogous to the norm on ¥, we begin by defining a norm on X by [|7[|3, =
|7]1% + ||cur17'||%/é, T € Xp,, where

. (v, w)
vy, == sup ————.
h wev, HWHH(dIV)
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The bilinear form is bounded on the finite element spaces in this norm:

1/2(‘ )1/2

|Bp, wi, V)| < 2(I0lI%, + IWllEai) (115, + IVIE@w)
p,T € Xy, W,V E ‘O/h.

For 7 € X, we define 1y € Zolh by

(curl 7y, curl ¢) = (curl 7, curleyp), o € .
The discrete analogue of (3.7) again follows by choosing 1 = curl 7y:

[lcurl 7o || < ||cur17'H‘°/}; <|Itlls,, 7€ Zh.

Next we establish the discrete analogue of (3.8), that is,

I7lls, < Cl7l + llewl 7o), 7 € S (3.13)
To see this, define ¢ € S), by

(¢,divv) = (curlT,v) — (curl 7, v), v € V.

This is well-defined, since div ‘o/'h = S’h, and, if div v vanishes, then v = curlv for
some 1 € X, so the right-hand side vanishes as well. It follows that chr17'||‘°,}; <

|curl 7o|| + ||¢]|. To bound ||¢||, as in the continuous case, we choose v € H*
with divv = ¢ and [|v]; < C||¢||. In the discrete case, we also introduce 11} v,
the canonical projection of v into the Raviart-Thomas space V}, (see (3.22)), so
divIl}v = Ps, divv = ¢ and ||v — I}/ v|| < Ch||v||1. Then
E= (¢,div HXV) = (curlT, H,‘Z/v) — (curng,Hgv)
= (curlr, Hgv — v) + (curlT, v) — (curng,HXv)
< Ch(||7l[x + [leurl || 1 + [eurl 7o ]| v]]1-
Using the inverse inequality ||7||; < Ch~t||7|| and the fact that ||v||1 < ¢, gives
the bound ||¢|| < C(||7]| + ||curlo]]), and implies (3.13).
With this choice of norm, stability of the finite element approximation scheme
is established by an argument precisely analogous to that used in the proof of
Theorem 3.2, simply using the X norm, the discrete gradient operator grady, the

discrete Hodge decomposition (3.6), the estimate (3.13), and the discrete Poincaré
inequality, instead of their continuous counterparts.

Theorem 3.3. There exist constants ¢ > 0, C' < oo, independent of h, such that,
for any (p,w) € 3p, x Vy, there exists (1,v) € Xp, x V}, with

B(p,W;T, V) > C(Hp”%h + HWH?‘I(dIV))’
I7lls, + IVIlz@ivy < CUlplls, + Wl z@iv))-
Moreover, if w € curl ZOJ;“ then we may choose v € curlf]h.
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Remark 3.2. Note that ||7||s, < ||7||s for 7 € ¥j, but, in general equality does
not hold. Had we used the ¥ norm instead of the X; norm on the discrete level, we
would not have been able to establish stability.

3.4. Projectors

Our error analysis will be based on the approximation and orthogonality properties
of certain projection operators into the finite element spaces:

Ps, :L* =8y, Py, :H' =%, Py H'—=Y,, P, :H(div)— V.
For Ps,, we simply take the L? projection. By standard approximation theory,
lIs — Ps, s|lLr < CthS”WIl), 0<i<r, 1<p<oco.
For Ps, and Piy we use elliptic projections. Namely, for any 7 € H!,
(curl Py, 7, curl p) = (curl 7, curlp), pe Xy, (Pyg,7,1)=(71)
and, for any 7 € H!
(curlPihT,curl ,0) = (curlT,curlp), pe€ Yh.
Then, by standard estimates,
|o — Ps, ol +hllo — Ps,ol1 < Chlljo|;, 1<1<r+1. (3.14)

Moreover,

(curllc — P, 0],v) < Ch|curl(c — Pg,o)|||divv], veEVi,, ocH'. (3.15)

To prove this last estimate, we use the discrete Hodge decomposition (3.5) to write
v = curlvy, + grad,, ¥n, with v, € Xp and 9y, € Sp. As explained in Sec. 3.1, the
pair (grad, ¥n,¥n) € Vi, x Sy is the mixed approximation of (grad,) where

o

th € H solves Ay = divv in Q. Since Q is convex, ||1||2 < C||div v||. Therefore,
(curllo — Py, 0],v) = (curlo — P, o], curl vy, + grady, 1p,)
= (curlfo — Py, o], grady, ¢n)
— (curllo — Py, o], grad, yn — grad )
< Chllcurl(o — Py, 0)|[[[¢[l2 < Chl|curl(o — Py, o)|[[[div v].

For Py 7, 7 € H', we will use the W, estimate (due to Nitsche'® for 7 > 2 and
Rannacher and Scott!® for r = 1; cf. also Theorem 8.5.3 of Ref. 5):

I7 = Pg, 7llws < CA' Y irllwy, 1<1<r+1, 2<p<oo, (3.16)
which holds with constant C' independent of p as well as h.

1250024-13



D. N. Arnold, R. S. Falk & J. Gopalakrishnan

We define the fourth projection operator, P‘D,h  H (div) — ‘0/;“ by the equations
(P‘;hv,curlT + gradys) = (v,curlt) — (divv,s), 7€ Sh, s €S

In view of the discrete Hodge decomposition (3.6), Py, v € Vi, is well-defined for
any v € H(div). It may be characterized as well by the equations

(v— Py v, curlt) =0, 7€ Sh. (3.17)
(div[v— Py, v],5) =0, s€Sh (3.18)

Similar projectors have been used elsewhere.” The properties of P‘D,h are summarized
in the following theorem.

Theorem 3.4. Forv € H(div) and U € H,
div Py, v = Pg, divv, Py, curlU = curl Py, U. (3.19)
Moreover, the following estimates hold
v =Py v|,, < C'pthVHWIz?, 1<i<r 2<p<oo, (3.20)
|div(v = Py, v)|| < CRY||divvl;, 0<1<m, (3.21)

whenever the norm on the right-hand side is finite.

Proof. The first commutativity property in (3.19) is immediate from (3.18), and
the divergence estimate (3.21) follows immediately. For the second commutativity
property, we note that curl PihU € ‘o/'h and that, if we set v = curlU and replace
Py v by curl P, U, then the defining Eqgs. (3.17) and (3.18) are satisfied.

To prove the LP estimate (3.20), we follow the proof of corresponding results for
mixed finite element approximation of second-order elliptic problems by Durdn.!!
First, we introduce the canonical interpolant I} : H(Q;R?) — Vj, into the
Raviart-Thomas space, defined through the degrees of freedom

v»—>/v-nwds, w € Pr_1(e), V»—>/v-wdyc7 w € Pr._o(T), (3.22)
e T

where e ranges over the edges of the mesh and T over the triangles. Then

|v— H,‘:VHLP < Chl||vHWé7 1<i<r, 1<p<oo, (3.23)
and, since divIl})'v = Pg, divv,

Hdiv(v - HXV)

1. < CRYldivvllw:;, 0<I<r 1<p<oo. (3.24)
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Writing v — Py, v = (v—-Iv) + (I} v — Fy, v), it thus remains to bound the
second term. From (3.19), div (P‘;hv—H}{v) =0,s0 Py, v — 1} v = curl py, for some
Pn € f}h. Applying the decomposition (3.2), we have v — H}fv = curl p+ grad ¢ for
some p € H' and ) € H'. From (3.17),

(curl py, curl 7) = (curl p, curl7), 7€ 3.

Thus, pp, = Py, p and so satisfies the bound [|curl pp || z» < Cl[curlp|[z» given above
in (3.16).
Since

(curlp, curl7) = (v — HXV,CHI'IT) = (rot(v — H,‘:V),T), reH,

p € H! satisfies —Ap = rot (v — HXV). Using the elliptic regularity result of
Corollary 1 of Ref. 13, we have for 1 < p < oo that

Ipllws < Cpllrot(v —TI}v < Gyllv =T [ -

M-
Following the proof of that result, the dependence of the constant C), on p arises
from the use of the Marcinkiewicz interpolation theorem for interpolating between
a weak L' and an L? estimate. Using the explicit bound on the constant in this
theorem found in Theorem VIIL.9.2 of Ref. 8, it follows directly that C), < Cp,
where C' is a constant independent of p. We remark that this regularity result
requires the assumed convexity of {2, and does not hold for all 1 < p < o
if Q is only Lipschitz.!* Estimate (3.20) follows by combining these results and
applying (3.23). |

Theorem 3.5 below gives one more property of P‘;h, inspired by an idea of
Scholz.'” To prove it we need a simple lemma.

Lemma 3.1. Let p be a piecewise polynomial function with respect to some trian-
gulation which is nonzero only on triangles meeting 0. Then for any 1 < q < 2,

lpllze < CRYA712|p] 2,
where the constant C depends only on the polynomial degree and the shape regularity

of the triangulation.

Proof. By scaling and equivalence of norms on a finite-dimensional space, we have

IpllLacry < CR M |pllp2cry,  p € Po(T),

where the constant C' depends only on the polynomial degree r and the shape
constant for the triangle 7. Now, let 7, denote the set of triangles meeting 0.
Then

ol uy = 32 o1y < CR21 ST (ol La-
TeT? TeT?
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Applying Holder’s inequality we have
q/2

Z ||PHqL2(T) S(#%a)@_q)/2 Z HP||2L2(T)

TeT? TeT?
and #Tha < Ch~! by the assumption of shape regularity. Combining these results
gives the lemma. O
Theorem 3.5. Let 2 < p < oco. Then
(v — P‘;hv,curlT) < Ch_1/2_1/pHv — P‘;hVHLpHTH, TE X,

v € H(div) N LP. (3.25)
Proof. Define 7 € f]h by taking the Lagrange degrees of freedom to be the same
as those for 7, except setting equal to zero those associated to vertices or edges

in Q. Then ||7]| < C||7|| and T — 7 is nonzero only on triangles meeting 9. By
(3.17),

(v— P‘;hv,curlT) =(v- Py, v, curl[r — ).

Let ¢ =p/(p—1),s0 1 < ¢q < 2. Applying Hélder’s inequality, the lemma, and an
inverse inequality, we obtain

(v — Py v,curl(t — 7)) < ||v =Py v, curl(t — 7)|| e
< C||v — P‘;thLphl/Q_l/pchrl(T — 1)z
S CHV - P‘{}hv||LPh71/2il/pHT - 7O—||L27

from which the result follows. O

3.5. Error estimates by an energy argument

Using the projection operators defined in the last subsection and the stability result
of the preceding section, we now obtain a basic error estimate (which is not, however,
of optimal order).

Theorem 3.6. Let r > 1 denote the polynomial degree. There exists a constant C
independent of the mesh size h and of p € [2,00), for which

o = onll + hllo = onlls + [[u — un| geaiv)

hl_1/2_1/p(pHu||W}7 +lullis1/o-1/p), 2<1<7r, ifr>2,

RY2VP (pllallywy + B3P ), ifr=1,
whenever the norms on the right-hand side are finite.
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Proof. We divide the errors into the projection and the remainder:
o—op=(0c—"Pg,0)+(Pg,0—04), u—u,=(u-Fyu)+(Pyu—u).
Since,
lo — P, ol +hllo = Ps, ol < Cht|lolle < Ch'uflerr, 1<t<r+1,
and, by Theorem 3.4,
lu— Py ullgaivy) < Ch'lullia, 1<t<r,

the projection error satisfies the necessary bounds (without the pllul[y: term on
the right-hand side).

Therefore, setting p = o, — Py, 0 and w = u), — Py, u, it suffices to show that
for 2 < p < o0,

ol + 1wl z2(aiv) < Cllo = Ps, ol + hllo = Ps, ol + b~ > P la = Py, ul ).
(3.26)

Indeed, both cases of the theorem follow from (3.26), Theorem 3.4, and the inverse
inequality Chlp|li < ||p||. By the stability result of Theorem 3.3, there exists

(1,v) € ¥) x V}, satistying
B(p,w;T,v) = c(lpl%, + Wil
17l + IVl z@iv) < Clpls, + 1Wllmz@iv))-
By Galerkin orthogonality,
B(p,w;T,v) = B(oc — Pg,0,u— Py w7, v)
= (0 — Py,0,7) — (u— Py u,curl7) + (curl(o — Py, 0),v),

where we used the definition of B and (3.19) in the last step. Applying the Cauchy—
Schwarz inequality, Theorem 3.5, and (3.15), we then obtain

B(p,w;7,v) < C(llo = Pg,0lf* + h?||curl(o — Pg,0)]?
19— 1/2
+ RV la — Py ul|3,) ()P VI )
Together, these imply (3.26) and so the proof of the theorem is complete. O
Choosing p = |In h| in the theorem gives a limiting estimate.

Corollary 3.1. The following estimates hold whenever the right-hand side norm
is finite:
llo = onll + hlle — onlls + llu = unl #(aiv)
W2 (nlallwe, + alliige), 2<E<r, ifr>2,

<C
W2 (bl |allwy, + k2 [|ul2), ifr=1.
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For smooth solutions, choosing the maximum value of [ = r in the corollary
gives suboptimal approximation of o by order h3/2, and suboptimal approximation
of u and div u by order h'/? (ignoring logarithms). In the next section, we show how
to improve the L? error estimate for u to optimal order. The other estimates are
essentially sharp, as demonstrated by the numerical experiments already presented.

3.6. Improved estimates for u — uy

Using duality, we can prove the following estimate for u — uy, in L2, which is of
optimal order (modulo logarithms for r = 1).

Theorem 3.7. These estimates hold whenever the right-hand side norm is finite:

Rall;, 2<i<, if 1> 2,
lu—unf < C » |
h(mh|52ullws + [ull2), ifr=1.

Proof. Define ¢ € ¥, w € H(div) by
B(r,vi¢,w) = (v,u—uy,), 7€, veH(div).

Thus w solves the Poisson equation —Aw = u — uy, in 2 with homogeneous Dirich-
let boundary conditions, and ¢ = —rot w. Under our assumption that €2 is a convex
polygon, we know that w € H?, ¢ € H', and |41 + ||[w|l2 < C|lu—up|.

Choosing 7 = ¢ — 0, and v = u — u;, and then using Galerkin orthogonality,
we obtain

|lu—uu||? = B(o —op,u—up; ¢, w) = B(o — op,u —uy; ¢ — Py, ¢, w — P‘;hw).
The right-hand side is the sum of following four terms:
Ty = (0 —on,¢— Ps,9), Ty = —(u — uy, curlp — Py, ¢]),
Ts = (curllo — o], w — P‘D,hw)7 Ty = (divfu — up], div[w — P‘D,hw]).

We have replaced (-,-) by the L2-inner products because ¢ € H' and o = rotu is
in H' whenever the right-hand side norm in the theorem is finite. For T3, we use
the Cauchy-Schwarz inequality, the bound ||¢ — Ps, ¢|| < Ch||¢|l1 < Chllu — uy|
for the elliptic projection, and the estimate of Theorem 3.6 with p = 2 to obtain

Rlaljju—ug|, 2<i<r ifr>2,
Ty < C
h(llullr + Rlull2)[[a —upll,  ifr=1.

Similar considerations give the same bound for T}.
To bound T, we split it as (P‘;hu —u,curlfp — Pg,¢]) and 75 = (u) —
Py u, curl[¢p— Ps, ¢]). The first term is clearly bounded by Ch'|lu||;|[u—uy||, while,
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for the second, we use (3.15) to find that
T3] < Chllcurl(¢ — Py, ¢)|l||div(un — Py, u)]|.
Bounding div(uy, — Py, u) via Theorem 3.6 and (3.21), we get
|T2/| < Chl”qu”u_uh”7 2<i<,
T < Ch(llully + Allull2)lu — s, 7 =1.

Finally, we bound T5. If » > 2, then we simply use the Cauchy—Schwarz inequality,
the bound

HW—P“'/hWH < Ch?||wll2 < Ch2|lu— uy |, (3.27)
and the p = 2 case of Theorem 3.6 to obtain
T3] < Ch'[lulliflu —upll, 2<1<r
If r = 1, then (3.27) does not hold. Instead we split T3 as (curllc — Py, 0], w —
P‘D,hw)+(curl[Pgha—ah]7w—P‘;hw). Since Hw—P;,th < Chl|lwl1 < Ch|lu—uy],
the first term is bounded by Chllo||1]ju— uy|| < Chljul|z||u — uy||. For the second,
we apply Theorem 3.5 and (3.20) to obtain
}(curl[Pgha —opl, W — P‘;hw)} < C’h_l/Q_l/pHW - P‘;hWHLpHPth — ol

< OR2YPpllwliwa || Pe,o —onll, 2<p < oo

By the Sobolev inequality, ||wllw: < Kp|w|wz, where ¢ = 2p/(2 + p) < 2. More-

over, from Ref. 18 and a simple extension argument the constant K, < Cp'/2. Since

[wllwz < C|lwl]2 with C' depending only on the area of the domain, we obtain
|(cur1[P2ha—ah]7w—P‘;hw)’ < ChY* VP32 Py, o —op|[lu—uy|, 2<p < oco.
By (3.14) and Theorem 3.6 with r =1,

1P, 0 = onll < o = P, o]l +llo = onll < C(h*"VPplufws + hllul2).
Thus we obtain

I Ts| < C(h'=*Pp> 2 ullwy + B¥> VP82 fuls) [u = wsll, 2 <p < oo,
and, by choosing p = |In H| and noting that h'/2[In h|?>/? is bounded,

(T3] < Ch(nh*"2[ullws + [[ull2) [u - un].

The theorem follows easily from these estimates. O
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4. The Ciarlet—Raviart Mixed Method for the Biharmonic

In this section, we show that the above analysis immediately gives estimates for the
Ciarlet-Raviart mixed method for the biharmonic, including some new estimates
which improve on those available in the literature.

Given g € H™2(Q) = (H%(Q))’, the standard weak formulation of the Dirichlet
problem for the biharmonic seeks U € H? such that

(AU,AV) = (g,V), Ve H?

Letting 0 := —AU € L2, we have Ao = —g. Assuming that ¢ € H1(Q), as we
henceforth shall, for Q a convex polygon, we have that U € H3(Q), o € H*(Q) and

Uz + llolly < Cligll-1-
Hence (o,U) € H' x H" satisfy

(o,7) — (curlU,curl ) = 0, reH,
(curlo,curl V) = (g,V), Ve it

We note that a mixed formulation in these variables, but with spaces that are less
regular, can also be given for this problem,* but we shall not pursue this approach
here.

The Ciarlet-Raviart mixed method® for the approximation of the Dirichlet prob-
lem for the biharmonic equation using Lagrange elements of degree r, seeks o, € Xp,
Uy, € Zolh such that

(op,7) — (curl Uy, curl 7) e,

= O,
(curloy,curl V) = (g, V), V € 5.

This discretization has been analyzed in many papers under the assumption that
Q2 is a convex polygon. It has been proven®'2 that for r > 2,

IU = Unlls < CHT U4, Nlo = onll < CR™ MU |41

The former estimate is optimal, while the estimate for ||c — o] is two orders
suboptimal. In the case r = 1, it has been proven'” that

IU = Unll < CRY* | Ulla, llo = onll < CRY?|nh||U]a.

These estimates are suboptimal by 1/4 and 3/2 orders respectively (modulo loga-
rithms) and require H* regularity of U. (As has been noted,'” the same technique
could be applied for r > 2 to obtain a 3/2 suboptimal estimate on |jo — oy]|.)
Below we improve the estimate on ||[U — Up||; for 7 = 1 to an optimal order esti-
mate (modulo logarithms), with decreased assumptions on the regularity of the
solution U.
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We now show how to obtain all of these results from the analysis of the previous
section, with only minor modifications. Let u = curl U. Then

B(o,u;r,curl V) = (¢9,V), (r,V)e H' x H'.
Similarly, with u; = curl Uy,
B(op,up;1,curl V) = (¢, V), (1,V) € Xy X Y.

As above, set p = o) — Py,0 € L, W = up, — P‘D,hu € ‘O/h. Note that w =
curl Uy, — curl PihU € curlf]h. Subtracting the above equations and writing v for
curl V', we have

B(p,w;T,v) = B(0 — Pg,0,u— P“’/hll;T,V), (7,v) € Ty x curl Ty

Since the stability result of Theorem 3.3 holds over the space ¥j; X curl Xolh, as
stated in the last sentence of the theorem, we can argue exactly as in proof of
Theorem 3.6 and conclude that the estimates proved in that theorem for the Hodge
Laplacian hold as well in this context with one improvement. To estimate the term
lu— P‘v,huHLp in (3.26), instead of using (3.20), we note that |ju — P‘D,huHLp =
[|curl(U — Py, U)HLP and invoke (3.16). In this way we avoid a factor of p. The
improved estimates of Theorem 3.7 also translate to this problem, with essentially
the same proof and a similar improvement. The dual problem is, of course, now
taken to be: Find ¢ € X, w € curl H! such that

B(r,v;é,w)=(v,u—uy), T7EX, VE curl H'.

Thus w = curl W, where W solves the biharmonic problem A%2W = rot(u —uy) €
H~' with Dirichlet boundary conditions, and ¢ = AW. The relevant regularity
result, valid on a convex domain, is

w2 + ¢l < CIW ][z < Cllrot(u — up)[ -1 < Clla - uy]].

The remainder of the proof goes through as before, with the simplification that
now the terms Ty and T} are zero, and the term ||w — P‘;th » can be bounded
without introducing a factor of p as just described. The suppressed factors of p lead
to fewer logarithms in the final result. Stating this result in terms of the original
variable U instead of u = curl U, we have the following theorem.

Theorem 4.1. Let U solve the Dirichlet problem for the biharmonic equation,
o= —AU, and let Uy € Eolh, on € Xy, denote the discrete solution obtained by the
Ciarlet—Raviart mized method with Lagrange elements of degree v > 1. If r > 2 and
2 < [ < r, then the following estimates, requiring differing amounts of regularity,
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hold whenever the norms on the right-hand side are finite:
R U e

HU _ UhH + hllo —onll1 <
B0 s + 10 ss2)

IU = Unlly < CRY|U |11
If r =1, the estimates are:

(U2 + Al[U]s),

lo = onll +hllo = onllL <
W20 wz, + 22U ),

IU = Unlls < Ch(Al?|Ullwz, + [U|ls)-

5. Stationary Stokes Equations

Another application in which the vector Laplacian with Dirichlet boundary condi-
tions arises is the stationary Stokes equations, in which the vector field represents
the velocity, subject to no-slip conditions on the boundary. A standard weak for-
mulation (with viscosity equal to one) seeks u € H'(Q,R?) and p € L? such that

(gradu, gradv) — (p,divv) = (f,v), v e H'(Q,R?),
(divu,q) =0, qe L2
Mixed methods, such as we have considered, have been used to approximate this
problem, based on the vorticity-velocity-pressure formulation. For example, using

the spaces defined in Sec. 3, the following weak formulation has been discussed.!?
Find o0 € ¥, u € H(div), p € L? such that

(o,7) — (curl 7,u) = 0, TEY,
(curlo, v) — (p,divv) = (£,v), v e H(div),
(divu,q) =0, q€ L%

This formulation is obtained just as for the vector Laplacian, by writing
(gradu, grad v) = (rotu,rot v) + (divu,divv)

and introducing the variable ¢ = rotu. When f € L?(Q;R?) and  is a convex
polygon, u € H2(Q;R?), p € H(Q), and o = rotu € H(). Assuming this extra
regularity, and setting u = curlU, and v = curl V, (o,U) € H! x H'! satisfy the
stream function-vorticity equations:
(o,7) — (curl U, curlT) = 0, e HY,
(curlo, curl V) = (f,curl V), V e H'.
Taking g = rotf, this formulation coincides with the mixed formulation of the

biharmonic problem discussed in the previous section.
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We consider here the finite element approximation which seeks o, € ¥p, up €
Vi, pn € Sh such that

(on,7) — (ap,curlt) = 0, TE Xp,
(curlop, v) — (pp,divv) = (f,v), ve ‘0/;“
(divu,q) =0, q € Sh,

where the spaces Xy, ‘O/h and S » are defined as above. The existence and uniqueness
of the solution is easily established by standard methods. When f = 0, we get by
choosing 7 = oy, v = up, ¢ = pp and adding the equations that o, = 0 and
divuy, = 0. Hence u, = curth, U, € E;“ and choosing 7 = Uy, we see that
curl U, = 0. Since div Vh = Sh, we also get pp, = 0.

Error estimates for ||{u — uy|| and |jo — o, are easily obtained by reducing the
problem to its stream function-vorticity form and using the estimates obtained in
the previous section. Letting u;, = curlUy, and choosing v = curlV, V' € f}h, we
see that (op,Up) is the unique solution of the Ciarlet-Raviart formulation of the
biharmonic with g = rot f. Hence, the estimates for ¢ — o}, in Theorem 4.1 remain
unchanged, except that we can replace ||U||s by ||ul|s—1. In particular, we have the
following theorem.

Theorem 5.1. Let ( ,p) solve the Dirichlet problem for the Stokes equation, o =
rotu, and let uy € V;“ op € Xy, and py, € Sh denote the discrete solution obtained
by the vorticity-velocity-pressure mized method with v > 1 the polynomial degree. If
r > 2 and 2 <1 <7, then the following estimates, requiring different amounts of
reqularity, hold whenever the norms on the right-hand side are finite:

W=l
o=l +hlo—ans <l
=2 (lallwe, + [[alliy2),
[ = up|| < CB[lul;.
If r =1, the estimates are:

a1 + Alfulf2,

lo —onll +hllo = onlli <
W2 ([allwe, + k2 ull2),

lu —unl| < Ch(ImhY?ufwz + |[ullz).

The only item remaining is to derive error bounds for the approximation of
the pressure. We obtain the following result, which gives error bounds that are
suboptimal by O(h'/?).

Theorem 5.2. Ifr > 2 and 2 <[ <, then
A=l + fplli-1),

lp—pnll <
hl_l/Q(”uHW(go +ullig1/2 + Hle—l/2)~
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If r =1, the estimates are

[allx + Rlfullz + {|pll,

lp=pl<Cq b
B2 (fallwy, + B2l + ol 2).

Proof. From the variational formulation, we get the error equation
(pn — Ps, p,divvy) = (p — Ps,p,divvy) + (curllop, — o], vp), Vi € V.

We choose v € H'(Q;R?) such that divv = p, — Ps, p and ||v], < C|lpr — Ps, pll,
and take vj, = II}'v. We have that divv = divII}'v and |[IT}/ ) < Clvl <
Cllpr — Ps,pll, so

v||H(div

lpn = Ps,pl|> = (pn — Ps,p, divIL} v)
= (p — Pg, p,div H,‘:v) + (curl[ah — U],HXV),
= (p — Ps,p,pn — Ps, p) + (curl[ah — o], ) v — v) + (op — o,r0t V)
< C(llp = Ps,pll + hllcurl(or, — o) + llon — ol))lpr — Ps,pl|-

It easily follows that

Ip —pnll < C(llp = Ps,pll + llon — || + hl[curl(on, — o))

The theorem follows directly by applying Theorem 5.1 and standard estimates for
the error in the L? projection. O

A number of papers have been devoted to finite element approximation schemes
of either the vorticity-velocity-pressure or stream-function-vorticity formulation of
the Stokes problem. In particular, the lowest-order (r = 1) case of the method
analyzed here was discussed in Ref. 9 (in which additional references can also be
found). In the case of the magnetic boundary conditions, ¢ = u-n = 0, the authors
established stability and first-order convergence, which is optimal, for all variables.
But for the no-slip boundary conditions u = 0, with which we are concerned and
which arise much more commonly in Stokes flow, they observe in numerical exper-
iments stability problems and reduced rates of convergence which are in agreement
with the theory presented above.

We close with a simple numerical example in the case r = 2 that demonstrates
that the suboptimal convergence orders obtained above are sharp even for very
smooth solutions. Our discretization of the vorticity-velocity-pressure mixed formu-
lation of the Stokes problem then approximates the velocity u by the second lowest-
order Raviart-Thomas elements, the vorticity ¢ by continuous piecewise quadratic
functions, and the pressure p by discontinuous piecewise linear functions. We take
to be the unit square and compute f corresponding to the polynomial solution veloc-
ity field u = (—22%(z — 1)%2y(2y — 1)(y — 1), 2¢*(y — 1)?2(22 — 1)(x — 1)), and pres-
sure p = (z—1/2)5+ (y — 1/2)5. The computations, summarized in Table 3, indeed
confirm the convergence rates established above, i.e. u; converges with optimal
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Table 3. L2 errors and convergence rates for the mixed finite element approximation of
the Stokes problem for the vector Laplacian with boundary conditions u-n=0,u-s =0
on the unit square.

|lu—uy|| Rate [div(u—uy)|| Rate |lo—on| Rate |[curl(c —op)|| Rate
3.26e-04 1.9 2.34e-03 1.3 2.70e-03 1.3 1.67e-01 0.2
8.35e-05 2.0 8.05e-04 1.5 9.70e-04 1.5 1.24e-01 0.4
2.10e-05 2.0 2.74e-04 1.6 3.47e-04 1.5 8.96e-02 0.5
5.27e-06 2.0 9.39e-05 1.6 1.24e-04 1.5 6.42e-02 0.5

order 2 to u in L2, while the approximations to ¢ and curl o are both suboptimal
by 3/2 order and the approximation to the pressure p is suboptimal by 1/2 order.

Acknowledgments

The work of the first author was supported in part by NSF grant DMS-1115291. The
work of the second author was supported in part by NSF grant DMS-0910540. The
work of the third author was supported in part by NSF grant DMS-1014817.
This work was primarily carried out at the Institute for Mathematics and its Appli-
cations at the University of Minnesota where the authors were visiting.

References

1.

2.

10.

D. N. Arnold, R. S. Falk and R. Winther, Finite element exterior calculus, homological
techniques, and applications, Acta Numer. 15 (2006) 1-155.

D. N. Arnold, R. S. Falk and R. Winther, Finite element exterior calculus: From
Hodge theory to numerical stability, Bull. Amer. Math. Soc. (NS) 47 (2010) 281-354.
I. Babuska, J. Osborn and J. Pitkdranta, Analysis of mixed methods using mesh
dependent norms, Math. Comput. 35 (1980) 1039-1062.

C. Bernardi, V. Girault and Y. Maday, Mixed spectral element approximation of the
Navier—Stokes equations in the stream-function and vorticity formulation, IMA J.
Numer. Anal. 12 (1992) 565-608.

. S. C. Brenner and L. R. Scott, The Mathematical Theory of Finite Element Methods,

Texts in Applied Mathematics, Vol. 15, 3rd edn. (Springer, 2008).

P. G. Ciarlet and P.-A. Raviart, A mixed finite element method for the biharmonic
equation, in Mathematical Aspects of Finite Elements in Partial Differential Equa-
tions, (Academic Press, 1974), pp. 125-145.

D. M. Copeland, J. Gopalakrishnan and M. Oh, Multigrid in a weighted space arising
from axisymmetric electromagnetics, Math. Comput. 79 (2010) 2033-2058.

E. DiBenedetto, Real Analysis (Birkhauser, 2002).

F. Dubois, M. Salaiin and S. Salmon, First vorticity-velocity-pressure numerical
scheme for the Stokes problem, Comput. Methods Appl. Mech. Engrg. 192 (2003)
4877-4907.

F. Dubois, M. Salaiin and S. Salmon, Vorticity-velocity-pressure and stream function-
vorticity formulations for the Stokes problem, J. Math. Pures Appl. 82 (2003) 1395—
1451.

1250024-25



D. N. Arnold, R. S. Falk & J. Gopalakrishnan

11.

12.

13.

14.

15.

16.

17.

18.

R. G. Durdn, Error analysis in LP, 1 < p < oo, for mixed finite element methods
for linear and quasi-linear elliptic problems, RAIRO Modél. Math. Anal. Numér. 22
(1988) 371-387.

R. S. Falk and J. E. Osborn, Error estimates for mixed methods, RAIRO Anal. Numér.
14 (1980) 249-277.

S. J. Fromm, Potential space estimates for Green potentials in convex domains, Proc.
Amer. Math. Soc. 119 (1993) 225-233.

D. Jerison and C. E. Kenig, The inhomogeneous Dirichlet problem in Lipschitz
domains, J. Funct. Anal. 130 (1995) 161-219.

J. A. Nitsche, Loo-convergence of finite element approximation, Journées “Eléments
Finis” (Rennes, 1975), Univ. Rennes, Rennes, 1975, p. 18.

R. Rannacher and R. Scott, Some optimal error estimates for piecewise linear finite
element approximations, Math. Comput. 38 (1982) 437-445.

R. Scholz, A mixed method for 4th order problems using linear finite elements, RAIRO
Anal. Numér. 12 (1978) 8590, iii.

G. Talenti, Best constant in Sobolev inequality, Ann. Mat. Pura Appl. 110 (1976)
353-372.

1250024-26



