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In his article [25], Witten (1994)

@ Gave a formula expressing the Donaldson series in terms of
Seiberg-Witten invariants for standard four-manifolds,

@ Qutlined an argument based on supersymmetric quantum field
theory, his previous work [24] on topological quantum field
theories (TQFT), and his work with Seiberg [22, 23]
explaining how to derive this formula.

In a later article [19], Moore and Witten

@ extended the scope of Witten's previous formula by allowing
four-dimensional manifolds with b! #0and b =1, and

@ provided the details underlying the derivation of these
formulae using supersymmetric quantum field theory. RUTGERS
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The purpose of our third lecture in this series is to describe a proof
using SO(3) monopoles that for all standard four-manifolds with
superconformal simple type, the Donaldson series is given by
Witten's formula.

Without knowing whether or not all four-manifolds have
superconformal simple type, one may use SO(3) monopoles to
prove that for “many” four-manifolds (we shall quantify “how
many” later), the Donaldson series is given by Witten's formula.

In our previous lecture, we explained how to use SO(3) monopoles
to prove that all standard four-manifolds with Seiberg-Witten
simple type necessarily have superconformal simple type.

Hence, by combining the main result of our previous lecture, RUTGERS
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Seiberg-Witten simple type = Superconformal simple type,

and the main result of this lecture,
Superconformal simple type = Witten's formula,

we obtain the desired
Seiberg-Witten simple type = Witten's formula.

It is not known whether all four-manifolds also have

Seiberg-Witten simple type.

Our lecture is primarily based on

@ P. M. N. Feehan and T. G. Leness, Superconformal simple
type and Witten's conjecture, arXiv:1408.5085 (in review
since October 2014). RUTGERS
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That article is in turn based on methods and results described
earlier in
@ P. M. N. Feehan and T. G. Leness, A general
SO(3)-monopole cobordism formula relating Donaldson and
Seiberg-Witten invariants, Memoirs of the American
Mathematical Society, in press, arXiv:math/0203047,
@ P. M. N. Feehan and T. G. Leness, Witten's conjecture for

many four-manifolds of simple type, Journal of the European
Mathematical Society 17 (2015), 899-923.

RUTGERS
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with supporting results and background material with earlier
published articles with Leness cited therein.

Our proofs of these conjectures rely on an assumption of certain
analytical properties gluing maps for SO(3) monopoles (see
Hypothesis 2.6), analogous to properties proved by Donaldson and
Taubes in simpler contexts of gluing maps for SO(3) anti-self-dual
connections.

Verification of those analytical gluing map properties is work in
progress [4] and appears well within reach.
RUTGERS
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A closed, oriented four-manifold X has an intersection form,
QX : H2(X,Z) X H2(X,Z) — 7.

One lets b*(X) denote the dimensions of the maximal positive or
negative subspaces of the form Qx on Hx(X;Z) and

4
e(X) =) (-1)'bi(X) and o(X):=b"(X) - b (X)
i=0

denote the Euler characteristic and signature of X, respectively.
RUTGERS
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We define the characteristic numbers,

c2(X) = 2e(X) + 30(X),
(1) xXn(X) := (e(X) + o(X))/4,

c(X) == xn(X) = 2(X).
We call a four-manifold standard if it is closed, connected,
oriented, and smooth with odd b™(X) > 3 and b;(X) = 0.
For a standard four-manifold, the Seiberg-Witten invariants
comprise a function,
SWx : Spin“(X) — Z,

on the set of spin® structures on X. RUTGERS
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The set of Seiberg-Witten basic classes, B(X), is the image under
c1 : Spin©(X) — H?(X;Z) of the support of SWy, that is

B(X) = {K € H*(X;Z) : SWx(K) # 0}.

A manifold X has Seiberg-Witten simple type if K2 = c2(X) for all
K € B(X).

RUTGERS
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Conjecture 1.1 (Witten's Conjecture)

Let X be a standard four-manifold. If X has Seiberg-Witten simple
type, then for any w € H2(X;Z) the Donaldson invariants satisfy
(2) DY (h) = 22~ Cxn—cf) o Qx(h)/2

X Z (_1)%(W2+Cl(5)-W)5WX(5)6<61(5),h>.
5€Spin©(X)

As defined by Marifio, Moore, and Peradze, [18, 17], a manifold X
has superconformal simple type if ¢(X) < 3 or ¢(X) > 4 and for
w € H?(X;Z) characteristic,

(3) SWYI(h) =0 for i< c(X)—4 RUTGERS
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and all h € Hy(X;

R), where

SWY(h) =

Y (1AM S W (s) (cus), b
s€Spin©(X)

Our main goal in this lecture is to describe the proof of the

Theorem 1.2 (Superconformal simple type — Witten's

Conjecture holds for all standard four-manifolds)

(See F and Leness [6, Theorem 1.2].) Assume Hypothesis 2.6. If a
standard four-manifold has superconformal simple type, then it

satisfies Witten's

Conjecture 1.1.

T GERS
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Hypothesis 2.6 asserts certain analytical properties of local gluing
maps for SO(3) monopoles constructed by the authors in [5].

Proofs of these analytical properties, analogous to known
properties of local gluing maps for anti-self-dual SO(3) connections
and Seiberg-Witten monopoles, are being developed by us [4].

Global gluing maps are used to describe the topology of
neighborhoods of Seiberg-Witten monopoles appearing at all levels
of the compactified moduli space of SO(3) monopoles and hence
construct links of those singularities.

On the other hand, from [3] (F and Leness) and our previous

lecture, we have
RUTGERS
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Theorem 1.3 (All standard four-manifolds with Seiberg-Witten
simple type have superconformal simple type)

(See F and Leness [6, Theorem 1.1].) Assume Hypothesis 2.6. If X
is a standard four-manifold of Seiberg-Witten simple type, then X
has superconformal simple type.

Combining Theorems 1.2 and 1.3 yields the following

RUTGERS
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Corollary 1.4 (Witten's Conjecture holds for all standard
four-manifolds)

(See F and Leness [6, Corollary 1.3] or [6, Corollary 1.4].) Assume
Hypothesis 2.6. If X is a standard four-manifold of Seiberg-Witten
simple type then X satisfies Witten's Conjecture 1.1.

RUTGERS
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Refinements of Witten's formula, superconformal
simple type, and the SO(3)-monopole cobordism
formula
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The following result allows us to use a convenient choice of w:

Proposition 2.1 (Independence of Witten's Conjecture 1.1 from

choice of class w)

(See F and Leness [7, Proposition 2.5] or [6, Proposition 2.2].)
Let X be a standard four-manifold of Seiberg-Witten simple type.
If Witten's Conjecture 1.1 holds for one w € H?(X;Z), then it
holds for all w € H?(X;Z).

One can view Proposition 2.1 as a partial analogue of the following
result due to Kronheimer and Mrowka [15]:
If a standard four-manifold is KM-simple type for one
w € H?(X;Z), then it is KM-simple type for all w. RUTGERS
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The following result allows us to replace a manifold by its blow-up
without loss of generality.

Theorem 2.2 (Invariance of Witten's Conjecture 1.1 under blow-up)

(See Fintushel and Stern [10, Theorem 8.9].) Let X be a standard
four-manifold. Then Witten's Conjecture 1.1 holds for X if and
only if it holds for the blow-up, X.

One can view Theorem 2.2 as a partial analogue of the following
result due to Kronheimer and Mrowka [15] (in the “only if"

direction and [7, Proposition 2.6] in the “if” direction):
A standard four-manifold is KM-simple type if and only if
its blow-up is KM-simple type. RUTGERS
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A standard four-manifold X has superconformal simple type if
c(X) <3 or c(X) > 4 and for w € H?(X;Z) characteristic and all

he Hy(X;R),
(4) SW)‘QV’i(h):O for0<i<c(X)—4
where

swyith) = 30 (—1FFISW(K)(K, B!

KeB(X)

Observe that we have rewritten (3) as a sum over B(X) using the

expression

(5) SWi : H*(X;Z) =7, SWi(K Z SWx (s

RUTGERS
s€c; LK) -
20/ 100
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We further note that the property (4) is invariant under blow-up.

Lemma 2.3 (Invariance of the superconformal simple type property

under blow-up)

(See Marifio, Moore, and Peradze [18, Theorem 7.3.1] or F and
Leness [3, Lemma 6.1].) A standard manifold, X, has _
superconformal simple type if and only if its blow-up, X, has
superconformal simple type.

This is a convenient point at which to recall versions of the blow-up
formulae for Donaldson and Seiberg-Witten invariants, since these
formulae are used to verify invariance of Witten's Formula (2) and
the Superconformal Simple Type property under blow-ups. RUTGERS
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Let X — X be the blow-up of X at one point, let e € Ha(X;Z) be
the fundamental class of the exceptional curve, and let
e* € H?(X;Z) be the Poincaré dual of e.

Using the direct sum decomposition of the homology and
cohomology of X = X#@Z, we can consider both the homology
and cohomology of X as subspaces of those of X,

Ho(X) C Ho(X) and H*(X) C H*(X).

Denote w := w + e*. The simplest blow-up formula for Donaldson
invariants (see Kotschick [14] or Leness [16] for SO(3) invariants
and Ozsvath [21] for SU(2) invariants) gives

(6) D}/(V(h672mxm) _ D)L/}/(h672mexm)' RUTQI;RS
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Versions of the blow-up formula for Seiberg-Witten invariants have
been established by Fintushel and Stern [9], Nicolaescu [20,
Theorem 4.6.7], and Frgyshov [12, Theorem 14.1.1] (in increasing
generality).

The following is a special case of their results.

RUTGERS
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Theorem 2.4 (Blow-up formula for Seiberg-Witten invariants)

Let X be a standard four-manifold and let X = Xqué(C_IP’2 be its blow-up.
Then X has Seiberg-Witten simple type if and only if that is true for X.
If X has Seiberg-Witten simple type, then

(7) B(X)={K +e*: K e B(X)},

where e* € H2()~< i Z) is the Poincaré dual of the exceptional curve, and if
K € B(X), then

SWL(K £ ") = SW4(K).

The significance of Theorem 2.4 lies in its universality; more
general versions, with more complicated statements, hold without
the assumption of simple type. RUTGERS
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It will be more convenient to have Witten's Formula (2) expressed
at the level of the Donaldson polynomial invariants rather than the
Donaldson power series which they form.

Let B’(X) be a fundamental domain for the action of {£1} on the
set of Seiberg-Witten basic classes, B(X).

RUTGERS
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Lemma 2.5 (Witten's Formula (2) expressed at the level of the
Donaldson polynomial invariants)

(See F and Leness [7, Lemma 4.2] or [6, Lemma 2.4].) Let X be a
standard four-manifold. Then X satisfies equation (2) and has
Kronheimer-Mrowka simple type if and only if the Donaldson invariants
of X satisfy D¥(h°=2Mx™) = 0 for § Z —w? — 3x;, (mod 4) and for

§ = —w? — 3y, (mod 4) satisfy

(8) D)v(v(h572m m _ Z Z s(w K)I/(K)
l+2k2 KeB'(X

y 5W>’<(K)( 2m)!
2k+c( )—3— meljl

<K h> QX( )7

nu 1GERS
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Lemma 2.5 (Witten's Formula (2) expressed at the level of the
Donaldson polynomial invariants)

where

(9) c(w, K) = (W + w- K),
and

10 w3 Tk,
We recall the

RUTGERS
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Hypothesis 2.6 (Properties of local SO(3)-monopole gluing maps)

(See F and Leness [6, Hypothesis 3.1].) The local gluing map,
constructed in [5], gives a continuous parametrization of a
neighborhood of M, x ¥ in .#; for each smooth stratum

¥ C Sym‘(X).

The SO(3)-monopole cobordism formula given below provides an
expression for a Donaldson invariant in terms of the
Seiberg-Witten invariants.

RUTGERS
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Theorem 2.7 (SO(3)-monopole cobordism formula)

(See F and Leness [2, Main Theorem] or [6, Theorem 3.2].) Let X be a
standard four-manifold of Seiberg-Witten simple type. Assume
Hypothesis 2.6. Assume further that w,\ € H*(X;Z) and 6,m € N

satisfy

(11a) w—NA=wy(X) (mod 2),
(11b) I(N) = A% + c(X) + 4xn(X) > 6,
(11¢) 5= —w?—3xu(X) (mod 4),
(11d) d—2m > 0.

Then, for any h € Hy(X;R) and positive generator x € Ho(X;Z),

KUTGERS
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Theorem 2.7 (SO(3)-monopole cobordism formula)

(12) D)\/é/(h6—2mxm) _ Z (_1)%(W2_o)+%(w2+(w—/\)‘K)SW)/<(K)
KeB(X)

X ﬁS,m(Xh(X)’ C12(X)a K, A)(h)’
where the map,
fs m(h) : Z x Z x H*(X;Z) x H*(X;Z) — R[H],

takes values in the ring of polynomials in the variable h with real
coefficients, is universal (independent of X) and is given by

RUTGERS
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Theorem 2.7 (SO(3)-monopole cobordism formula)

(13) ﬁS,m(Xh(X)vclz(X)7K)A)(h)
= > aiju(xn(X), G(X), K-\, N>, m)

i+j+2k
=6—2m

x (K, h)' (A, hY Qx (h)*.
For each triple, i,j, k € N, the coefficients,

ajjk L XxZXZLXZLxN—=R,

are universal (independent of X ) real analytic functions of the variables
Xn(X), &(X), ci(s) - A, A2, and m. SERS
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The left-hand side of the SO(3)-monopole cobordism formula (12)
is obtained by computing the intersection number for geometric
representatives on .#/S* with the link of the moduli subspace
MY of anti-self-dual SO(3) connections.

One uses the fiber-bundle structure of the link over M" to
compute the intersection number and show that this is equal to a
multiple of the Donaldson invariant, DY (h®~2mx™).

The right-hand side of the SO(3)-monopole cobordism formula
(12) is obtained by computing the intersection numbers for
geometric representatives on ./ /S with the links of the moduli
subspaces M, x Sym‘(X) of ideal Seiberg-Witten monopoles

. . 7 el
appearing in .#,/S*. RUTGERS
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One uses the fiber-bundle structure of the link over each
Seiberg-Witten moduli space, M, x Symg(X), to compute the
intersection number and show that this is equal to a multiple of a
Seiberg-Witten invariant, SW4(K), for each K € H?(X;Z) with
a(s) = K.

The following figure illustrates the SO(3)-monopole cobordism
between codimension-one links in .#;/S* of M" and
M, x Sym*(X).

RUTGERS
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We rewrite the SO(3)-monopole cobordism formula (12) for
DY (h°=2Mx™)) as a sum over B'(X) C B(X), a fundamental
domain for the action of {£1}.

To this end, we define (compare [7, Equation (4.4)])

bijk(xn(X), 7 (X), K - N\,\*, m)
= (_l)C(X)+iai7j»k(Xh(X)7 C12(X)a -K- Av /\23 m)
+ aiju(xa(X), E(X), K - A, A%, m),

where a; j « are the coefficients appearing in the expression (13) for
fsm(xn(X), £ (X), K, N)(h)

in the SO(3)-monopole cobordism formula (12) for DY (h°~2™x™YuTGERS
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To simplify the orientation factor in (12), we define
(14)  bijk(xn(X), F(X), K - N\, A%, m)
= (~1) 2R by (n(X), E(X), K - A A2, m).
Observe that
(15)  bijk(xn(X), 5 (X), =K - A, A*, m)
= (1)K (en(X), 2(X), K - A A%, m).

We now rewrite the SO(3)-monopole cobordism formula (12) as a

sum over B'(X). R .
UTGERS
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Lemma 2.8 (SO(3)-monopole cobordism formula on fundamental
domain)

(See F and Leness [6, Lemma 3.4].) Assume the hypotheses of Theorem
2.7 (the SO(3)-monopole cobordism formula). Denote the coefficients in
(15) more concisely by

bij k(K - N) := bk (xa(X), 2(X), K - A, A2, m).

Then, for e(w,K) = 2(w? + w - K) as in (9) and v(K) as in (10),

DY(H2mxmy = 3T ST w(K)(-1) I SW(K)

(16) A A

B ) i i k
X b/,J7k(K A)<Ka h> <A7 h>JQX(h) : SERS
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The proof of Lemma 2.8 is relatively simple and does not involve
anything deep.

The following lemma allows us to ignore the coefficients Eo,j,k in
the formula (16) for DY (h%=2mx™) for the purpose of proving
Theorem 1.2 and Corollary 1.4.

RUTGERS
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Lemma 2.9 (Eliminating the coefficients by j x in the formula (16) for
D)v%/(hé—2mxm))

(See F and Leness [6, Lemma 3.5].) Continue the notation and
hypotheses of Lemma 2.8. Then,

(17) DE(F2mxm) = 3 3 (~1Rswi(k )(52_("2r+nl+>1)

KeB/(X) i+j+2k
=6—2m

X 5i+1,j,k(Xh(X) C1(X) LK-A /\2 m)
x (K, hY (A, hY Qx(h)X.

RUTGERS
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Idea of Proof of Lemma 2.9. The argument is a little more
involved than that of the proof of Lemma 2.8, relying on more
than elementary algebra.

The key ingredients include the blow-up formulae for Donaldson
and Seiberg-Witten invariants.

Let X — X be the blow-up of X at one point, let e € Hy(X;Z) be
the fundamental class of the exceptional curve, and let
e* € H?(X;Z) be the Poincaré dual of e.

Using the direct sum decomposition of the homology and
cohomology of X, we will consider both the homology and
cohomology of X as subspaces of those of X.
RUTGERS
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Denote w := w + e*. The blow-up formula for Donaldson
invariants (see Kotschick [14] or Leness [16]) gives

(18) DY (h°~2Mx™) = DZ(h’~Mex™).

The blow-up formula for Seiberg-Witten invariants (see Frgyshov
[12, Theorem 14.1.1]) gives,

(19) B'(X ) {K, =K+ (-1)¥e*: K € B'(X), p € Z/2Z}.
and if K € B(X), then
SW)’~<(K + e*) = SWi(K).
Combining these blow-up formulae with Lemma 2.8 eventually %]T( “ERS

yields the desired expression (17) for DY (h®~2mx™)
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Our next goal is to show that the coefficients E,-J,k appearing in
(16) which are not determined by [7, Proposition 4.8] satisfy a
difference equation in the parameter K - A and thus can be written
as a polynomial in K - A,

We recall from [7] that [7, Proposition 4.8] allowed us to
determined the unknown coefficients b; j x in the SO(3)-monopole
cobordism formula (16) for DY (h°~2™x™) with

i>c(X)—3>0
but not those coefficients E,;Lk with
0<i<c(X)-3,
when ¢(X) —3 > 0. RUTGERS
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To determine the unknown coefficients B;JJ( appearing in the
SO(3)-monopole cobordism formula (16) for DY (h°~2™x™), we
compare

o Witten's formula (8) for DY (h°~2™x™), and
@ SO(3)-monopole cobordism formula (16) for DY (h%=2mx™),

on manifolds where Witten's Conjecture 1.1 is known to hold.

To help us determine the coefficients B,-,Lk, we appeal to the
following generalization of Friedman and Morgan [11, Lemma
V1.2.4].

RUTGERS
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Algebraic preliminaries and difference equations Il

Lemma 3.1 (Algebraic independence)

(See F and Leness [7, Lemma 4.1] or [6, Lemma 4.1].) Let V be a
finite-dimensional real vector space. Let Ty,..., T, be linearly
independent elements of the dual space V*. Let Q be a quadratic form
on V which is non-zero on N7_; Ker T;. Then Ty,...,T,, Q are
algebraically independent in the sense that if

F(zo,...,2n) € Rlzy,...,2,] and F(Q, T1,..., Tp) : V — R is the zero
map, then F(z, ..., z,) is the zero element of R|z, ..., z,].

We review some notation and results for difference operators (see

F and Leness [7, Section 4.3] and [6, Section 4.2] and Elaydi [1] for

related results on difference operators and difference equations).
RUTGERS
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For f : Z — R in the context of difference equations, it is
customary to denote the difference and shift operators by [1,
Section 2.1]

Vi(x):=f(x+1)—f(x), Ef(x):=f(x+1), VxeZ

(Or often Af(x) := f(x+1) — f(x).) For p,q € Z, by analogy we
define

(VIF)(x) == f(x) + (-1)%f(x+ p), Vx€LZ
For a € Z/2Z and p € 7Z, define pa,ap € Z by

0 ifa=0 (mod?2),

p ifa=1 (mod 2)_l{lITg}pRS

(20) pa=ap= —% (~14(-1)))p= {
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We recall the

Lemma 3.2

(See F and Leness [7, Lemma 4.6] or [6, Lemma 4.2].) For all
(p1y---5pn) and (qgi,--.,qn) € Z", there holds

Y (FLZemamtelf <x+zpum(<ﬁ)> = (VAVE. Vi),
u=1

wE(Z)2Z)"

where 7, : (Z/2Z)" — Z/2Z is projection onto the u-th factor and, for a
constant function, C, there holds
(21)

~

(VOVo—  goc) = {0, ifduwithl<u<nandg,=1 (mod?2
Pn " Pn—1 """ P1

2"C, ifg,=0 (mod2)Vuwithl<u<n.

SERS
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We will also use the following similar result (compare Elaydi [1,
Lemma 2.22]).

(See F and Leness [6, Lemma 4.3].) For f : Z — Z and X € Z, there

holds

(9077 0 =30 () e+ ),

i=0

We add the following

RUTGERS
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(See F and Leness [6, Lemma 4.4].) Let A\ € Z and p: Z — R be a
function.

@ IfVip(x) is a polynomial of degree n in x, then p(Ax) is a
polynomial of degree n+ 1;

Q IfVip(x) =0, then p(A\x) is constant.

RUTGERS
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Corollary 3.5

(See Corollary [6, Corollary 4.5].) For A # 0, let ¢ : Z — R be a function
satisfying,

(VAV) - Vi) (W) =0,
—_— ——————

n copies

for all x € Z. Then cx(x) = c(Ax) is a polynomial in x of degree n — 1.

v

The proofs of Lemmas 3.2, 3.3, and 3.4, and Corollary 3.5 are
relatively straightforward and proceed by analogy with standard
methods used for difference equations (compare Elaydi [1]).
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We shall use the manifolds constructed by Fintushel, Park and
Stern in [8] to give a family of standard four-manifolds, X, for
g=2,3,..., obeying the following conditions (see F and Leness
[7, Section 4.2] and [6, Section 4.3]):

@ X, satisfies Witten's Conjecture 1.1;

@ For g=2,3,..., one has x4(Xy) = q and ¢(X;) = 3;

© B/(X,) = {K} with K #0;

© For each g, there are classes fi, , € H*(X,; Z) satisfying
(22a) fA-Hh=1 =0 andfi-K=0fori=1,2,

(22b)  {f, f, K} linearly independent subset of H*(X,; R),
(22c)  Restriction of Qx, to Ker f; N Ker f, N Ker K is non-zero. RUTGERS
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Let X4(n) be the blow-up of X, at n points,
(23) Xq(n) i= Xg#t CP 4 - - #CP° .
—_—————

n copies

Then X4(n) is a standard four-manifold of Seiberg-Witten simple
type and satisfies Witten's Conjecture 1.1 (see F and Leness [7,
Theorem 2.7] or [6, Theorem 2.3]), with

(24) xa(Xq(n) =4q, cf(Xq(n))=q—n-3,
and c(Xq(n)) =n+3.

We will consider both the homology and cohomology of X; as

subspaces of those of Xg(n). RUTGERS
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Let e € H?(X4(n); Z) be the Poincaré dual of the u-th
exceptional class.

Let 7, : (Z/27)" — Z/27Z be projection onto the u-th factor.
For ¢ € (Z/27Z)", we define

n
(25) K, _K+Z 1)™Per and Ko:=K+ ) el
u=1

By the blow-up formula for Seiberg-Witten invariants (see
Frgyshov [12, Theorem 14.1.1])

(26) B'(Xq(n) = {K; : v € (2/22)"}, RUTGERS
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and, for all p € (Z/27)",
(27) SWX )(Kp) = SWx, (K).

Because X,(n) has Seiberg-Witten simple type, we have

(28) Ké = cZ(Xq(n)) forall ¢ € (Z/27)".

In addition, because K # 0, we see that

(29) 0 ¢ B'(Xq(n)).

Because the manifolds X;(n) satisfy Witten's Conjecture 1.1, then
@ Lemma 3.1 (the algebraic determination lemma),
o Witten's formula (8) for DY (h°=2™x™), and RUTGERS
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@ SO(3)-monopole cobordism formula (16) for DY (h9=2mx™),
when applied to the manifolds Xg(n), will show that the
coefficients b; j , satisfy certain difference equations.

Those difference equations will allow us to prove Theorem 1.2
(that Superconformal Simple Type = Witten's Formula).

For n > 2, the set B/(X4(n)) is not linearly independent in
H?(Xq(n); R).

To apply the algebraic Lemma 3.1 (and determine unknown
coefficients), we need to replace B'(Xy(n)) with a linearly
independent set, namely {K £ ¢],e5,..., e}

RUTGERS
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To this end, we give the following formula for the Donaldson
invariants of X;(n) computed by the SO(3)-monopole cobordism
formula.
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Lemma 3.6 (Donaldson invariants of X via SO(3)-

(See F and Leness [6, Lemma 4.6].) For n,q € Z with n > 1 and q > 2, let Xq(n) be
the manifold defined in (23). For A,w € H?(Xq;Z) and §, m € N satisfying
A —w = wy(Xq) (mod 2) and § — 2m > 0, define w, A € H2(Xq4(n); Z) by

(30) vT/::w—l—Zwuej and 7\::/\—&—2/\[,637

u=1 u=1

where wy, Ay € Z and wy + Ay =1 (mod 2) for u=1,...,n. We assume that

n
(31a) N >5—(n+3)—4qg+ > A,
u=1
n
(31b) =—w?+ Z w2 —3q (mod 4).
u=1

“GERS
AN
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Lemma 3.6 (Donaldson invariants of Xg(n) via SO(3)-monopole cobordism)

Denote x := Kp -A and, for i,j, k € N satisfying i + j + 2k + 2m = 8, write
b j k(x) = b j k(xn(Xq(n)), & (Xq(n)), x, A2, m).

Then, for xg = Ko - A where Ky is defined in (25),

RUTGERS
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Lemma 3.6 (Donaldson invariants of X via SO(3)-monopole cobordism)

(6 — 2m)! W . 2 Vi mk
' Z mp (127-..,In) U(eu7 > QXq(n)( )
it int2k =2
=6—2m

x (1K + ef, )+ (~1)" (K — ef, b))

(32) _ Z (il .+ s + in) <7\7 h>j <H<e:j’ h>iu> qu(n)(h)k

fte ok (Lo cain u=2
=§—2m
x Vi2+w2 . .vi,ﬂrw,,B‘ i (X )<K+ e¥ h>i1
2, 2, Pi,k\X0 1

(1) EE Vb (x0 + 20)(K - ef, B ),
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Lemma 3.6 (Donaldson invariants of Xg(n) via SO(3)-monopole cobordism)

are both equal to the following multiple of the Donaldson invariant,

(—1)e(@e0) 5
Sl pW(R2mym)
/ Xq(n) ’
SWy (K) %
where A is as defined in (30) and

0 if3u with2 <u<nandw,+ iy, =1 (mod 2),
21 ifw,+iy =0 (mod2)Vuwith2<u<n.

(33) P in) = {

We recall a result giving the coefficients E;’J-,k for i > ¢(X) — 3.
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Proposition 3.7 (Computation of coefficients b; j x for i > c(X) — 3)

(See F and Leness [7, Proposition 4.8] or [6, Proposition 4.7].) Let n > 0 and
g > 2 be integers. If x,y are integers and i, j, k, m are non-negative integers
satisfying, for A := i+ j + 2k +2m,

(34a) i>n,

(34b) y>A—4qg—3—n,
(34¢) A>2m,

(34d) x=y=0 (mod 2),

then the coefficients b; j x(xn, 2, A - K, A2, m) defined in (14) are given by

(A=2m)! omken o
. M=), fi=
b,',j,k(q,q—3—n,x,y,m)= kli! " 0,

0 ifj > 0.

sERS
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Because of the condition (34a), Proposition 3.7 only determines
the coefficients b; j o with i > ¢(X) — 3.

Lemma g.9 allows us to ignore the coefficients E;,j,k with i = 0,
that is, b j x when proving Theorem 1.2 and Corollary 1.4.

We next derive a difference equation satisfied by the coefficients

bi,j,k with 1 </ < C(X) - 3.
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Proposition 3.8 (Difference equation for b; j x with 1 < i < ¢(X) — 3)

(See F and Leness [6, Proposition 4.7].) Let n > 1 and q > 2 be integers.
If x,y are integers and p, j, k, m are non-negative integers satisfying, for
A:=p+j+2k+2m,

(35a) 1<p<n-1,

(35b) y>A—4qg—n-—3,

(35¢) y=A—(n+3) (mod4),
(35d) x—y=0 (mod 2),

and we abbreviate Ep,j,k(x) = Epd-)k(q, qg—n—3,x,y,m), then

(36) (V3)"" Bpju(x) = 0. ks
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Proposition 3.8 and the difference equation given by Corollary 3.5
allow us to write the coefficients b; j x as polynomials in A - K.

We will combine this fact with Lemma 4.1 (forthcoming) to show
that, for manifolds of superconformal simple type, the coefficients
bi ; x with i < ¢(X) — 4 do not contribute to the SO(3)-monopole
cobordism expression (16) for the Donaldson invariant

DY (h°=2mxm).
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Corollary 3.9 (Coefficients b; j x as polynomials in A - K)
(See F and Leness [6, Corollary 4.11].) Continue the assumptions of
Proposition 3.8. In addition, assume

@ There is a class Ko € B(X) such that A - Ko = 0;

@ Forall K € B(X), we have A- K =0 (mod 4).

Then for 1 < i < n—1, the function b; j x is a polynomial of degree n—1 — i in
N - K and thus

n—1—i

(37) bijk(a,q—n—3,K-NA m) = > buiji(a,q—n—3,A°, m)(K, h)",
u=0

where hn = PDI[A] is the Poincaré dual of A and if u = n+ i (mod 2), then

(38) bu,ijx(q,qg—n—3,A°,m)=0.

GERS
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We begin by establishing the following algebraic consequence of
superconformal simple type which will allow us to show that
Witten's Formula (2) holds even without determining the
coefficients b; j x with i < ¢(X) — 3 in the SO(3)-monopole
cobordism formula (16) for DY (h2=2mx™).
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Lemma 4.1 (An algebraic consequence of superconformal simple type)

(See F and Leness [6, Lemma 5.1].) Let X be a standard four-manifold
of superconformal simple type. Assume 0 ¢ B(X). If w € H*(X,Z) is
characteristic and j,u € N satisfy j + u < ¢(X) — 3 and j + u = ¢(X)
(mod 2), then

(39) > (1) ROSWE(K)(K, b)Y (K, hp)* =0,
KEB!(X)

for any hy, h, € Hy(X;R).

The following lemma allows us to apply Corollary 3.9.
RUTGERS
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Lemma 4.2 (Existence of positive A classes orthogonal to basic classes)

(See F and Leness [6, Lemma 5.2].) Let X be a standard four-manifold
with odd intersection form. Then for any K € B(X), there is a class
A € H3(X; Z) with N2 > 0 and A - K = 0.

Corollary 3.9 (coefficients B,-,Lk as polynomials in A - K) and
Lemma 4.1 provide the basis of the proof of our main result.

RUTGERS

71/100



Proof of Witten's Conjecture

Proof of Witten's Conjecture IV

Outline of Remainder of Proof of Theorem 1.2
(Superconformal Simple Type — W.itten’s Conjecture).

We have discussed all of the key ingredients, so it remains to
assemble them and hence deduce Witten's Formula (2), assuming
the superconformal simple type property (whose proof we outlined
earlier in these lectures).

Replace X by its blow-up X#CP* when convenient

By Theorem 2.2 (Witten's Conjecture 1.1 preserved under
blow-up), we may blow up X without loss of generality.

According to Lemma 2.3, the superconformal simple type condition
is preserved under blow-up. RUTGERS
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If X is the blow-up of X, then the characterization of B(X) in (7)
implies that 0 ¢ B(X).

Thus, by replacing X with its blow-up if necessary, we may assume
without loss of generality that clz(X) # 0, Qx is odd, ¢(X) > 5,

0 ¢ B(X) and v(K) = 1, where v(K) is defined in (10) for each

K € B(X).

By Proposition 2.1, it suffices to prove that equation (8) in Lemma
2.5 (Witten's Formula (2) for a Donaldson invariant) holds when
w € H?(X;Z) is characteristic.
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Preliminary reductions and simplifications, possibly after replacing
X by its blow-up

Because w is characteristic (by the preceding reduction), we have

w? =a(X) (mod8) (by [13, Lemma 1.2.20])

= (X) = 8xa(X) (by (1))
= C12(X) (mod 8)
Thus,
D;(v(h572mxm) =0
unless

§ = —w? —3xu(X) = xa(X) — E(X) —4xn(X) = c(X) (mod &JTCERS
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Hence, we only need find Donaldson invariants D)"{(h(s_me’") with
(40)  6>2m and 0=—-w?—3yu(X)=c(X) (mod 4).

To apply Lemma 2.9 (a refined version of the SO(3)—~monopo|e
cobordism formula allowing us to ignore coefficients by j «) to
compute DY (h°~2Mx™), we abbreviate

(41) bijk(N- K) = bijk(xn(X), 2(X) — 1,A- K, A%, m),

and verify we can find A € H?(X;Z) obeying the conditions of

@ Theorem 2.7 (SO(3)-monopole cobordism formula) and hence
those of Lemma 2.9, and

e Corollary 3.9 (coefficients E,-,Lk as polynomials in A - K). ~ RUTGERS

75 /100



Proof of Witten's Conjecture

Proof of Witten's Conjecture VIII

Verifying hypotheses of SO(3)-monopole cobordism formula

By Lemma 4.2 and our observation that by replacing X with its
blow-up if necessary we can assume that Qx is odd and there are
classes Ko € B(X) and Ag € H?(X; Z) with

A5>0 and Ag-Ko=0.

Because any K € B(X) can be written as K = Ky + 2Lk for
Lk € H*(X;Z), if N = 2bAg where b € N, then

(42) Ko-A=0 and K-A=0 (mod 4) for all K € B(X),

so A satisfies two of the assumptions of Corollary 3.9 (coefficients

b,'J,k as po/ynomials inA- K). RUT(}I;RS
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If w € H?(X;Z) is characteristic and A = 2bAg, where b € N and
A3 >0, then A — w = wa(X) (mod 2) and so condition (11a)
holds in Theorem 2.7 (SO(3)-monopole cobordism formula).

Given 9, by choosing b sufficiently large, we can ensure
(43) N + c(X) + 4xn(X) > 4,

so condition (11b) holds in Theorem 2.7 (SO(3)-monopole
cobordism formula).

Conditions (11c) and (11d) in Theorem 2.7, that

= -—w?—3xs(X) (mod4) and §—2m>0,
respectively, follow from (40). RUTGERS
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Thus, Lemma 2.9 (the refined version of the SO(3)-monopole
cobordism formula allowing us to ignore coefficients by j i) gives

Dy memy = 3 Y (o 2EHUSWERY G ey
(44) iHjt2k KeB'(X)

x (K, b)Y (A, hY Qx(h)~.

Computation of the coefficients b; 1 in (44)
We now verify that we can apply
o Proposition 3.7 (coefficients b; j  for i > ¢(X) — 3),

e Proposition 3.8 (difference equation for E;J,k with
1<i<¢(X)-13), and RUTGERS
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o Corollary 3.9 (coefficients b;  x as polynomials in A - K),
to compute the coefficients BiHJ,k in (44).

The indices i/, j, k, m appearing in (44) satisfy
(45) i+14+j+2k+2m=0+1.

To match the notation of Propositions 3.7 and 3.8, we will write
the first two arguments of the coefficients in (41) as

(46) q = xn(X),
and c?(X) —1=q—3— n, where

(47) n:=xn(X) = (X)) —2=c(X) -2 RUTGERS
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The definitions (46) and (47), the property that b™(X) > 3 for
standard manifolds, and our earlier observation that we can assume
c(X) > 5 imply that

(48) g>2 and n>2,

as required in Propositions 3.7 and 3.8.

We now verify the hypotheses of Proposition 3.7 for the
coefficients bj 1k in (41) with i > ¢(X) — 3.

The condition (34a) in Proposition 3.7 holds because by (47),

i+1>c¢c(X)—2=n
RUTGERS
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In the notation of Proposition 3.7 for E;+1J7k, we have
A=i+1+j+k+2m

and so A =0 + 1 by (45).
The property (43) of A% and (46) imply that

(49) A>>6—c(X)—4g=0-n—-2—-4g=A—n—3—4q,

so condition (34b) in Proposition 3.7 holds.
The condition A > 2m for (34c) in Proposition 3.7 holds by (40).
Our choice of A = 2Ag implies that

N =ANK=0 (mod2), YK eB(X), RUTGERS
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and thus condition (34d) holds as well, noting that x = A? and
y=NAN-K.

Hence, Proposition 3.7 (coefficients b; ; s for i > c¢(X) — 3) and
the equality A =d + 1 imply that, for all i > ¢(X) — 3, we have

(50) bir1jk(xn(X), (X)) —1,K -\ A m)
(5 +1-— 2m)! 2m—k—c(X)+2
={ KkI(i+1)!
0 if j > 0.

if j =0,
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Verifying the hypotheses of Proposition 3.8 and Corollary 3.9

We now verify the hypotheses of
o Proposition 3.8 (b;j x difference equation, 1 < i < c¢(X) — 3),
o Corollary 3.9 (b; j x as polynomials in A - K),
Observe that i +1 < ¢(X) —3 = n—1 by (47), so condition (35a)
in Proposition 3.8 holds.

The inequality in (49) implies that condition (35b) in Proposition
3.8 holds.

Because A=0+1=c¢(X)+1=n+3 (mod 4) by (40) and (47),
the fact that A2 = (2A¢)?> =0 (mod 4) implies

/\2

0=A—-(n+3) (mod4), RUTGERS
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and thus condition (35c) in Proposition 3.8 holds.

We already showed that condition (34d) in Proposition 3.8 holds
and that implies condition (35d) in Proposition 3.8 holds too.

Therefore, Proposition 3.8 (difference equation) applies to
compute the coefficients bjiqjx with i < c(X) — 3.

The hypotheses of Corollary 3.9 are those of Proposition 3.8 and
the conditions we have previously verified in (42).
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Proof of Witten's Conjecture XVII

Thus, Corollary 3.9 (coefficients E,-J’k as polynomials in \ - K)
implies that the coefficients bjy1jx with i < c(X) — 3 can be
written as

I+17]k( ( )7C( )_17K'/\7/\27m)
—4—j

(51) 5 .
Z u1+1,Jk (9,9 —n—3,A", m)(K, hp)",

where hy = PD[A] € Ha(X; R).
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Proof of Witten's Conjecture XVIII

Computation of the Donaldson invariant DY (h’~2™x™) by
simplifying the right-hand-side of Equation (44)

We now abbreviate,
buisijk = bui1jk(q,q—n—3,N m)
u,i+1,4,k - u,i+1,5,k\ 4,4 ’ ) )

and split the sum on the right-hand-side of (44) into two parts
(one for i < ¢(X) — 4 and one for i > ¢(X) — 3):
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Proof of Witten's Conjecture XIX

(w,k) 2(1 + 1) SWx(K)

5— mrn _ 6
D(h" 2 Z §—2m+1

I+J+§k KeB/(X
T<e(X) 4
c(X)—4—i
(52) Z Buiv1k (K, hY (K, Ba) (A, hY Qx(h)¥
o 2+ DSWA(K)

+ Z Z ( D™ 6—2m+1

i+j+2k  KeB/(X
=6—2m,
IZC(X)73

X bit1j k(K- N)(K, hY (K, hY Qx(h)¥.
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Proof of Witten's Conjecture XX

Verify that sum terms in Equation (52) with i < ¢(X) — 4 is zero

Because the coefficients Eu,;HJ’k do not depend on A - K, we can
rewrite the first sum on the right-hand-side of (52) as

5 2(i + 1)SWL(K)

j k
s oamy1 MhYQx(h)

c(X)—4—i
XD bumake Do (CD)TOSWA(K)K, (K, ba)"
u=0 KEB!(X)
By (38) and the equality n = ¢(X) from (47),

(54) buitijk=0 ifu=c(X)+i+1 (mod?2). RUTGERS
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Proof of Witten's Conjecture XXI

We consider the terms in the sum (53) with u = n+ /i (mod 2).

For u and i satisfying 0 < wu+i<c(X)—4,andu=n+i
(mod 2), and w € H?(X;Z) characteristic, Lemma 4.1 (algebraic
consequence of superconformal simple type) implies that

3 (C1TRISWL(K) (K, B (K, )" = 0.
KeB'(X)

Because 0 < u < ¢(X)—4 —iand thus 0 < u+i < ¢(X)— 4 for
all terms in the sum (53), the preceding equality and (54) imply
that the sum (53) vanishes.

Hence, the sum of terms in (52) with i < ¢(X) — 4 vanishes.
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Proof of Witten's Conjecture XXI|

Simplifying the sum of terms in (52) with i > ¢(X) — 3

By employing the vanishing of the sum of terms in (52)~with
i < ¢(X) — 4 and the formula (50) for the coefficients b1 jx, we
can rewrite Equation (52) for the Donaldson invariant as

D)v(v(h§72mxm)
o (65— 2m)! .
X IR e 0
14521( KeB/'(X
,_>c( X)-
Comparing the preceding expression for D}’<"(h5*2’” ™) with

Equation (8) in Lemma 2.5 (Witten's Formula (2) expressed at the
level of the Donaldson polynomial invariants) and observing that \UTCERS
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Proof of Witten's Conjecture XXIII

the terms in (8) with i < ¢(X) — 4 also vanish by Lemma 4.1
(algebraic consequence of superconformal simple type), shows that
Witten's Conjecture 1.1 holds.

This completes the proof of Theorem 1.2 (Superconformal Simple
Type = Witten's Conjecture). O
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Thank you for your attention!
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