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640:152:72 Answers to Exam #2 11/30/2001

1. Find the solution of the differential equation % = ;;?fl satisfying the initial condition y(0) = 3. In the
answer express y explicitly as a function of x.
Answer This is a separable equation, so we get % =3 fl which can be mtegrated to —ﬁ = ( % In(z? +

1)) + C. The initial condition (0, 3) gives the equation —=x = (In1) + C so — y = (3In(z? + 1)) — & and,
1

solving for y: y = Vi@t
9

2. Below is part of the direction field for the differential equation 3’ = y?(1 — y)(1 + y).

a) List all numbers k so that the constant function f(x) = k is a solution of this . RN
differential equation (these are the equilibrium solutions). R PR
Answer A constant function has derivative 0. Those y = k’s for which ' must - - - ¢ - = - ~
always be 0 are the solutions of y?(1 — y)(1 +y) = 0: kK must be 0 or 1 or —1. ——— T — —
b) Sketch a typical solution curve y = f(z) to this differential equation when 0 < -~ -~ - AR
y(o) < 1. P P
Answer y s

NEANEEN NN N N

The curve sketched should be located entirely within the strip
0 < y < 1 and should be increasing with these asymptotic
0| 1 X properties evident: lim f(x)=1and lim f(z)=

r——+00 T——00

3. A sequence of cubes has edges made of thin wire. The largest cube has edge length —
1 inch, and each successive cube has edge length half the size of the preceding one.
The first two cubes are shown here. ;

a) What is the total length of wire needed to construct the edges on all of the cubes? | |
Answer Each cube has 12 edges The nt" cube has edge length 2%17 so the total |[—71 —

P

length of wire needed is Z 2,7 2_ = 94 inches.

b) What is the total Volume enclosed by all of the cubes?
Answer The edge length of the nt® cube is 2,,1_1 and since the volume of a cube is the cube of the edge

1

length, the volume of that cube is (2%1)3 = 5=y = L 8

The total volume enclosed is Z 8,L T = —T = &

87L1 —= 7
n=1 -5

cubic inches.

4. Find the interval of convergence and the radius of convergence of the power series E f/ In addition,

n=
determine whether the series is absolutely or conditionally convergent at the boundary pomts of the interval
of convergence.

_ gngn 3t p(nt1) an+1| 3(n+1)‘m‘(n+1)\/5 _ ) /n ..

Answer If a, = NG then an41 = T and [#2=) = TR veTT 3|x| SR The limit

of this as n — oo is 3|z| so, using the Ratio Test, the series converges when |z| < % and diverges when
o0

T > % When z = % the series is 21 %, a p—series with p = % < 1 which diverges. When = = —% the
n=

S n
series is > (7% , an alternating series which converges conditionally and not absolutely. The interval of

n=1
convergence is —; <zr< % and the radius of convergence is %

1
3n2 45047
which is w1th1n .0001 of the sum of the infinite series. Be sure to explain why your error estimate is correct.
Hint Compare the “infinite tail” to somethlng sunpler and analyze that

1 1 0o 1 o 17%° _ 1
3n2+5n+7 < a7 Z 3n2+5n+7 < Z 7z But Z ar <[y mdr= x]N =5 If
n=N+1 n=N+1 n=N+1
10,000

o0
N = 10,000 the infinite tail m < .0001 = 15455~ The specific finite sum is )
n=N+1 ’ n=1

5. The series Z converges. Find a specific finite sum of rational numbers (quotients of integers)

Answer Since

1
3n2+5n+7"
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64"+ n? .o
. a) Suppose the sequence {A,} is defined by 4, = ——————. What is lim A,?
© 5.4n 4 8n2” n—00

AT 4TS 64TR . 3 2 . . .
Answer A, = gjn*;% = 17 . But lim Z— =0 and lim % = 0 (exponential growth is more rapid than
4" +8n 5+8%4% n—oo n—oo

polynomial growth), so lim A, = g.
n—oo

5n
3
b) Suppose the sequence {B,} is defined by B,, = (1 + 5) . What is lim B,? Hint In and I'H.

n—00

n(142
Answer Take logs: In(B,) = 1n((1—|— §)5n) =5nln(1+3) = @ As n — oo, this is 3 so try

n Bn

. . Im(1+2 . A (in(1+2 T
I’Hospital’s rule: lim M = lim <4 (d ( n ) and we check if the latter limit exists. Itis lim —= " =
n— o0 5n n—o0 dan (E)n ) n—oo T Ep2
lim 1i53 = 15. Therefore lim B, = lim e"B» =¢l!5,
n—oo n n—o0 n—oo

7. Find a specific polynomial p(z) so that |p(x) — 2/4| < .001 for 16 < z < 17. Be sure to explain why your
error estimate is correct.

Answer Try a Taylor polynomial for z'/* centered at 16. Here f(z) = z/* so f(16) = 2. f'(z) = 123/
and f”(z) = —Z2~ /% Since f'(16) = 1167%* = 2 we know that Ti(z) = 2 + 25(z — 16). The error
|f(z) — Ty (x)| can be estimated by Mgw. Since 16 < z < 17, |z — 16| < 1. M, is an overestimate of
|—22~7/4| = 2277/4 on [16,17]. M> can be estimated by 2167/ = 2048 —7/4

So the error is at most 2’0% 1= 46% < To00 15 =.001 and p(z) can be 2 + 55(z — 16).

because x is decreasing.

1
8. a) Use the Taylor series for the exponential function to write / ¢ " dx as an infinite series. Use
0

summation notation in your answer.

T o 2 —z? =
Answer e* = ) so e =y &

n!
(=)™
Z (2n+1)n‘

n=0 n=0
b) Flnd a specific finite sum of rational numbers (quotients of integers) which is within .00001 of the true

n,.2n

- e

2)n

1)n 20 X (1)
and [; E() $220(<231+>n!

1
value of / e~ " dx. Be sure to explain why your error estimate is correct.
0

O n
Answer The series > % satisfies all the criteria for an alternating series, and therefore a partial
n=0

(71)N+1 . 1
sum Z (2n+1)n' will be within | mrrmynywTy | = ervenT D!

Value. Slnce .00001 =

(the first omitted term) of the true

1007000 > (2(7“);1).40’320, any IV > 7 will serve. The desired specific approximation is

7 n
> ﬁ Maple reports the “true” value of the integral is .7468241330 and the value of the partial sum
n=0

given is .7468228068 while the partial sum up to n = 6 is .7468360343 in decimal form.

£L‘2 (E4 6

9. Estimate the maximum error committed when cos x is replaced by 1 — 5 + 21 730 for  in the interval

[—2,2]. Be sure to explain why your error estimate is correct.

Answer The polynomial given is T7(z), the seventh-degree Taylor polynomial centered at 0 for cosz. The
8

error |cosz — Tr(x)| is overestimated by Mgl —al_ Here a = 0 and z is in the interval [—2,2]. Therefore

|z —a| < 2. Mg is an overestimate of the absolute value of the eighth derivative of cosine and so can’t be

larger than 1. Therefore Mg% < 45_%620.

10. a) What is the 300*® Taylor polynomial for f(z) = 3 — 112° centered at a = 0? Why?
Answer Since all the derivatives after the fifth are 0, the error term Rg must always be 0. Therefore

Ts00(z) = f ().
b) Explain briefly why g(z) = |z| has no Taylor series centered at a = 0.

Answer g is not differentiable at 0, and therefore ¢’(0) does not exist.



