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#13 Problems for 152:72 12/4/2001

Below is the first half of a set of problems designed by the principal writer of the final
exam in Math 152 this semester to prepare students for this exam. Please learn how to do
these problems and similar questions covering the material. A pair of problems is on each
Q page is followed by their answers on the corresponding A page. Certainly you should
try to do these problems without notes or text or calculator (exam conditions) but do use
these and ask for help if you need it.

1. A region R in the first quadrant is bounded by the line y = x and the parabola y =
—x? + 5z — 3.
a) Find the area of R.

b) Find the volume of the solid obtained by rotating R around the y-axis.

2. Let R be the first quadrant region bounded by the curves y = €*, y = e~%, and the line
rz=1.

a) What is the area of R?
b) What is the volume of the solid obtained by revolving R around the x-axis?

c) What is the volume of the solid obtained by revolving R around the y-axis?
Please see page A1l for answers to these two problems.

3. Determine the value of each of the definite integrals. Express the answer in terms of
mathematical constants such as 7 or e, instead of numerical approximations.

/8 1 /2
a) / (cosz)*dx  b) / arctan x dx c) / (sinz)® da
0 0 0

4. Calculate the following indefinite integrals:
e dx

) dx
a) e b) /(tanx) dz c) / (=3 + 4z — 22)3/2

5 dx
d) [2*mad 4 f/i
)/x nzdr e)/x4_1a: ) N

Please see page A2 for answers to these two problems.
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1. a) The parabola y = —2% + 5z — 3 crosses the line y = z at those points x where
—2? 4+ 52 —3 = x, or 2 — 4x + 3 = 0. Thus, factoring, (x — 1)(z —3) =0, or x = 1
3

3
and z = 3. Thus, the area is: / (—2* + 52— 3) — (2))dx = / (—2? + 42 — 3)dx =
1 1

3
3 2
~a*/3+22% — 32)| = 4/3. y
(—a?/ )] =4 | o
b) The volume obtained by rotation of R around the y-axis is:
3 3
27?/ (x(—2* + 52 — 3) — x(z)) dz = 27?/ (=23 + 42 — 32) dx
1 1
3 16 T
= om(—at /4 + 43— 322 2)| = = (1,1)
1 x

Y|

2. The upper function is y = €* and the lower function is y =
e~ *. The curves cross at x = 0. A sketch of the region appears
at the left.

—

€T 1 1
a) The integral for the area is: / (e —e ) dxr =e* + e_”] —e+e -2
0 0

b) The volume obtained by rotation of R around the z-axis is:

7T/01 ((e®)? — (e7*)*) dx = 7r/01 (e** —e ) dx = g(em + 6_2”)]; = g(e2 +e?-2).

1

2. ¢) The volume obtained by rotation of R around the y-axis is: 27 / z(e® —e ¥)dx.
0

Using integration by parts, /xe”’” dr = ze® —e” + C and /me” der=—xe ¥ —e * + C.

Thus, the volume is 27 (xe® — e® + xe™* + e*w)] = 21(2e™ 1) = 4me !,
0
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a) Since (cosz)? = %, we know (cosz)? = 120 233:(005 20 Also (cos2z)? =

(1 + cosdz) so that (cosxz)? = (3 +4cos 2836 +cos 496). Therefore 7Tf/S(cos )t dr =
0

%ﬂof/s(?) + 4 cos 2z + cos4x) dv = (3z + 2sin2x + 8111490)}#/8 ?m—’—i#
b) Use integration by parts: u = arctanz, dv = dz, du = dx/(1 +2?), v = x. Then

1’”+de = sIn(1+2?)+C, so jarctanxd:v = (zarctanz — iIn(1 + ))]1 =22
c¢) Replace (sinz)? by 1— (cosz)? and substitute: uw = cosz, du = —sin(x)dx then
™/2 m/2 0

[ (sinz)?dz = [ (1 — (cosz)?)sinzdr = [ —(1 — u?)du, where u = cos(m/2) = 0 when
0 0 1

x =m/2,and u = cos(0) = 1 when = 0. This is —(u — u3/3)}(1) =1-1/3=2/3.

a) Substitute u = 1 + €*, du = e*dz, and ¢* = v — 1. Then [ \/erd”z i ejfigf =

f% = [ (W? —u?)du = 2y 3/2 _ 2u1/2+C_ 2(1 4 ¢ )3/2 Z9(1 4 e")V/2 4 C.

b) Since (tanz)? = —1+ (secx)?, [(tanz)*dz = [ —1+ (secz)?dr = —x + tan z + C..

c) First complete the square: x? — 4z + 3 =(r—-2)?—-1=u?—-1withu =2 —2. Then
substitute u =  — 2, du = dz so [ W =/ = 2)3/2 In this integral, let u =
sinf, du = cos0df, (1 — u?)Y/2 = cosf. The integral becomes [ <048 — [ (sec§)2df =

(cos 0)3
tan 8 + C = igg z +C = (147J;)1/2 = (4734,Z;t332)1/2 + C.

d) Integration by parts with u = Inz, dv = 23dz, du = %, v = % gives [z®Inzdr =
4
%x‘l Inx — %-d?x = %J,A Inz — %fx?’ dr = %x‘l Inxz — %x‘i +C.

e) Using long division of polynomials 3:5 = x(z* — 1) + 2 so xfil =+ 7. Then

we try partial fractions: — = = =7 + w—+1 + Cﬁi? . Multiplying out and solving for the

7 = %(— + x—+1 - 2+1) Antidifferentiation: f z® dx =

P (2 by~ s220) e = 2 4 Tl 1+ n o+ 1] e + 1)+ C i
2 1
7 tiln

2+1

z -1 ’ + C if you like.

f) Use the substitution z = tan @, dr = sec?0 df, and (1 + 22)*/2 = sec  so [ (1+x2)1/2 =
[ (sec0)®df _ = [secdf = In|secl + tanf| + C = 1Il}$+ z —|—x2} +C.

sech
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d
5. Solve the differential equation d_y = (cosy)® with the initial condition y(0) = Z. In the
x

answer, express y explicitly as a function of x.

6. A radioactive substance has half-life of 2 years. How long is required for 90% to decay,
that is, until only 10% of the original radioactive substance is left?

Please see page A3 for answers to these two problems.
7. Calculate each of the following improper integrals, or show that the integral is divergent:
> arct > d ! d
) / arc an;: iz b) / x ¢) / x ;1:3 !
0 l+uw o (x+1)(x+2) o (1—a2)3/

8. Suppose that a is a constant with a > 1. Determine the limits of each of the following
sequences:

2

n n 2
a) lim n b) lim <1 + %) ¢) lim In(a® +n7) d) lim (\/ n? +an — n)

n—oo g™ n—oo n—oo n n—oo

Please see page A4 for answers to these two problems.
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5. Separate the variables: [ dy/(cosy)? = [dz. Then x = [ (secy)?dy so z = tany + C.
Since y = /4 when  =0,0=1+C, or C = —1. Thus z = tany — 1, or tany = = + 1,
or y = arctan(z + 1).

6. Use R(t) = Roe®t, for constants Ry and k, and with ¢ measured in years. Then R(0) =
Ry and R(2) = Ry/2, since after 2 years half of the original substance is remains. So
Roe?* = Ry/2, or €2k = 1/2. Thus, k = —In2/2 and R(t) = Roe~"2/2)t If R(t) = .1Ry,
then .1Ry = Roe~1"2/2)t or .1 = ¢~(n2/2)t Taking logs (In’s, actually) of both sides,
In.1=—(In2/2)t, or —In10 = —(In2/2)¢t, or t = 2In10/In2.
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7. a) Use the substitution u = arctan x, du = Change the limits of integration using

1+ zZ:
arctan(0 = 0 and, as ¥ — oo, arctanz — 5. The integral foo f”ffrigm dx then becomes
fﬂ-/2ud :|7r/2:%2.
0
b) Use partial fractions: m = m—-lu — m+2 Integrating is then easy: fo M% =

(1n]:v+1|—ln]:v+2])]oo:n’§—i%] =0—1In(1/2) =1n 2. Weusedmiéﬁlasxﬁoo
=1In 2.

and therefore In |25}| — 0. Thus [~ (:ch)l%

c¢) With the substitution u = 1 — 22, du = —2z dz or x dr = —du/2, we get fo % =

0 —du
1 2u3/2

1/2

1
_fo 5373 :u1/2]0 = 00, since as u — 07, 1/u'/? — co. The integral diverges.

8. In the first two replace n by x and use L’Hospital’s Rule.

. . . . 2 . .
a) The limit is 0. Here, lim Z= = lim =2 2z__ — Jim 71 ~—— = 0, since when a > 1,
T—00 r—oo N aa 100 (Ina)?-a

lim £ = 0. We used diam =Ina-a®.
x_)ooa T

b) The limit is e*. To find lim (1 +a/x)*, let y = (1 + a/z)*. Then find L = lim Iny =

r— 00
lim In[(14a/z)*] = lim zln(14a/x) =000, an indeterminate form. We rewrite
r— 00 r—00

the expression so that it has the form 0/0, to which L’Hospital’s Rule applies. Then
L = lim W lim <<1_fé;:;) / (—1/:1:2)) = lim, ﬁ =a. Then lim y =

T— 00 T— 00 xr— 00
lim (@) — L — ea,
xr— 00

c¢) The limit is In a. Here lim In(a"4n) _ 1y 1n(a“(1-;n2/an)) = lim 1n(an)+lnr(Ll+n2/an) -
In(14n?/a") _

. 1 .
lim %M) + lim
n—oo n—oo

0, so In(1 +n?/a™) — In1 = 0.

In a, since by part a) of this problem, as n — oo, n?/a™ —

d) The limit is a/2. We’ve got to “remember” an algebraic trick. lim (vn?+an—n) =

n—o00
\/n2+an+n) (n%24an)—n?
lim (vVn?+an—n Lwrranin) lim /"2 = lim an =
n—>oo( + ) (\/n2+an+n) n—oo Vn2+antn n—oo v/n?(14+a/n)+n

W = lim —%—— =a/2.

1M ——F—
n—oo ny/l+a/n+n n— o0 1+a/n+1



