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Cauchy-Schwarz: |v ·w| ≤ ‖v‖ ‖w‖. Triangle inequality: ‖v + w‖ ≤ ‖v‖+ ‖w‖.
Distance from P0(x0, y0, z0) to P1(x1, y1, z1) is

√
(x0 − x1)2 + (y0 − y1)2 + (z0 − z1)2.

Distance from P1(x1, y1, z1) to the plane ax+ by + cz = d is
|ax1 + by1 + cz1 + d|√

a2 + b2 + c2
.

Sphere: (x− h)2 + (y − k)2 + (z − l)2 = r2

Plane: a(x− x0) + b(y − y0) + c(z − z0) = 0 where n = 〈a, b, c〉
Line: {x = x0 + at, y = y0 + bt, z = z0 + ct} through (x0, y0, z0) in direction 〈a, b, c〉
‖a‖ =

√
(a1)2 + (a2)2 + (a3)2

|a · b| = ‖a‖ ‖b‖ cos θ (If = 0, then a ⊥ b.) ‖a× b‖ = ‖a‖ ‖b‖ sin θ (If a‖b, this = 0.)
a× b = −b× a a · (b× c) = (a× b) · c a× (b× c) = (a · c)b− (a · b)c

compab =
a · b
‖a‖

projab =
a · b
a · a

a

Volume of a parallelepiped with edges a, b, c: ‖a · (b× c)‖
Arc length:

∫ b
a
‖r′(t)‖ dt T(t) = r′(t)

‖r′(t)‖ N(t) = T′(t)
‖T′(t)‖ B(t) = T(t)×N(t)

κ =
∥∥∥∥dTds

∥∥∥∥ =
‖T′(t)‖
‖r′(t)‖

=
‖r′(t)× r′′(t)‖
‖r′(t)‖3

2 dim=
|y′′(t)x′ (t)− x′′(t)y′(t)|

(x′(t)2 + y′(t)2)3/2

y=f(x)
=

|f”(x)|
(1 + (f ′(x))2)3/2

τ =
(r′(t)× r′′(t)) · r′′′(t)
‖r′(t)× r′′(t)‖2

. Frenet-Serret:
dT
ds

= κN,
dN
ds

= −κT + τB,
dB
ds

= −τN.

Tangent plane to z = f(x, y) at P (x0, y0, z0): z−z0 = fx(x0, y0)(x−x0)+fy(x0, y0)(y−y0)
Linear approximation to f(x, y) at (a, b): f(x, y) ≈ f(a, b)+fx(a, b)(x−a)+fy(a, b)(y−b)
Tangent plane to F (x, y, z) = 0:

Fx(x0, y0, z0)(x− x0) + Fy(x0, y0, z0)(y − y0) + Fz(x0, y0, z0)(z − z0) = 0

If y implicitly defined by y = f(x) in F (x, y) = 0 then
dy

dx
= −Fx

Fy
.

If z implicitly defined by z = f(x, y) in F (x, y, z) = 0 then zx = −Fx
Fz

and zy = −Fy
Fz

.

∇f = 〈fx, fy, fz〉 =
∂f

∂x
i +

∂f

∂y
j +

∂f

∂z
k Duf(x, y, z) = ∇f(x, y, z) · u

Some chain rules:
If z = f(x, y) and x = x(t) and y = y(t), then

dz

dt
=
∂f

∂x

dx

dt
+
∂f

∂z

dy

dt
.

If z = f(x, y) and x = g(s, t) and y = h(s, t), then
∂z

∂s
=
∂f

∂x

∂g

∂s
+
∂f

∂y

∂h

∂s
.

Suppose fx(a, b) = 0 and fy(a, b) = 0. Let H = H(a, b) = fxx(a, b)fyy(a, b)− [fxy(a, b)]2.
a) If H > 0 and fxx(a, b) > 0, then f(a, b) is a local minimum.
b) If H > 0 and fxx(a, b) < 0, then f(a, b) is a local maximum.
c) If H < 0, then f(a, b) is not a local maximum or minimum (f has a saddle point).

A real-valued function F (x) is continuous at x0 if, given any ε > 0, there is a δ > 0 so
that whenever ‖x− x0‖ < δ, then |F (x)− F (x0)| < ε.


