
Formula sheet for the �rst exam in Math 291, spring 2003
first version 3/2/2003: corrected from fall 2003

Cauchy-Schwarz: jv �wj � kvk kwk. Triangle inequality: kv +wk � kvk+ kwk.
Distance from P0(x0; y0; z0) to P1(x1; y1; z1) is

p
(x0 � x1)2 + (y0 � y1)2 + (z0 � z1)2.

Distance from P1(x1; y1; z1) to the plane ax+ by + cz = d is
jax1 + by1 + cz1 + djp

a2 + b2 + c2
.

Sphere: (x� h)2 + (y � k)2 + (z � l)2 = r2

Plane: a(x� x0) + b(y � y0) + c(z � z0) = 0 where n = ha; b; ci
kak =p

(a1)2 + (a2)2 + (a3)2

ja � bj = kak kbk cos � (If = 0, then a ? b.) ka� bk = kak kbk sin � (If akb, this = 0.)

a� b = �b� a a � (b� c) = (a� b) � c a� (b� c) = (a � c)b� (a � b)c
compab =

a � b
kak projab =

a � b
a � aa

Volume of a parallelepiped with edges a, b, c: ka � (b� c)k
Arc length:

R b

a
kr0(t)k dt T(t) = r

0(t)
kr0(t)k N(t) = T

0(t)
kT0(t)k B(t) = T(t)�N(t)

� =


dT

ds

 =
kT0(t)k
kr0(t)k =

kr0(t)� r00(t)k
kr0(t)k3

2 dim
=

jy00(t)x0 (t)� x00(t)y0(t)j
(x0(t)2 + y0(t)2)3=2

y=f(x)
=

jf"(x)j
(1 + (f 0(x))2)3=2

� =
(r0(t)� r00(t)) � r000(t)
kr0(t)� r00(t)k2 . Frenet-Serret:

dT

ds
= �N,

dN

ds
= ��T+ �B,

dB

ds
= ��N.

Tangent plane to z = f(x; y) at P (x0; y0; z0): z�z0 = fx(x0; y0)(x�x0)+fy(x0; y0)(y�y0)
Linear approximation to f(x; y) at (a; b): f(x; y) � f(a; b)+fx(a; b)(x�a)+fy(a; b)(y�b)
Tangent plane to F (x; y; z) = 0:

Fx(x0; y0; z0)(x� x0) + Fy(x0; y0; z0)(y � y0) + Fz(x0; y0; z0)(z � z0) = 0

If y implicitly de�ned by y = f(x) in F (x; y) = 0 then
dy

dx
= �Fx

Fy
.

If z implicitly de�ned by z = f(x; y) in F (x; y; z) = 0 then zx = �Fx

Fz
and zy = �Fy

Fz
.

rf = hfx; fy; fzi = @f

@x
i+

@f

@y
j+

@f

@z
k Duf(x; y; z) = rf(x; y; z) � u

Some chain rules:

If z = f(x; y) and x = x(t) and y = y(t), then
dz

dt
=

@f

@x

dx

dt
+

@f

@z

dy

dt
.

If z = f(x; y) and x = g(s; t) and y = h(s; t), then
@z

@s
=

@f

@x

@g

@s
+

@f

@y

@h

@s
.

Suppose fx(a; b) = 0 and fy(a; b) = 0. Let H = H(a; b) = fxx(a; b)fyy(a; b)� [fxy(a; b)]
2.

a) If H > 0 and fxx(a; b) > 0, then f(a; b) is a local minimum.
b) If H > 0 and fxx(a; b) < 0, then f(a; b) is a local maximum.
c) If H < 0, then f(a; b) is not a local maximum or minimum (f has a saddle point).

A real-valued function F (x) is continuous at x0 if, given any " > 0, there is a Æ > 0 so
that whenever kx� x0k < Æ, then jF (x)� F (x0)j < ".


