
Math 403, section 1 A Fourier series example March 1, 2002

Just as power series are in�nite linear combinations of monomials, fxng1n=0, Fourier
series (the speci�c series given here is called a Fourier sine series) are in�nite linear com-
binations of the functions fsinnxg1

n=0. Power series have very nice behavior inside their
radius of convergence: \The sum is continuous inside the radius of convergence" and \The
series can be di�erentiated `term-by-term' inside the radius of convergence". Fourier series
generally aren't as nice as power series, and this example is presented to explain why these
properties of power series should not be accepted as clear.

The example is the series 1
2 +

2
�

1P
n=1

sin((2n�1)x)
2n�1 . If SN (x) = 1

2 +
2
�

NP
n=1

sin((2n�1)x)
2n�1 (the

N th partial sum), it can be proved that SN (x) ! H(x) for all x as N ! 1, where H

is the function de�ned piecewise by H(x) =

(
0; if �� < x < 0
1
2 ; if x = 0
1; if 0 < x < �

. The behavior of this

example also certainly isn't clear, but it appears in any course or text discussing Fourier
series. The Maple graphs of some partial sums are shown here.
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