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The following solutions are meant to help you understand the material and

so possibly show slightly more detail than would be required on the exam.
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1) Suppose f(z) = 555

a) Compute f'(z).
Using the quotient rule,

(1 + 2?)(42® — 62) — (z* — 322)(27)

fl(z) = (1+ 22)2

_ 4a® — 6x + 4a® — 62° — 22° + 627
N (1 + 22)2

22 442 — 62
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b) Find an equation for the line tangent to y = M when z = 2.
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First, note that the slope of the tangent line at z = 2 is the derivative f'(2).

By (a), f'(2) = ©432=12 = 8 Then, the equation for the tangent line is



y = %:r + b for some constant b. We also know that the tangent line must go

through the point (2, £(2)) = (2,4). So, £ = %(2) + b, and so b = =%, In
conclusion the equation of the tangent line to f (a:) at x =2 is
84 148 1
4x — 148).
Y= 550" 35 g5 Sl 148)
zt—32>

c¢) To the right is a graph of y = 72> Sketch the line whose equation you
have found in (a) on this graph.
d) For which values of z is the line tangent to y = z:;i’f horizontal?
A horizontal tangent line occurs when the slope of the tangent line is zero,
which is when the derivative is zero. Therefore, we want to find the x values such
that f'(z) = 0. That is, %. This occurs when 0 = 22° + 42° — 62 =
2z(z* + 222 — 3) = 2z(2? + 3)(2? — 1). Note that 2% + 3 # 0 for all real z, so
fl(x) =0if 2z = 0or 22 —1 = 0. So, the solutions are x = 0, z = 1, and
x = —1. These solutions agree with the picture.

2) Suppose f(z) = 22 + 2+ 3sinx, and that g is a differentiable function about

which the following is known: ¢g(0) = 5 and ¢'(0) = —2. Compute the following

quantities (an answer alone will not receive full credit): (f + ¢)'(0); (f - ¢)'(0);

!

(5) ©.

By the addition rule, (f+g)'(z) = f'(z)+¢'(x), so (f+g)'(0) = f'(0)+¢'(0).

need to calculate f'(z), so f'(x) =2z + 3cosz and f'(0) =3 and (f + ¢)'(0) =

3+ -2=1.

By the product rule, (f-g)'(z) = f(z)g'(z)+ f'(z)g(x). so (f-9)'(0) = f(0)g'(0)+

f'(0)g(0). We also know f(O) =2,50(f-9)'(0) =2(-2)+3(5) = —4+15 = 11.
! ! _ !

By the quotient rule ( ) () = L@ (x)( )2(’”)9 @) 50 (5) (0) = L O-F(0)9'(0) ((;)(O)f(o)g © _
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3) Write the definition of derivative as a limit and use this definition to find the

derivative of f(z) = ﬁ

The definition of the derivative is that if limp_q
L, then f'(z) = L.

First note that f(z) is only defined on [0, 00). Therefore, f(z) is not differ-
entiable for z < 0. So, consider z > 0. Then

r (I+hfz—f 2) exists and equals
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4) Suppose f(z) = % — 22 + e~ 7. Explain why f(z) = 0 must have a so-
lution in the interval [1,2]. Your answer should use complete English sentences
and quote a specific result from this course, explaining the relevance of this
result.

First, note that f(1) = 3 —1+e 7 = 2+ e 7 > 0 since e > 0. Also,
f@Q =3-d4+eM ==t =841=22<0, because e ! < 1.
Therefore, f(2) < 0 < f(1). In addition, f(z) is continuous on the interval
[1,2]. Thus, by the Intermediate Value Theorem, there exists a number ¢ in
(1,2) such that f(c) = 0. Then, f(x) = 0 has a solution in the interval [1, 2].

5) Suppose that f(z) = J”f%lll
a) Find lim,_,;+ f(z) and lim,_,;- f(x).
When calculating the right-hand limit, we have x > 1, so 22 > 1, and 22 —1 > 0,

so|z? — 1| =22 — 1.

21 21 Dz -1
lim f(z) = lim 2 ‘: lim 2 = lim M: lim z4+1=2
z—1+ z—=1t x—1 z—1t x —1 z—1+ rz—1 z—1+

When calculating the left-hand limit, z < 1. We can also assume that z > 0
since we are approaching 1. Then 0 < 7 < 1, s0 22 < 1 and 22 — 1 < 0, so
|22 — 1| = —(2? — 1).

Tt —(2? -1 —(r+ D@1
lim f(z) = fim P gy 2D g, et -1
z—1— z—1- T — rz—1- r—1 rz—1- x—1

= lim —(z+1) = -2

z—1-

b) Does lim,_; f(z) exist? We have lim,_,1+ f(z) = 2 # —2 = lim,_,;- f(x).
Therefore, the right-hand limit does not equal the left-hand limit, so lim, 1 f(x)
does not exist.

c) Sketch a graph of y = f(z) for z between —3 and 3. For z > 1, f(z) =z + 1.
For -1 <z <1,22<1s02?—-1<0and f(z) = —(x +1). For z < —1,
22> 1,80 2> —1 >0, so f(z) = x + 1. The function is not defined at z = 1.
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6)a) If f(z) = z63‘3_7 what is f'(z)? Please do not “simplify” your answer.

By the quotient rule,

, 377 6e%) — (6e® 32
() = (x )((;3)_7)(26 )(327)

b) If f(z) = (27 + cosx)(4z* + 323), what is f'(z)? Please do not “simplify”
your answer.
By the product rule,

f'(z) = (2" + cosz)(162° + 92?) + (72° — sinz)(4z* + 32°)



7) A ladder which is 8 feet long has one end on flat ground and the other
end on the vertical wall of a building. H is the height from the ground to the
point at which the ladder touches the building, and D is the distance between
the bottom of the ladder and the bottom of the wall. 6 is the acute angle
between the ladder and the ground.
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a) Write H as a function of D. That is, give a formula for H involving D and
no other variable. What is the domain of this function when used to describe
this problem? (The answer should be related to the problem’s geometry.)

By the Pythagorean theorem, D? + H? = 82 = 64, so H?> = 64 — D? and
H = +/64 — D2, since H > 0, H = /64 — D2. The domain for the height
function is [0, 8], where 0 corresponds to the ladder being straight up against
the wall and 8 corresponds to the ladder lying on the ground.

b) Write H as a function of §. That is, give a formula for H involving 6 and
no other variable. What is the domain of this function when used to describe
this problem? (The answer should be related to the problem’s geometry.)

By trigonometry, sinf = %, so H = 8sinf. The domain for the height
function is [0, §], where § = O corresponds to the ladder lying on the ground

and § = 3 corresponds to the ladder being flat against the wall.




8) Find, as precisely as possible (you may need to use values of In), equations
for all horizontal and vertical asymptotes of f(z) = %.
To find any possible horizontal asymptotes, we want to look at the limit of

f(x) as z goes to infinity and the limit as z goes to —oc.

T 4e— " 2x —x 4 —3x —x 4 —3z
lim f(z) = lim %L:lime (be”" + de )zlimu

z—00 az—o0 3€2T — 2e7T  w—oc  e2%(3 — 2e73%) z—o0 3 — 2e3¢

Then, lim, o0 5e™% = lim, o0 4€73% = lim,_yoo —2e73% = 0,

80 limy 500 567% 4+ 4e73% = 0 and lim, ;o 3 — 2e73% = 3, so lim, ;o f(2) =0
and y = 0 is a horizontal asymptote.

) . be® +4de " e %(5e* + 4) . be*® 44
m flo) = lm e e — N e ) L 3

Then, lim, , o 5€*® = 0 = lim,_,_ o 3€3%, 5o lim,_, o 5e** +4 = 4 and
lim, s oo 3e3® —2= -2, s0
lim, o f(z) = 2 = —2, so y = —2 is a horizontal asymptote.

A line z = a is a vertical asymptote if any of the limits as = approaches
a is £oo. This occurs if the denominator approaches zero and the numerator
does not. We now want to find when 3e?® — 2e~* approaches zero. This oc-
curs when 3e?® — 2e™% = 0, so 3e*® = 2¢7%, and 3% = %, SO T = %ln (%)
S5e® +4e~® > 0 for all x and is continuous, so lim, 1, (2/3)/3 5€* +4e™* > 0.
Thus, z =1n(2/3)/3 is a vertical asymptote of f(z).

9) Below is a graph of the function y = f(z).

a) Use the axes below (make a bigger vertical axis, please!) to sketch a graph
of y = f'(z) as well as you can.

b) For what z's in the list {4, B,0,C, D, E} is f(x) continuous.

For the points A,0,C and D, the limits of the function equal the function
value, so f is continuous at these points. At the point B, the function is not
defined, so f is not continuous at B. At the point x = FE, the right-hand and
left-hand limits are not equal so the function is not continuous at E.

c) For which ’s in the list {4, B,0,C, D, E} is f(x) differentiable?

f(x) is differentiable at A,0 and D because the curve seems to be smooth
and has a nice tangent line (it is locally linear under sufficient magnification) at
these points. f(z) is not differentiable at B or E because f is not continuous at
B and E. f(z) is not differentiable at C' because there is a sharp corner at C.
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