Answers, Practice Second Hour Examination Mathematics 151 Fall 2007

1(a) In this problem, f(z) = z'/3 and f'(z) = (1/3)z=2/3. Thus, f(8) = 2 and f/(8) = 1/12. Then,
L(z)=f(8) + f'(8)(x —8) =2+ (z — 8)/12.

1b) Iz =7, T3 = f(7) m L(7) =2 —1/12 = 23/12. If x = 9, 9%/3 ~ L(9) = 2 + 1/12 = 25/12.

2. With f(z) = 2 sin(z) + cos(2z), then f/'(z) = 2 cos(z) — 2 sin(2z). Using sin(2z) = 2 sin z cos z,
f'(z) =2 cos x — 4 sin z cos z, or f'(z) =2 cos z(1 — 2 sin ).

2(a) If f'(z) = 0, then either cos z =0 or 1 — 2 sin z = 0. If cos z = 0, since 0 < z < 2, either z = 7/2
orz =3w/2. If 1 —2sinz = 0, then sin z = 1/2. Since 0 < z < 27, z = 7/6 or © = 57/6. Thus, the
critical points are x = /6, 7/2, 57/6, 37 /2.

2(b) The maximum and minimum of f on the interval z |
[0, 27] occur at either the endpoints z = 0 and z = 27 or f(z) |
at one of the critical points of (a). The above table gives the value of f
that the maximum value is 3/2 and the minimum value is —3.

0|n/6|x/2|57/6|3n/2]|2r
103/2] 1 [3/2] -3 |1
at each of these points. It follows

3(a) Since the limit is of type 0/0, L’Hospital’s Rule is applicable.
o —kr+ k-1 . kxkl—k . k(k=-1z*2  k(k-1)
=lim ———— = lim = .
(.’L’ — 1)2 r—1 2((L‘ — 1) z—1 2 2
3(b) Here the limit is of type 1°°. Thus, after first taking In( ), L’'Hospital’s Rule is used.

Then, lim
z—1

In(1 In(1
Let y=(1 -I—ka;)l/x. Then, Iny =1In(1+ k:v)l/x = m Thus, lim Iny= lim M =
T z—0t+ z—0+t T
1
lir(r)l+ M — k. Then, as z — 0%, In y — k. It follows that: y = e® ¥ — eF.
r—>

3(c) Here, lim (In(2e” + z¥) — z) = lim (In(e®(2 + z¥/e®) — ) = lim (In(e”) + In(2 + z*/e®) — z) =
T—>00 T—>00 T—>00
lim (z +In(2 4+ 2%/e®) — z) = lim In(2 + 2¥/e®) = In 2, since as z — oo, 2 /e* — 0.
T—>00 T—»00
4(a) 3z2sin(2%) + 2(In 2)z32%sin(2%)cos(2%) 4(b) €% /(1 + €2%)
2zsin z ;

4(c) ((cos z)(In(1 + 2?)) + T2 ) (14 g2)sin @
5(a) Here, f(z) = z%e™%, f'(z) = 2z — z%)e™%, and f"(z) = (22 — 4z + 2)e™ 7.
It follows that the critical points are z = 0 and z = 2. Since e™* > 0,
the sign of f'(z) is that of z(2 — z). Thus, if z < 0, f'(z) < 0. If
0<z<2 fl(x) >0, and if z > 2, f'(x) < 0. Thus f is decreasing
on (—00,0), increasing on (0, 2), decreasing on (2, 00). It follows that
a local minimum occurs at x = 0 and a local maximum at z = 2.

Since lim, o 2272 = 0, as  — oo, y = 0 is a horizontal asymp- T1
tote. Solving x2 —4x + 2 = 0, it follows that the inflection points are:
x = 2 + /2. The graph appears to the right.

1 Tz

5(b) In this problem, f(z) = (22 — 1)3, f'(z) = 6x(z? — 1)2, and f"(z) = 6(z® — 1)(522 — 1).
Yy

Thus, the critical points are z = 0 and z = £1. Since (22 —1)? > 0,
the sign of f’(z) is that of z. Thus, if z < 0, f'(z) <0 and if z > 0,
f'(x) > 0. Thus f is decreasing on (—o00,0), increasing on (0, c0).

For this reason, the critical points £ = 41 are neither local max-
ima nor local minima. Since the sign of f’ changes from negative to
positive at z = 0, a local minimum occurs at £ = 0. The inflection
points are: x = 1, z = +1/+/5. The graph is at the right.

6(a) By the Mean Value Theorem, f(z) — f(0) = f’(c)(z — 0) with 0 < ¢ < z. Since f(0) = 10 and
f'(e) £ =2, f(z) <10 — 2z. Thus, f(5) < 0. By the Intermediate Value Therorem, f has a root in [0, 5].
(b) The smallest a is 5. By (a) f has a root in [0,5]. If f(z) = 10 — 2z, then f(0) = 10 and f'(z) = —2.
Also the root of f is exactly z = 5. It follows that a cannot be smaller than 5.

(c) No, Since if f had two positive roots a,b with a < b, by Rolle’s Theorem, f'(c) = 0 for some ¢ with
a < ¢ < b, contrary to f'(z) < —2, for z > 0.



f(x) B +z-1

7(a) In this problem, f(z) = 23+ —1 and f'(z) = 3z + 1. Tt follows that z — (@) ke pr
223 4+ 1 2z,3 +1
%. Thus, the recursion is given by z, 1 = 32:2%
2+1 3 2(3/4)3+1 233443 59
7(b) If zop =1, th =_——=-.Th = = = —.
d d
8(a) Using implicit differentiation, 2d—y + cos(z + y) (1 + d—y) =2.
x z
dy dy 2 —cos(z+vy)
Thus, (2 & _9_ & _ 2Ty
us, (2 + cos(z +v)) Ia cos(z +y), or iz~ 2% coslz +y)

8(b) If z = 7/2, y = /2, then cos(z +y) = cos(m) = —1, and dy/dz = 3/1 = 3. Thus, the equation of the
tangent line is y — 7/2 = 3(z — 7/2), or y = 3z — .

8(c) Since —1 < cos(z+y) < 1,1 < 24cos(z+y) < 3. Also, as —1 < —cos(z+y) < 1,1 < 2—cos(z+y) < 3.
Since dy/dz is the quotient of two positive numbers, it follows that dy/dz > 0, and thus f is increasing.

9. Let x be the distance of the man from the lamppost and s the length

of his shadow. (See the picture to the right.) In the picture the larger

. S . . T+s s
triangle is similar to the smaller triangle, and so it follows that ts_

5 6 15
or 6(z + s) = 15s, or 6z = 9s, or 2z = 3s.
9(a) 8 ft. If the man is 12 ft. from the lamppost, x = 12, and so s = 8 ft.
9(b) 2 ft./sec. Differentiating 2z = 3s, 2dz/dt = 3ds/dt. Thus, ifdz/dt = 3,
ds/dt = 2 ft./sec. x s

10. Suppose that (z,y) is the upper right hand corner of the 10.
rectangle that has been inscribed in the ellipse. Then, £ > 0,y >

0. (See the picture at the right.) Since the width of the rectangle Y
is 2z and the height is 2y, the area of the rectangle is 4zy. Also, (,9)
(z,y) lies on the ellipse z2/a? + y?/b> = 1. Solving for y in
terms of z and using y > 0, y = (b/a)va? — z2. It follows that
A(z) = (4b/a)zv/a? — z2. Differentiating A(z), A'(z) = z
(4b/a)va? — x2 + (4b/a)x(—1/2)(—2z/va? — 2?) =

(4b/a)(a® — 22%)/Va® — z2. Thus, if A'(z) = 0, 222 = a?, or as
z >0, x = a/+/2. Substituting in the formula for y, y = b/v/2.
Since the height and width double z and ¥, the dimensions of the
largest rectangle are V2a x +/2b.

11. Since y = f’(x) crosses the z-axis at ¢ =
A17A2aA3aA47 f’(ﬁﬂ) =0ifz = AlaA27A3aA4'
Thus, the critical points of y = f(z) are at

T = A17 AZ, A3a A4-

Similarly, since the derivative of f’ is 0 at z =
B, By, B3, By, the inflection points of y = f(x)
are at r = By, By, B3, By.

The graph of y = f(x) appears at the right.

The graph should show: horizontal tangents at

T = AlaA27A37A4a and f(Al) =0.

In addition, the graph should show f decreasing on
(—00, A1), increasing on (A;, As) and (As, A3), f = } | | b
decreasing on (As, A4), and increasing on (A4, 00). A1 By As, B, By A; B4A,

x

12. Integrating once, v(t) = ds/dt = 15t* — 6t2> + C. Since v(0) = —3, C = —3, and v(t) = 15t* — 6¢2 — 3.
Integrating, s(t) = 3t5 — 2t3 — 3t + D. Since s(0) = 4, D = 4. Thus, s(t) = 3t5 — 2t3 — 3t + 4.



