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THE EQUIVALENCE PROBLEM AND RIGIDITY FOR HYPERSURFACES
EMBEDDED INTO HYPERQUADRICS

By PETER EBENFELT, X1A0JUN HUANG, and DMITRI ZAITSEV

Abstract. We consider the class of Levi nondegenerate hypersurfaces M in C™™*! that admit a local
(CR transversal) embedding, near a point p € M, into a standard nondegenerate hyperquadric in
CN+! with codimension k := N — n small compared to the CR dimension n of M. We show that, for
hypersurfaces in this class, there is a normal form (which is closely related to the embedding) such
that any local equivalence between two hypersurfaces in normal form must be an automorphism
of the associated tangent hyperquadric. We also show that if the signature of M and that of the
standard hyperquadric in CN*! gre the same, then the embedding is rigid in the sense that any other
embedding must be the original embedding composed with an automorphism of the quadric.

1. Introduction, main theorems and immediate applications. Our main
objective in this paper is to study the class of real hypersurfaces M C C'*!
which admit holomorphic (or formal) embeddings into the unit sphere (or, more
generally, Levi-nondegenerate hyperquadrics) in C¥*! where the codimension
k := N — n is small compared to n. Such hypersurfaces play an important role
e.g., in deformation theory of singularities where they arise as links of singularities
(see e.g. [BM97]). Another source is complex representations of compact groups,
where the orbits are always embeddable into spheres due to the existence of
invariant scalar products.

One of our main results is a complete normal form for hypersurfaces in this
class with a rather explicit solution to the equivalence problem in the following
form (Theorem 1.3): Two hypersurfaces in normal form are locally biholomorphi-
cally equivalent if and only if they coincide up to an automorphism of the associ-
ated hyperquadric. Our normal form here is different from the classical one by
Chern-Moser [CM74] (which, on the other hand, is valid for the whole class of
Levi nondegenerate hypersurfaces), where, in order to verify equivalence of two
hypersurfaces, one needs to apply a general automorphism of the associated hy-
perquadric to one of the hypersurfaces, possibly losing its normal form, and then
perform an algebraically complicated procedure of putting the transformed hyper-
surface back in normal form. Another advantage of our normal form, comparing
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with the classical one, is that it can be directly produced from an embedding into
a hyperquadric and hence does not need any normalization procedure.

Our second main result is a rigidity property for embeddings into hyper-
quadrics (Theorem 1.6), where we show, under a restriction on the codimension,
that any two embeddings into a hyperquadric of a given hypersurface coincide
up to an automorphism of the hyperquadric.

Before stating our main results more precisely, we introduce some notation.
Let H%"” denote the standard Levi-nondegenerate hyperquadric with signature
20 < ¢ <n):

l n
(1.1) Hz™! = {(z,w) eC'"xC:Imw= —Z 7> + Z |zj]2} .

j=1 Jj=t+1

Since the hyperquadric H%’”l is clearly (linearly) equivalent to H%,”jé, we may
restrict our attention to £ < 5. When /£ = 0, H%”“ is the Heisenberg hypersurface,
also denoted by H>**!, which is locally biholomorphically equivalent to the unit
sphere in C"™!. For brevity, we shall use the notation (-,-), for the standard
complex-bilinear scalar product form of signature ¢ in C":

l n
(12) (a, b)g = - Za]‘bj + Z ajbj, a,b e C".
j=1 Jj=l+1

The dimension n will be clear from the context and we shall not further burden the
notation by indicating also the dependence of (-,-); on n. Recall that a smooth
(C*) real hypersurface M in C"*! is Levi-nondegenerate of signature ¢ (with
¢ < n/2)atp € M if it can be locally approximated, at p, by a biholomorphic
image of ]H[%"” to third order, i.e. if there are local coordinates (z, w) € C" x C
vanishing at p such that M is defined, near p = (0, 0), by

(1.3) Imw = (z,2); + A(z, Z, Re w),

where A(z,Z,u) is a smooth function which vanishes to third order at 0. (In
fact, one can assume, after possibly another local change of coordinates, that the
function A vanishes at least to fourth order at O, cf. [CM74].) In this paper, we
shall consider formal hypersurfaces defined by formal power series equations of
the form (1.3) and—more generally—of the (not necessary graph) form

(1.4) Imw = (z,2)¢ + A(z, Z, w, W),
where A(z, Z, w, W) is a real-valued formal power series vanishing at least to fourth

order. Our motivation for considering equations of this form lies in the fact that
they arise naturally in the study of Levi-nondegenerate hypersurfaces M C C"*!
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admitting embeddings into hyperquadrics; see Proposition 1.2 and Section 5 for
a detailed discussion. In this paper, we shall only concern ourselves with the
formal study of real hypersurfaces and, hence, we shall identify smooth functions
A(z,w, Z, w) with their formal Taylor series in (z,w,Z, w) at 0.

Given a formal power series A(Z,Z), Z = (z,w) € C" x C, we can associate
to it two linear subspaces V4 C C[[Z], Uy C C[Z], where C[[X] denotes the
ring of formal power series in X with complex coefficients, as follows:

0“A 0%A  _
V4 = spang {@(Z, 0)} ,  Uj = spang {@(O,Z)} ,

t3]

where “spang” stands for the linear span over C and o runs over the set N+l
of all multi-indices of nonnegative integers. We shall only consider formal series
A(Z,Z) which are real-valued (i.e. which formally satisfy A(Z,Z) = A(Z,Z)). For
such power series one has V4 = Uy. We define the rank of A, denoted R(A), to be
the dimension of Vy4, possibly infinite. We shall see (Proposition 1.2) that hyper-
surfaces admitting (CR transversal, see below) embeddings into hyperquadrics can
be represented by equations (1.4) with A being of finite rank. If R(A) =: r < oo,
then a linear algebra argument shows (cf. [W78, D82, W99]) that there are a
nonnegative number S(A) =: s < R(A), called here the signature of A, and formal
power series ¢; € C[[Z]], j=1,...,r, linearly independent (over C), such that

(1.5) AZ.Z)= =Y 1@+ D 16D
Jj=1

J=s+1

(where as usual, in the special cases s =0 and s = r, the corresponding void sums
in (1.5) are understood to be zero). See also [D01] for conditions on A yielding
s = 0. Moreover, it holds that the span of the ¢; is equal to V, (indeed, in the
linear algebra argument alluded to above, the ¢; are chosen as a ”diagonal” basis
for V4) and the collection of vectors (%(O)) , Where ¢ = (¢1,...,¢,) and «
is as above, spans C". We should point out hel%, however, that for an arbitrary
collection (qu);:1 in C[[Z], a number s < r and the corresponding series A(Z,Z)
defined by (1.5), it only holds, in general, that V4 is contained in the span of the
¢;. In the case where Vj is strictly contained in the latter span, however, there
is another representation of A in the form (1.5) with another collection of ' < r
formal power series.

Definition 1.1. For each nonnegative integer k, define the class H; to consist
of those real-valued formal power series A(z, Z, w, w) in (z,w) € C" x C satisfying
either of the following equivalent conditions:

(i) R(A) < k and no formal power series in V4 has a constant or linear term;

(1) A(z,Z,w,w) = Z'-‘zl ¢j(z, w)j(z, w) for some formal power series ¢;,1); €
Cllz, w] having no constant or linear terms.
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Before stating our main results, we give an auxiliary result relating H; to
the class of hypersurfaces admitting formal (CR) embeddings into the hyper-
quadric HZM*!. Observe first that, for #/ > n+1 (and ¢’ < N/2, according to our

convention), C™*! can be linearly embedded into H%,N *! via the map

7 +— (Z,O,Z’O) c (Cn+1 % (cf/_n—l % Cl’l+1 % (CN_”—ZI.

Hence also any hypersurface M C C™*! can be “trivially” embedded into H%fv o,
In order to avoid this kind of embedding, we restrict our attention here to formal
CR embeddings H: (M,0) — (M’,0) (where M’ C CN*! is another hypersurface)
such that

dH(ToM) ¢ TsM' .= ToM' N iToM' .

We shall call such embeddings CR transversal. In particular, in the case M’ =
]HI@N *1' considered in present paper, CR transversality is equivalent to OHy4(0) /
= 0. It is easy to see that any CR embedding of a hypersurface M C C™*! into
HN*! is automatically CR transversal. More generally, a CR embedding of (M, 0)
into (M’,0), where M’ is Levi-nondegenerate with signature ¢/ < n at 0, is CR
transversal. Indeed, if it were not, then, as is well known, the Levi form of M’
at 0 must vanish on the complex tangent space of M at 0 and this cannot happen
unless ¢ > n. We have:

PROPOSITION 1.2. Let M be a formal Levi-nondegenerate hypersurface in C"*!
of signature £ < n/2 at a point p. Then, M admits a formal CR transversal embed-
ding into HV*!, ¢/ < N/2, if and only if ¢ > { and there are formal coordinates
(z,w) € C" x C, vanishing at p, such that M is defined by an equation of the form
(1.4) with A € Hy_p.

More precisely, if A € Hy for some k, then the hypersurface M, given by
(1.4), admits a formal CR transversal embedding into H%fv 1 with N = n+ k and
¢ = min ({ +S(A), N — £ — S(A)). Conversely, if M admits a formal CR transversal
embedding into H%,N *1 then there are formal coordinates (z,w) as above and a
formal power series A(z,Z, w, w) such that M is defined by (1.4) with R(A) < N — n
and S(A) < max (¢’ — {,N' — I' — I). Moreover, if in addition {' < n — ¥, then
S(A) < V' — { holds.

We shall use the notation Aut(H3V*!,0) for the stability group of HZV*! at 0,
i.e. for the group of all local biholomorphisms (C¥*!,0) — (CN*!,0) preserving
]HI%N”. Recall that every T € Aut(H%N *1.0) is a linear fractional transformation
of CN*! (see e.g. (1.6) below or [BEROO] for an explicit formula). Our first main
result states that a defining equation of the form (1.4) with A € Hy, k < n/2,
is unique modulo automorphisms of the associated quadric. More precisely, we
have the following:
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THEOREM 1.3. Let M}, j = 1,2, be formal Levi-nondegenerate hypersurfaces of
signature £ in C"*! given by

Imw = (z,2)¢ + Aj(z, 2, w, W)

respectively, where (z,w) € C" x C. Assume that A; € ij with ki + ky < n.
Then, (M1,0) and (M3,0) are formally equivalent if and only if there exists T €
Aut(H%””, 0) sending M to M,. More precisely, any formal equivalence sending
(M1,0) to (M>,0) is the Taylor series of an automorphism

Az +aw)U, o \*w)
1 —2i{z,a); — (r +i{a,a)yw

(1.6) T(z,w) := € Aut(H2"*!,0)

for some X > 0,r € R, a € C", 0 = 1 and an invertible n x n matrix U with
(zU,zU0)¢ = 0(2,2)¢ such that

(1.7) AL = oA q* Ay o (T, T),
where q = q(z,w) is the denominator in (1.6).

Remark 1.4. It follows immediately from (1.7) that R(4;) = R(A), and either
S(A1) = S(Ay) or S(A1) = R(A2) — S(A3). Thus, the rank R(A) and the two-point-
set {S(A),R(A) — S(A)} are invariants of M (and not only of the equation (1.4))
provided A € H; for some k < n/2.

By combining Theorem 1.3 with Proposition 1.2, one can produce exam-
ples of formal real hypersurfaces M which do not admit formal CR transversal
embeddings into H%/N 1. Let us give an explicit example.

Example 1.5. Let M C C™! be defined by
Imw = (z,2)¢ + Az, Z, w, W),

where ¢ < n/2 and

Az, Z,w, w) = Re W*h(2)),

for some s > 2 and h(z) a (nontrivial) homogeneous polynomial of degree > 2. It
is not difficult to see that R(A) = 2 and, since A takes both positive and negative
values, S(A) = 1. Hence, in view of Proposition 1.2 and Theorem 1.3, (M,0)
cannot be formally embedded into HZ¥*! for any N with N < 2n — 2. On the
other hand, M can be embedded into Hﬁi’fz)ﬂ, again by Proposition 1.2.

Our second main result of this paper is a rigidity result for formal embeddings
into hyperquadrics of the same signature. Since the signature ¢ of M is < n/2
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(and then, in particular, < n) it follows that every formal embedding in this case
is automatically CR transversal.

THEOREM 1.6. Let M be a formal Levi-nondegenerate hypersurface in C™*' of
signature ¢ < n/2 at a point p. If { = n/2, then we shall also assume that (M, p)
is not formally equivalent to (Hfl’}‘z'l,O). Suppose that, for some integers ki < ky,

there are two formal embeddings

Hi:(M,p) — (H;"0,0), Hy: (M, p) — (H;"*0).

If k1 + ky < n, then there exists an automorphism T € Aut(Hf("J'kZ)H, 0) such that
H,=ToLoH,

where L: C"™*1 x C — C"* x C denotes the linear embedding (z,w) — (z,0,w)
which sends Hﬁ(mk‘)” into Hi('l+kz)+l'

If (M,p) is formally equivalent to (Hﬁ’};l,O), then the conclusion of Theo-

rem 1.6 fails. Indeed, if n = 2/, then the two embeddings L, L_:(H%””,O) —
(H%N“,O), N > n, where L denotes the linear embedding as above and

(18) L—(Z$ W) = (ZZ+19 v s Znslly s 7ZE7O’ _W),

cannot be transformed into each by composing to the left with 7" € Aut(]HI%N *+1,0)
(cf. e.g. the proof of Theorem 1.3). However, the following holds.

THEOREM 1.7. Let n be even and H: (Hfl%l,O) — (Hi(/";k)“,O) a formal em-

bedding. If k < n, then there exists T € Au’[(IHIi(/";k)Jrl ,0) such that T o H is either
the linear embedding L or the embedding L_ given by (1.8).

We would like to point out that the conclusion of Theorem 1.6 fails in general
when k;+ky > n. Indeed, in the case k; =0, kp = n, £ = 0, the linear embedding of
the sphere can not be represented by a composition of any 7 € Aut(H>"+2)+1 ()
and the Whitney embedding; cf. [Fa86, Hu99]. It can also fail in the case where
the hyperquadric H%N” is replaced by one with a greater signature. Such an

example is given by the following:

Example 1.8. Letk; =0,k =2,¢=0,and M = H2+! Then, for any formal
power series ¢(z,w), the map

H(z,w) = (¢(z,w), d(z,w),z,w) e Cx C x C" x C

embeds M in H—]I?,(’WQ)+1 with ¢/ = 1. Clearly, not every such mapping can be repre-

sented by a composition of some T € Aut(]HI?/("JrkZ)Jrl

(z,w) — (0,0,z,w).

,0) and the linear embedding
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However, the situation in Example 1.8 is essentially the only way in which
the conclusion of Theorem 1.6 can fail in case of different signatures. The reader
is referred to Theorem 5.3 (and the subsequent remark) below for the precise
statement.

We should point out that if M C C™! is a smooth Levi-nondegenerate hy-
persurface and H;: M — HE(Mkj)H, j=1,2, are smooth embeddings (rather than
formal), then the sion of Theorem 1.6 (and, similarly, of Theorem 1.7) is, a priori,
only that the Taylor series of T o L o Hy and H; are equal at p. However, it then
follows that To Lo H; and H, are equal also as smooth CR mappings. In the case
¢ =0, this follows by applying a finite determination result due to the first author
and B. Lamel [ELO2, Corollary 4], and in the case £ > 0, when the Levi form
has eigenvalues of both signs, by using the well-known holomorphic extension
of smooth CR mappings to a neighborhood of p.

The case of smooth CR embeddings in Theorem 1.6, for £ = 0 and k; = k,
was also treated, by a different method, in the authors’ recent paper [EHZ02]
and previously, for k; = kp = 1, by Webster [W79]. The case k; = 0, i.e. of
mappings between hyperquadrics, is of special interest. This situation, for ¢ =
0, has been studied by Webster [W79], Cima-Suffridge [CS83], Faran [Fa86],
Forstneri¢ [Fo89], and the second author [Hu99]. We should mention that in
many of the later papers treating the case k; = 0 and ¢ = 0 (mappings between
balls), the focus has been on the study of CR mappings with low initial regularity
(see also the survey [HuO1]). We shall not address this issue in the present paper.

2. Admissible classes and unique solvability of the Chern-Moser opera-
tor. In the celebrated paper [CM74], S. S. Chern and J. K. Moser constructed
a formal (or convergent in the case of a real-analytic hypersurface) normal form
for Levi-nondegenerate hypersurfaces. In doing so, they introduced a linear op-
erator £, which we shall refer to as the Chern-Moser operator, sending (n + 1)-
tuples (f,g) = (fi,...,fn, &) of C" x C-valued complex formal power series in
(z,w) € C" x C to real formal power series in (z,Z,u) € C" x C" x R defined by

ﬁ(f’ g) =1Im (g(Z, W) —2i <Z,f(Z, w)>£) ‘W=u+i<z,2>e ’

where (-, -), is defined by (1.2). We shall think of the signature ¢ as being fixed and
suppress the dependence of £ on ¢ in the notation. The fundamental importance
of the Chern-Moser operator is that a formal normal form for Levi-nondegenerate
hypersurfaces can be produced (as will be explained below) through the study of
the unique solvability of £ over certain spaces of formal power series.

Let us fix n > 1 and choose coordinates (z,w) € C" x C with z = (z1, . . ., Zu)-
We shall also write w = u+iv € R @ iR. Let O denote the space of real-valued
formal power series in (z,Z, w, w) vanishing of order at least 2 at 0. In particular,
any formal power series in (z,Z,u) can be viewed as an element in O via the
substitution u = (w + w)/2. Also, let F denote the space of (n+ 1)-tuples (f,g)



176 P. EBENFELT, X. HUANG, AND D. ZAITSEV

of complex formal power series in (z,w) satisfying the following normalization
condition (which characterizes the unit element of the automorphism group of
HZ™! among those of the form (z,w) > (z +f(z, w), w + g(z, W)):

a(f,8)

1) d(z,w)

62
©0)=0, Re (T»ﬁ) 0) = 0.

It is not difficult to see that £ sends F into O.
By an admissible class we shall mean a subset S C O such that the equation

L(f, )@ 2 w)=(A1(2, 2, W, W) = A2(2, 2 W, W) lymusi(z ), (frQ)EF, A1, A2€ES,

has only the trivial solution ( f, g,A1,A2) = 0. Admissible classes can be useful in
the study of equivalence problems: Let S be an admissible class and (M, 0) and
(M3,0) be germs of (formal) Levi-nondegenerate real hypersurfaces at 0 defined
respectively by equations of the form

v={(z,2)1 +Alz,Z,w,W), A €S, j=12.

Then it follows from the proof of Theorem 4.3 below that, if there is a (formal)
holomorphic mapping of the form H = id + (f,g) with (f,g) € F sending M,
to M>, it must be the identity map (and hence M; = M>). We should also point
out that if H is any (formal) biholomorphic mapping (not necessarily normalized
as above) sending M to M>, then there exists a unique automorphism 7' €
Aut(HZ”+1 0) such that H factors as H = T o H, where H is normalized as above
(cf. e.g. Lemma 5.1 for a slightly more general statement). Thus, if there are
two mappings H and G as above, both sending M; to M>, and which factor
through the same automorphism 7', ie. H =T o Hand G = T o G with H and
G normalized as above, then H and G must be equal (since H~! o G will satisfy
(2.1) and send M| to itself). Hence, in this case a defining equation of the form
(1.4) with A € S is unique up to an action by the finite-dimensional stability
group Aut(]HI%"*l,O). However, in general, the action of Aut(H%””,O) can be
complicated, since an additional renormalization may be required to put M in the
form (1.3) with A € S after applying an automorphism 7 € Aut(H?"*!,0).
If an admissible class S has the property that, for any A € O, the equation

L(f,g)=AmodS

is always solvable with (f,g) satisfying (2.1), then S is called a normal space.
It follows from the definition of an admissible class that such a solution (f,g)
must be unique. In the case when S is a normal space, any Levi-nondegenerate
hypersurface of signature ¢ can be transformed into a hypersurface defined by
(1.3) with A € S. In [CM74] the authors construct an explicit normal space, which
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we call the Chern-Moser normal space and denote by N'. Moreover, they prove
there that, for a real-analytic M, its normal form and the associated transformation
map are given by convergent power series.

In this paper, we shall introduce a new admissible class, which is different
from the Chern-Moser normal space, and study the unique solvability property
of the Chern-Moser operator for this class. Throughout this paper, for a formal
power series A(z, Z, w, w), we shall use the expansion

(2.2) A@Zw, W) = Y Ay 2w, (zw) € C" x C,
[TR 7%

where A,,45(z,2) is a bihomogeneous polynomial in (z,Z) of bidegree (u,v) for
every (i, v,7,0).

Definition 2.1. For every positive integer k, define Sy C O to be the subset
of all real-valued formal power series A(z,Z, w, w) with (z,w) € C" x C, satisfying
either of the following equivalent conditions:

(i) Aprs=0if v+6 <1 and R(A,,5) <kif 6 < 1

(ii) for each fixed (u,v,7,06) with § < 1, we can write

k
Auvs @ 2w =3 ¢z, Wiz, w)
=

for some holomorphic polynomials ¢;, ¥; with no constant or linear terms.

Note that, since A is real-valued, condition (i) implies also A, s = 0 if
p+~y < 1and R(A,,,5) < kif v < 1. Our main result regarding the set Sy is
the following uniqueness property.

THEOREM 2.2. Given any A € S,_1, the equation

(23) [’(fa g)(z’ 27 l/l) = A(Z> Z’ w, w)|w=u+i(z,z>g7
for (f, g) satisfying (2.1) has only the trivial solution (f,g) = 0.

The conclusion of Theorem 2.2 reduces to a fundamental result of Chern-
Moser [CM74], when the right-hand side in (2.3) is in their normal space N.
Here, we recall that A consists of all formal power series °,, 5 Aaa(u)zazﬁ with
|al,[B] > 2, and A5, A,5, A5 satisfying certain trace conditions as described in
[CM74, pp 233]. It is clear that the right-hand side of (2.3), with A € S,_1, is in
general not in the Chern-Moser normal space. For instance, A(z,Z, w, W) = |w|4
is easily seen to be in S; whereas A|W=u+<z,z> , 1s not in the Chern-Moser normal
space N.
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3. Proof of Theorem 2.2. The proof of Theorem 2.2 is based on the fol-
lowing lemma from [Hu99]:

LemMA 3.1. Let ¢j, v, j=1,...,n—1, be germs at 0 of holomorphic functions
in C" and H(z,Z) a germ at 0 of a real-analytic function satisfying

n—1
G.1) H(z8)(z.8)e = 0¢;(©).

J=1

Then

n—1
H(z.§) =) ¢(2)¢;(§) = 0.

J=1

Lemma 3.1 is the content of Lemma 3.2 in [Hu99] when ¢ = 0. Also, in the
statement of [Hu99, Lemma 3.2], it is assumed that ¢;(0) = 1);(0) = 0. However,
the argument there can be used for the proof of Lemma 3.1 without any change.
We should also point out that in Lemma 3.1 it is enough to assume the identity

n—1

H(z,2)(z.2)0 = Y ¢i((2),

J=1

since the identity (3.1) then follows by a standard complexification argument.
Using Lemma 3.1 and a simple induction argument, which we leave to the reader,
we obtain the following generalization of Lemma 3.1.

LemMA 3.2. Let ¢jp, Vjp, j=1,....,n—1,p =0,...,q, be germs at 0 of
holomorphic functions in C" and H(z,7) a germ at 0 of a real-analytic function
satisfying

q n—1
Hz O =Y (Z ¢jp(z)w]~p<§>> (z.6)}.

p=0 \ j=1

Then

n—1

H(z,€) = Z Oip(@Yp§) =0, p=0,...,q.

J=1

Proof of Theorem 2.2. Recall that the Segre variety Q@ﬁ) of H2"*! with
respect to (£,7) € C" x C is the complex hyperplane defined by

Qe ={@w) €C" x C:w—n=2i(z,§)e}-
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If we set
0

. 0
(3.2) Lj= oz T 215}‘51%’
)]

with §; = —1 for j < £ and 6; = 1 for j > /, then (L;)i<j<, forms a basis of the
space of (1,0)-vector fields along Q(gﬁ). By noticing that the equation (2.3) is
the same as

8(z.w) — 8. w) — 2i(Z.f (. W))¢ — 2i(z. f 2. W))¢ = 2iAz. Zw. W), (z.w) € HJ"™',
and then complexifying in the standard way, we obtain

(3.3)  glzw) — g€, n) — 2iE.F@w))e — 2i(z, f(E,m)e = 2iAz, &, w, 1)

which holds for (z,&,w,n) satisfying w — n = 2i(z,£), (or, if we think of (&, 7)
as being fixed, for (z,w) € Q(g’ﬁ)). We shall also use the identity obtained by
applying L; to (3.3):

(3:4) Li(g(z, w) = 2i(&, Li( f(z, W) e —2if (&, ) =2iLiA(z, &, w,m), w=n+2i(z,E)s.

In view of (2.1) we have the expansions

(3.5) f@w)y= Y fu@w’, gzw) = Y gu@w,

pAr>2 pAr>2

where f,,(z) and g,,(z) are homogeneous polynomials of degree p. We also use
the expansion (2.2). We allow the indices to be arbitrary integers by using the
convention that all coefficients not appearing in (2.2) and (3.5) are zero. We now
let w=0, n=mn(z¢&) = —2i(z,§)¢ in (3.3) and (3.4), and equate bihomogeneous
terms in (z, &) of a fixed bidegree («, 3). Comparing terms with =1 and =0
in (3.3) we obtain

(3.6) f(z,0)=0, g(z0)=0.
For terms of a fixed bidegree (o, ) with 8 > 2, we have
B a—2
(37) - gﬁ—a,a(g)na - 2i<z’fﬁ—a+l,o¢—l(£)na_1>f =2i Z Aa—p,ﬁ—p,O,p(Z’ &')np’

p=0

where 7 = —2i(z,&),. Since R(A,,05) < n for all (u1,7,6), Lemma 3.2 implies
Aynos = 0 for = —2i(z,£), and hence

(B8) 25 aa©ON+2i(z 5 ara1©) =0, n=-2i(z.&p B>2.
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In particular, in view of (3.2) and (3.6), we have

3.9
(Li(f> )z 0)=2i6;& > ~(fur> 8u1)0), (LiANE, &, 0, 1) =265 > " Apuys(z, .
I

TRy

We now apply the same procedure (i.e. collect terms of a fixed bidegree
(o, ) in (z,€)) to (3.4) using (3.9). For g = 0 we then obtain no terms and for
B =1 and 2 respectively the identities

(3.10)  ga1(@ =0, (&2i6&fa1(@)e +fia—aa©On® =0, n=-2i(z,&),

where we use the notation f,, = f,, = (fi.uws - - - »fup,)- Finally, for 8 > 3, the
same comparison yields

a—1

—21'J_Cj;/3_a,a(f)77a = 216]&/ Z Aa—p,,@—p—l,l,p(za 5)77P

p=0

Using the assumption R(A,,15) < n and applying Lemma 3.2 as above, we
conclude that f,,(z) = 0 for p+ v > 3. Substituting this into (3.8) we conclude
that g,,(z) = 0 for p+v > 3. Also, substituting f>;(z) = 0 into (3.10) yields
fo2 = 0. Since fr9 = 0 in view of (3.6), the identity (3.8) for (o, 8) = (1,2) implies
g1 =0.

It remains to show that (f11(z), go2) = 0, where we drop the argument z for
go2 since the latter is a constant. Rewriting (3.8) for « = 3 = 2 and the second
identity in (3.10) for a = 1, we obtain respectively

(3.11) 802(2.€)e = (@fn©)es 6&(ES1@)e = Fin(©)(z.&)e-

Setting £ = Z and using the normalization (2.1), (3.11) implies

(3.12) Re (2./11@)e =0,  §Z(Z.f1@)e =frn1@) (2 2)e.

Recall that fj.11(2) is a linear function in z that we write as f;.11(z) = >, Jgkzk. Then
the second identity in (3.12) can be rewritten as

_ _ rk Tl
6]'2]' Z 65&]‘; Tk = Z 6m}§lZlZmZm’
s,k Lm

from which we conclude that f;.11(z) = ¢;z; for some ¢; € R, j =1,...,n. Sub-
stituting this into the first identity in (3.12) we see that Rec; = 0 for all j and
hence f11(z) = 0. Now the first identity in (3.11) yields gg» = 0. The proof is
complete. O
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We mention that in Definition 2.1, it is important to assume that ¢;,1); have
no linear terms in (z, w). Otherwise, the conclusion in Theorem 2.2 fails as can
be easily seen by the example f(z,w) := (0,...,0,—x(z)), g := 0 and A :=
2uX(2) + X(2)Z, with x(z) being any holomorphic function in z vanishing at 0.
Also the class S, in Theorem 2.2 cannot be replaced by any S; with k > n as
the following example shows.

Example 3.3. Set f = (0,...,0,4z,w), g := 0 and A := |z,|*(z,Z);. Then
(f,g) #0 satisfies (2.1) and solves the equation (2.3).

4. Application to the equivalence problem. In the situation of Theo-
rem 2.2 we have shown that (f,g) must vanish. In view of (2.3), it follows
that the restriction of A to H%’”l also vanishes. However, it is easy to see that
the full power series A(z,Z, w, w) need not necessarily vanish. In this section we
shall refine the class S,_; to a smaller one :S'Vn,l C S,—1 C O with the property
that any A € gn_l which vanishes on Hﬁ”*l vanishes identically.

Definition 4.1. For every positive integer k, define S C O to be the subset
of all real-valued formal power series A(z, Z, w, w) with (z, w) € C" x C, satisfying
either of the following equivalent conditions:

(i) Auys =0if v+6 <1 and R(A,46) < k otherwise;

(ii) for each fixed (u,v,~,0), we can write

k
Auys@ W =" iz, wihiz, w)
j=1

for some holomorphic polynomials ¢;, 1); with no constant or linear terms.

The property of S,—1 mentioned above is a consequence of the following
statement.

LEMMA 4.2. Let A(z,Z, w, w) with (z,w) € C" x C be a formal power series in
the class S,,_1. Assume that A(z,Z, w, W)‘w=u+i<z,z) , = 0 as a formal power series in
(z,Z,u). Then A(z,Z,w,w) = 0 as a formal power series in (z,Z,w, W).

Proof. We use the expansion (2.2) for A. The same complexification argument
as in the proof of Theorem 2.2 yields

A(z,&,w,n) = Oforw = n + 2i(z, &),

which can be rewritten as

> Aurs(@ O +2iz,£)0)n = 0.
TR 7% %)
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Assume, in order to reach a contradiction, that A(z,Z, w, w) Z 0. Then, there is a
smallest nonnegative integer ¢y such that A,,,s,(z,£) #Z 0 for some (u,v, 7). By
factoring out % (of course, if & = 0, then we do not need to factor anything)
and setting n = 0, we obtain

Z Ay (256) (2i(z,€)¢)" = 0.

TR

Isolating terms of a fixed bidegree («, §) in (z, ), we deduce

@D ZAa—pﬂ—p,p,éo(Z’ £ (2i(z, @g)p =0.
p

By the definition of the class gn_l, we have R(A,,+5,) < n for every (u,v,7).
Hence Lemma 3.2, applied to the identities (4.1) for all («, 3), yields A5, =0
for all (u,v,~y) in contradiction with the choice of §y. This completes the proof
of the lemma. O

Note that for a1, € R, A € Sk19 Ay € Skz’ it holds that «vjA; + apAy €
Sk, +k,- Hence Theorem 2.2 together with Lemma 4.2 imply that S; is an admis-
sible class in the sense of Section 2 for k < n/2.

Given a formal power series A(z,Z, w, W), we associate to it a formal power
series Ao(z, Z,u), with u € R, defined by

AO(Z, Z, M) = A(Zs Z’ w, W)|w=u+i(z,2>g;

in other words, A® can be viewed as the trace of A along the hyperquadric H%"“.
Thus, given a formal power series A € S, we can associate to it two formal
hypersurfaces M° and M in C™*! as follows:

4.2) M°:={Imw= (2.2 +A%z.Zu)}, M:={Imw=(z,2)+AzZw,W)}
(Observe that the equation defining M is not in graph form.) For these classes
of hypersurfaces, Theorem 2.2 and Lemma 4.2 can be used for the study of the

equivalence problem as follows:

THEOREM 4.3. Let A € gk]’ A € gkz, and define the formal hypersurfaces MJ0
and M; in C™! for j=1,2, by (4.2) (with A; in the place of A). Let

H(z,w) = (z+f(z,w),w + g(z,w))
be a formal biholomorphic map with ( f, g) satisfying the normalization condition

(2.1) and which sends My into M, (or Mlo into M(z)). Then, if ky + ko < n, it must
hold that H(z,w) = (z,w) and A| = A,.
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Proof. We shall prove the theorem when H maps M| to M>; the proof of the
other case is similar and left to the reader. By the implicit function theorem, M,
can be represented by the equation

Imw = (z,2), + A1 (2,2, u),
where A is uniquely obtained by solving for v in the equation
v=A{2,2)r+A1(z,Z, u+ iv,u — iv).

Since the formal map H = id + (f,g) =: (F,G) sends M, to M,, we have the
following identity

4.3) ImG — (F,F); = Ay)(F,F,G,G),
when we set
W= u+i(z,2)0 +iA1(2, 2w W) = u+i(z2,2) + iA1(2, 2, ).

As in [CMT74], we assign the variable z the weight 1 and w (as well as u
and v) the weight 2. Recall that a holomorphic polynomial A(z,w) is then said
to be weighted homogeneous of weighted degree o if h(tz, ?w) = t°h(z, w) for
any complex number ¢. A real polynomial h(z,Z,u) (resp. h(z,Z, w,w)) is said
to be weighted homogeneous of weighted degree o, if for any real number ¢,
h(tz, 17, *u) = t° h(z, Z, u) (resp. h(tz, 1Z, w, W) = t°h(z,Z, w,w)). In all cases, we
write deg,,(h) = 0. (By convention, O is a weighted homogeneous holomorphic
polynomial of any degree.) We shall denote by /(%) the term of weighted degree
o in the expansion of % into weighted homogeneous terms.

It is sufficient to prove the following claim: (1, g™) = 0 and A" = A}"
for 7 > 1. For 7 = 1, this follows directly from the assumptions. We shall prove
the claim for a general 7 > 1 by induction. Assume that it holds for 7 < o.
Then, using the fact that, on My,

w=u+i(z,2) +iA (z,z, u+i(z,2) +iAi(z, 2, u),u — i(z,2) — iA1(z, 2, u)) ,
and collecting terms of weighted degree o > 2 in (4.3), we obtain

@4 LV, 8NNz zu)

~ ~ ()
(Az(z, Zu+1i(z,2) + A1z, Z,u), u — i(z,2) — iA1(z, 2, u)) ’

~ ~ (o)
- <A1<Z7 Za u+ l<Z’ Z> + lAl(Za Z’ M), u— l<Za Z> - lAl(Z7 Za M))

(A(ZJ)(Z’ Lw, W) — A(lo')(z’ ,w, W)) |w=u+i(Z,Z>e .
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Since A — A} € S§,—1 by the assumption, we conclude by Theorem 2.2 that
( f(“_l), g(")) = 0. Furthermore, since also A, — A} € gn_l, Lemma 4.2 implies
that A = AY, which completes the induction. The proof of the theorem is
complete. O

Proofof Theorem 1.3. Let M| and M> be as in Theorem 1.3 and let H = (F, G)
be a formal invertible mapping (C"*!,0) — (C™!,0) sending M, to M>; that is,
(4.3) holds when (z,w) € M;. By collecting terms of weighted degree 1 and 2, as
in the proof of Theorem 4.3, we see that there are A > 0,r € R, a € C"*, 0 = £1
and an invertible n x n matrix U such that

IF,G) ~ _(F0) G.0)\ _ (AU 0 PG\
daw) (FW(O) GW<0)> = (AaU av)’ Re (W) 0) = 20M%r,

where the linear transformation z — zU preserves the Hermitian product (-,-),
modulo o, i.e. (zU,zU); = 0(z,Z),. Observe that o must be +1 unless ¢ = n/2.
Now, let us define 7 € Aut(H7"™*',0) by (1.6) (See e.g. [CM74] for the fact
that 7 € Aut(Hj zn+l 0).) It is easy to verify that H := T~ o H satisfies the
normalization condition (2.1). Also, a straightforward calculation, which is left
to the reader, shows that H maps M; (via M) into a real (formal) hypersurface
in C™! which can be defined by

Imw = (2,2)¢ + Aa(z,Z, W, W)

with

(4.5) Ax(z,Z,w, W) = oA 2|q(z, w)|* Az o (T(z, w), T(z, W),

where g(z, w) denotes the denominator in (1.6). Observe that if A, belongs to Hy,
then, in view of Definition 1.1, so does Az Thus, by our assumptions, we have
A| € Hy, and also Ay € Hi,. Since Hy C Sk for all k as is easy to see, it follows
from Theorem 4.3 that H = id and A; = A2 The conclusion of Theorem 1.3
now follows from (4.5) and the proof is complete. O

5. Embeddings of real hypersurfaces in hyperquadrics. Let M be as in
Proposition 1.2 and H: (C™*!, p) — (CN*!,0) be a formal holomorphic embedding
sending M into H%,N *1 (with N > n and ¢’ < N/2). We shall assume that H is CR
transversal (i.e. OHy+1(p) # 0, see Section 1; also, recall that this is automatic
when ¢/ < n). Let us write H = (F,G) € CV x C. The fact that H sends (M, 0)
into (H2M*!,0) means that

5.1 Im G(z,w) = (F(z,w), F(z,w)) for (z,w) € M.
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By collecting terms of weighted degree 1 and 2 as in the proofs of Theorem 1.3
and 4.3 and using the CR transversality assumption, we see that

F
52 o ,G)(O):<>\V 0 )

d(z,w) Xa o\

for some o = +1, A >0, a € CV, and an n x N matrix V of rank n satisfying

(5.3) (2V,2V)p = 0(z,2)s.
Observe that, in view of (5.3), if 0 = —1 then ¢/ > n— /0. If ¥/ < n — |,
then we must have ¢ = 1. It will be convenient to renumber the coordinates
7 =(Z,...,2y) € CV, according to the sign of &, so that

y4 n n+s N

- 2 2 2 2

G4 (D e=—ad [GP+o Y G- D 1P+ Y P

Jj=1 Jj=l+1 Jj=n+l Jj=n+s+1
where s=/¢ —¢ifo=1and s=¢ — (n— ¢) if o = —1. We choose coordinates

(z,w) € C" x C, vanishing at p, such that M is defined by an equation of the
form (1.4), where A vanishes to fourth order at 0. We shall need the following
lemma.

LEMMA 5.1. Let M C C™! be defined by an equation of the form (1.4) and H =
(F,G): (C™1, p) — (CN*1.0) a formal holomorphic, CR transversal embedding
sending (M, 0) into H%,N”, with N > n. Let 0 = +1 so that

(5.5 aa—G(O) >0
ow

and renumber the coordinates 7 € CN such that (Z,Z)y is given by (5.4). Then,
there exists T € Aut(Hﬁf\’ *1.0) such that T~ o H is of the form

(5.6) (z,w) = @ +f(zw), ¢z, w),ow+g(z,w)) € C" x CV" x C
with dp(0) = 0 and (f, g) satisfying the normalization conditions (2.1).

Remark 5.2. Recall that if ¢ < n — { then, as observed above, we must have
o=+l.

Proof. As mentioned above, H = (F, G) satisfies (5.2), where A > 0, a € CV,
and V satisfies (5.3). Let r € R be such that

2
Re <a G) (0) = 2)\%r.

ow?
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By standard linear algebra, we can extend V to an N x N matrix U such that its
first n rows are the those of V and such that the linear transformation 7’ — 7/U
preserves the Hermitian form (-,-)y, ie. (ZU,ZU)p = (Z,7)w. (Recall that
(-,-)p is given by (5.4).) Now define T: (CN*!,0) — (CN*!,0), as in the proof of
Theorem 1.3 above, to be the element of Au't(]HI%fv *1,0) given by

A +bW)U, o))
1 =2i(Z,b)y — (r+i(b,b)p)W'’

(5.7) T W) =

where b = caU™!. A straightforward calculation, which is left to the reader,
shows that T satisfies the conclusion of the lemma. O

Proof of Proposition 1.2. In view of Lemma 5.1, we may assume, after
composing H with some 7 € Aut(H?'*',0), that H is of the form (5.6) with
do(p) = 0 and (f,g) satisfying (2.1). Then the mapping H°(z,w) = (z,0w) +
(f(z,w),g(z,w)) is a local biholomorphism (C"™*!,p) — (C™',0) and therefore
we may consider a formal change of coordinates given by (2, oW) := H(z,w) or,
equivalently, (2, W) := (z+f,w+ 0g); by a slight abuse of notation, we shall drop
the “over the new coordinates (Z, W) and denote also these coordinates by (z, w).
The fact that H is an embedding sending M into H2V*! means, in view of (5.1),
that, in the new coordinates, M can be defined by the equation (1.4), where

K N—n
(5.8) A@zw, W) =—0) |Gew +0 Y [i@w, & =0 H),
j=1 Jj=s+1
where s =¢ —f¢ifo=1ands=¥¢—m—1¥¢) if o = —1. (Cf. also [Fo86].)
By Definition 1.1, the fact that A is given by (5.8) means that R(A) < N —n
(but not necessarily that R(A) = N — n) and hence A € Hy_,. Also, observe
that the linear subspace V, defined in the introduction is an R(A)-dimensional
subspace of the span, over C, of the formal series qgl, ... ,qEN_,,. By choosing a
basis 91, ...,1Re) for V4 such that A is given by the analogue of (1.5) with 1);
instead of qgj (cf. section 1), one can conclude using standard linear algebra that
S(A) < /¢ — ¢ when o = +1 and S(A) < N — ¢ — ¢ when 0 = —1. Since o0 = —1
is only possible if £ > n — [, this proves one implication in Proposition 1.2.
For the other implication, we must show that given coordinates (z,w) &
C" x C vanishing at p such that M is defined by (1.4) with R(A) = k, then
M admits a formal, CR transversal embedding into H%fv * with N = n+k and
¢ =min (£ +S(A),N — £ — S(A)). Note that, since H%fv *1 is equivalent to H]QV’\L +€‘,,
it is enough to show that there is an embedding into HZV*! with ¢’ = ¢ + S(A).
As pointed out in the introduction, if R(A) = k and S(A) = s, then there are
formal power series (¢j(z,w))1<j<k such that

K k
Az, Z,w, W) = — Z |i(z, w)\2 + Z |pi(z, w)]z.

Jj=1 Jj=s+1
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The map H(z,w) = (z, ¢(z, w),w), where ¢ = (¢, ..., o), defines a formal, CR
transversal embedding of M into H%fv” with N = n+ k and ¢ = ¢ + 5. This
completes the proof of Proposition 1.2. O

Proofs of Theorems 1.6and 1.7. Let M, H,, H;, k1 and k, be as in Theorem 1.6
and set N; := n+ ki, N» := n+ kp. Observe that, as was mentioned in the
introduction, the embeddings H', H? must be CR transversal, since ¢ = { < n.
Choose a local coordinate system (z,w) € C" x C, vanishing at p € M, such
that M is given by an equation of the form (1.4). Let o, = %1 so that, in the
notation of Lemma 5.1, (5.5) holds for H,. In view of the remark following the
lemma, we must have o, = +1 unless ¢ = ¢’ = n/2. By Lemma 5.1, there are T, €
Aut(]HI?N"H,O), q = 1,2, with the following property: If we set Hq = Tq_1 o Hy,
then

H,=(Fy,¢4.Gy) € C" x CN™" x C,

where ¢, have no constant or linear terms, and (Fy(z, w), G,(z, w) = (z + fy(z, w),
ogw + g4(z,w)), where ( f,,g,) both satisfy the normalization conditions (2.1).

Let us first consider the case £ = ¢/ < n/2, so that o, = +1. By making the
local changes of coordinates (z4, wy) = (Fy(z,w), Gy(z,w)) = (z + fy(z, W), oqw +
g4(z,w)), for g = 1,2, we observe, in view of the discussion in the proof of
Proposition 1.2 above, that M is defined, in the coordinates (z,, w,), by an equation
of the form (1.4) with A = A, given by

kq

Ay(z,Z,w,W) = Z |Gy j(zo W)

=

2 By = g0 (Fg, Gy,

where, for convenience, we have dropped the subscript g on the variables. Since
k1 + ky < n by the assumptions, Theorem 4.3 (or Theorem 1.3 for that matter)
implies that (Fy, G1) = (Fa, G») (since (F1,G) o (F2,G>)~ ! :=id + (f, §) where
(f , &) also satisfies the normalization conditions (2.1)) and

kl k2

(5.9) 161w = |z w).

J=1 J=1

Let us write q§1 = (¢51,0) € Ch xCk—k1 g0 that q§1 has k» components (recall that
ky > k1). Then it follows from (5.9) and [D93, Proposition 3, pp 102] that there
exists a constant unitary transformation U of C* such that b1 = Ud,. Hence,
by composing H, with a (unitary linear) automorphism T € Aut(]HI?NZH,O), we
obtain 7 o H, = L o H;, where L denotes the linear embedding as the statement
of Theorem 1.6 (so that L o H, = (F}, ¢31, G1).) The conclusion of Theorem 1.6,
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with ¢/ = ¢ < n/2, follows from the construction of H,, ¢ = 1,2, and the easily
verified fact that any embedding L o T, with T € Aut(HiN '+1,O), is of the form
T> o L for some T, € Aut(HiNZH,O).

In the case ¢ = ¢ = n/2, we cannot exclude the case o, = —1. We consider
the local coordinates (z4, wy) = (Fy(z,w), 04G4(z,w)) and proceed as above. The

exact same arguments show that (F,0,Gy) = (F3,02G>) and that

k] k2
(5.10) o1 |d1j@wP =02 |dajzw),
=1 j=1

where gEq =¢o (Fq,aqu)_l). Now, there are two cases to consider, namely
o102 =1 and 010, = —1. In the former case, the conclusion that Hy = To Lo H;,
where T and L are as in the statement of the theorem, follows as above.

In the latter case ojo, = —1, we conclude from (5.10) that ¢,; = 0 for
g=1,2and j=1,...,N —n. Hence, M, in the coordinates say (z;,wj), is equal
to the quadric Hi%l and, hence, this case never occurs in the situation of Theorem
1.6. This completes the proof of Theorem 1.6.

To prove Theorem 1.7, we let Hy = H and define H, as above. Then, we
define Hi: (H}7',0) — (HY3',0), ie. with ki = 0, according to the sign of o
as follows:

Hi(z,w) = (z,w), if 0» = 1; and equals to (z, —w) if o, = —1.

Now, o102 = 1 and by proceeding as above, we conclude that H, = T o
L o Hy, where T and L are as in Theorem 1.7. Recall that when o, = —1 we
have renumbered the coordinates z/ € CM2 so that (5.4) holds. If we undo this
reordering, then L o H; is equal to L_ as defined by (1.8). This completes the
proof of Theorem 1.7. O

Let us briefly consider the case where M is embedded into H%,N 1 with ¢/ > /.
As demonstrated by Example 1.8, we cannot hope for the full conclusion of
Theorem 1.6 in this case. In what follows, we assume that the signature ¢ of M
is fixed and that there is a CR transversal embedding of M into H"**"*'. For
simplicity, we shall only consider the case where ¢/ < n— /¢, so that o, defined by
(5.5), must equal +1. (When ¢/ > n— ¢ there are different cases to consider, as in
the proofs of Theorems 1.6 and 1.7 above.) We shall assume that the Hermitian
product (-,-)» on CV, with N := n +k, is given by (5.4). A similar argument to
the one in the proof of Theorem 1.6 above, yields the following result; the details
of modifying the argument are left to the reader.

THEOREM 5.3. Let M be a formal Levi nondegenerate hypersurface in C"*!

of signature £ at a point p. Suppose that there are two formal, CR transversal

embeddings Hy: (M, p) — (H?;"+k")+1,0), g=1,2, (withky > ky > 0and { < £, <
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. . 2(n+kg)+1
n—4{). If k1 + ko < n, then there exist automorphisms T, € Aut(qu ,0) and
formal holomorphic coordinates (z,w) € C" x C, vanishing at p € M, such that

(5.11) (Tg 0 Hy)(z. w)=(2, ¢g(z. w). w) EC" x C4 xC, (1, $1)e,—= (2. $2)ert»

where the ¢,’s have no constant or linear terms.

Remark 5.4. In the setting of Theorem 5.3, let us suppose that k, —k; > 2(¢,—
{,) (the other case can be treated analogously). We write ¢ = (¢, ¢7) € Cla—t x
Cka—ta** Tt then follows from Theorem 5.3, as in the proof of Theorem 1.6 above,
that there exists a unitary transformation U of Ck*41=% guch that L(¢}, #?) =
U(¢}, #3), where L is the linear embedding of Ch*2~4 into Ck+01—% via 7
(z,0). For instance, in the situation of Example 1.8 with n > 2, where k; = 0,
bi=0=0, k=2, 0pb=F+1=1(sothat / <n—{¢=nand kn +¥41 — {r =
ki +4£, —£; = 1), we conclude that there is a unimodular complex number u such
that ¢} = ug3.

We conclude this paper with two more applications of our main theorems.
First, Theorem 1.6, combined with the remarks on finite determination of smooth
mappings following Example 1.8 in the introduction, yields the following corol-
lary:

COROLLARY 5.5. Let M|, M, be compact connected smooth (2n+1)-dimensional
CR manifolds of hypersurface type admitting smooth CR embeddings into the unit
sphere in C"**! with k < n/2. Then My and M5 are globally CR equivalent if and
only if their germs at some points py € M| and p, € M, are locally CR equivalent.
More precisely, if f is a germ at p; € M of a local CR diffeomorphism sending an
open neighborhood of M into M, then f extends as a CR diffeomorphism of M,
onto M.

As an application of the above corollary, we obtain remarkable families of
pairwise locally inequivalent compact homogeneous hypersurfaces:

Example 5.6. The following CR manifolds naturally appear as SO(m)-orbits
contained in the boundaries of Lie balls. For m > 3 and 0 < X\ < 1, set

My ={|z]P+  +|z =1+ X+ 4+, =20} c C™.

Then M) are CR submanifolds of C™ of hypersurface type and it was shown by
W. Kaup and the third author [KZ02, Proposition 13.4] that they are pairwise
globally CR inequivalent (even pairwise not CR homeomorphic). In view of
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Corollary 5.5 we conclude that, if m > 5, these CR manifolds are even locally
CR inequivalent.

Theorem 1.6 can also be viewed as interpolating between the extreme cases
ki =k, <n/2 and k; =0, k < n (both of which had been previously studied
in the strictly pseudoconvex case; see the remarks above). We illustrate this with
an example.

Example 5.7. Let M C C"! be a nonspherical ellipsoid, i.e., defined in real
coordinates Z; = x; +iy;, j=1,...,n+1, by

n+l1 . 2 . 2
o\ bj

with a; # b; for, at least, some j. After a simple scaling (if necessary), the ellipsoid
M can be described by the equation

n+l

> (a2} +4Z +|7P) = 1,
=1

where 0 < A} < -+ < A,y < 1; the fact that M is nonspherical means that at
least A,4; > 0. It was observed in [W78, W99] that the polynomial mapping (of
degree two) G: C"™*! — C™? given by

n+1
G(Z) = (Z,i (1 — 22@-2}))
=1

sends M into the Heisenberg hypersurface H>"*D*1  C™2, Let p € M and S
be any automorphism of H>"*D*! which sends G(p) to 0. A direct application
of Theorem 1.6 (with k; = 1 and ky = k) then shows that any formal embedding
H:(M,p) — (H2"*0+1 0), with k < n — 1, must be of the form H = T o Lo
S o G, where L is the linear embedding (H2+D+!1 0) — (H2"*O+! 0) and T €
Aut(H; "1 0). In particular any such formal embedding is a rational mapping
(of degree two).
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