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RIGIDITY OF CR-IMMERSIONS INTO SPHERES

PETER EBENFELT, XIAOJUN HUANG, AND DMITRI ZAITSEV

ABSTRACT. We consider local CR-immersions of a strictly pseudoconvex real hypersur-
face M C C™*!, near a point p € M, into the unit sphere S ¢ C* T+ with d > 0. Our
main result is that if there is such an immersion f: (M,p) — S and d < n/2, then f is
rigid in the sense that any other immersion of (M, p) into S is of the form ¢ o f, where
¢ is a biholomorphic automorphism of the unit ball B ¢ C**4+1  As an application
of this result, we show that an isolated singulary of an irreducible analytic variety of
codimension d in C"*9+! is uniquely determined up to affine linear transformations by
the local CR geometry at a point of its Milnor link.

1. INTRODUCTION

Let X be a complex-analytic (n + 1)-dimensional (not necessarily closed) irreducible
variety in C"t9*! and S, a real hypersphere of radius € > 0 such that the open ball B,
(whose boundary is S.) as well as S intersect X; for convenience, we shall assume that
the ball B, is centered at 0. The intersection K. := X NS, is then a real-analytic variety
(whose set of regular points is a real hypersurface) in X. Let us denote by M. C K. the
relatively open subset of points where X is nonsingular and meets the sphere transversally.
For instance, if X has an isolated singularity at 0 € X, then, for sufficiently small generic
e > 0, M. is all of K_; in this case, M. is sometimes called the link of the singularity
(X,0). In what follows, we shall refer to M. as the S.-link (or simply the link) of the
variety X, even though we do not necessarily assume that ¢ is small or that X has an
isolated singularity at 0 (or even that the central point 0 is on X).

If X’ is another variety of dimension n 4+ 1 in C"***! and M! is the link of X', and if
there is a biholomorphic automorphism of the ball B. which sends the variety X to X',
then clearly the links M. and M! are CR-equivalent submanifolds of S.; we should point
out here that the automorphisms of the ball B, are linear fractional transformations of
Cr+d+! which yield, by restriction, all the CR automorphisms of the sphere S.. One may
ask the converse:

(Q) Does the local CR-structure of the manifold M. determine the variety X uniquely (up
to biholomorphic automorphisms of B.)?
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That is, if X’ is another irreducible analytic variety of the same dimension such that
the S.-link of X' is locally CR-equivalent to that of X, must then the varieties X and X’
be equivalent by a biholomorphic automorphism of the ball B.? The answer is in general
“no” as can be seen by the following well known example.

Example 1.1. Consider the so-called Whitney embedding W : C**! — C?n+!,

(1.1) Wzt ooy 2na1) = (21, - Zny 2120415 292041y - - - 5 ZnZnil, ZZH),

which is two-to-one and hence the image is an irreducible analytic variety X c C?"*! (of
codimension d = n). The variety X is singular along the the complex line z; = - -+ = z,, =
wy = ...=w, =0, where (z1,...,2,,w1,...,w,,1) denote the coordinates in C*"*1. Tt is
well known and easy to check that 7 maps the unit sphere in C**! into the unit sphere
in C?"*1. Consequently, the link M; of X is locally spherical (i.e. locally CR-equivalent to
the sphere), and hence locally equivalent to M], where M is the intersection of the unit
sphere with (n + 1)-plane X' = {(z1, ..., zp, w1, ..., Wyt1): 21 = ... = 2, = 0}. However,
the singular variety X is clearly not biholomorphically equivalent (in any neighborhood
of 0) to the nonsingular variety X'.

On the other hand, it follows from the work of Webster [W79], Faran [Fa86], Cima-
Suffridge [CS83] that if the link of X is locally spherical and if the codimension d is strictly
less than n (to exclude the situation in Example 1.1 above) then X must be an (n + 1)-
plane. This answers in the affirmative the question (Q) above in this special case. See
also the work of Cima-Suffridge [CS90], Forstneric [F89], and the second author [Hu99]
in some other related directions.

In this paper, we shall consider the general form of the question (Q). We shall prove
that if the codimension of the variety X in C"*9*! is less than half its dimension minus
one, then the answer to (Q) is affirmative. More generally, we consider the situation where
M. = M is a smooth (meaning here always C*) abstract CR-manifold of hypersurface
type (a CR-hypersurface) and prove the following:

Theorem 1.2. Let M be a connected smooth CR-hypersurface of dimension 2n + 1. If
d < n/2, then any smooth CR-immersion f of M into the unit sphere S in C"F4t! s
rigid. That is, any other smooth CR-immersion f: M — S is related to f by f = do f,
where ¢ 1s a CR-automorphism of S.

In the case d = 1, the conclusion in Theorem 1.2 follows from the work of Webster
[W79].

Theorem 1.2 can be directly applied to study the question (Q) above. Let us first
consider the case where X has an isolated singularity at 0 € X and no other singularity
of X is inside the ball B.. If X’ is another such variety and if their links M., M! are
locally CR equivalent at p € M, and p’ € M/, then in view of Theorem 1.2 (the unit
sphere in that theorem can of course be replaced by a sphere of any radius) there is a
biholomorphic automorphism ¢ of B, (extending as a birational transformation of the
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whole space C""4!) which sends an open piece of M, to an open piece of M!. If we, in
addition, assume that X N B, and X' N B, are connected, then we conclude that ¢ sends
X NB. to X’ NB,. Since the only singularities of X and X’ inside B, are at 0, ¢ must
also send 0 to 0. By also using the fact that the only biholomorphic automorphisms of
the ball B. which fix the origin are wunitary linear transformation of C"*4*! we obtain
the following:

Corollary 1.3. Let X, X' C C"t¥*1 be irreducible complex analytic varieties of codimen-
sion d through 0. Let M., M. denote their manifolds of regular intersection with a sphere
S. of radius € > 0 centered at 0 € C""¥*. Assume that both X and X' have isolated
singularities at 0, no other singular points in B., and X NB., X' N B, are connected. If
d < n/2 and M. and M. are locally CR-equivalent at some points g € M. and ¢ € M,
then there exists a unitary linear transformation which maps X N B, to X' N BL.

We can also consider the general case where X and X’ are not assumed to have isolated
singularities (and 0 is not necessarily a point on X N X’). A similar argument to the one
above yields the following result:

Corollary 1.4. Let X, X' C C" ¥+ be irreducible complex analytic varieties of codimen-
sion d and let M., M. denote their manifolds of regqular intersection with a sphere S, of
radius € > 0 centered at 0 € C"*1. [fd < n/2 and M. and M! are locally CR-equivalent
at some points q € M. and ¢' € M., then there exists a biholomorphic automorphism of
the ball B, whose birational extension to C" ! sends (X, q) to (X',q') (and X into a
subvariety containing X' as an open subset).

In a different direction, we also obtain the following result as a direct consequence of
Theorem 1.2; the simple argument needed to derive it from Theorem 1.2 is left to the
reader.

Corollary 1.5. Let D be a connected relatively compact open subset of a complex manifold
and assume that D has a smooth strictly pseudoconvexr boundary 0D. Assume that there
is a proper embedding of D into the unit ball By C C"™L with d < n/2, which extends
smoothly to the boundary 0D. If g is a local CR-diffeomorphism sending a relatively open
piece of 0D into 0D, then g extends as a biholomorphic automorphism of D.

Theorem 1.2 above will follow from the more general Theorem 2.1 below, where a
higher codimension d is allowed provided that M, is suitably degenerate. As a corollary,
we recover the result about (n + 1)-planes mentioned above.

The proof of Theorem 2.1 will be completed in §9. It decomposes naturally into two
parts. The first part consists of showing that if the mapping is degenerate (in a certain
sense to be defined in the next section), then the image f(M) is in fact contained in
the intersection of the sphere with a lower dimensional complex plane (see Theorem 2.2).
Using this fact, we reduce the proof to the case where f is finitely nondegenerate (see §2).
The reader is referred to §2 for the statements of mentioned results and a more detailed
outline of the proof of Theorem 2.1.
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2. FURTHER RESULTS

Let M be CR-hypersurface of dimension 2n + 1 and denote by ¥V = T%'M c CTM
its CR-bundle; the reader is referred e.g. to [BER99] for basic notions and facts about
CR-manifolds (see also §3). Recall that a mapping f = (fi,..., fz): M — CF is called
CRif f.(V,) C T ?&;)Ck for every p € M. This is equivalent to saying that Lf; = 0 for
every j = 1,...k and every (0,1) vector field L (i.e. a section in V).

An important step in proving Theorem 1.2 will be to classify possible CR-immersions
according to their degeneracy. Let M C C™! be a real hypersurface (and hence also a
CR-manifold) and f: M — C*! be a CR mapping sending M into M. We shall refer
to d = n — n as the codimension of the mapping f; thus, M is a real hypersurface in
Crtd+l  Let p be a point in M and p a local defining function for M near p := f(p) € M.
Following Lamel [LOla], define an increasing sequence of subspaces Ey(p) of the space
TéC”*d“ of (1,0) covectors as follows. Let L1,..., Ly be a basis of (0, 1) vector fields on
M near p and define

(2.1) Ey(p) := spanc{L’ (pz o f)(p): J € (Z.)",0< |J| <k} C TICrrH,

where pz = 0p is represented by vectors in C*"4*1 in some local coordinate system Z’ near
p; we use here standard multi-index notation L/ := L' ... L and |J| == J; + ...+ J,.
One can show (cf. [L01a]) that Fj(p) is independent of the choice of local defining function
p and coordinates Z', as well as of the choice of basis of the CR vector fields Ls, ..., L;. We
shall say, again following Lamel [LOla, LO1b] that f: (M,p) — M is (ko, s0)-degenerate
at p if sp is the minimum of the decreasing sequence of codimensions of Ej(p) in C*t4+!,
ie.

(2.2) so = s(p) == mkin codim FEx(p)

and k = k is the smallest integer for which this minimum is attained. If Ej(p) = T;C"***!
for some k, i.e. if f is (ko, 0)-degenerate at p for some ko, it is said to be kg-nondegenerate
(at p) or finitely nondegenerate without specifying k.

Let us call the degeneracy of f the minimum of s(p) as defined in (2.2) for p € M.
We have the following result which, in view of Theorem 7.3 and Proposition 7.1 below,
implies Theorem 1.2.

Theorem 2.1. Let f: M — S be a smooth CR-immersion of a smooth connected CR-
hypersurface M of dimension 2n + 1 into the unit sphere S in C"*+1 and denote by s be
the degeneracy of f. If d—s < n/2, then f is rigid among smooth CR-immersions having
the same degeneracy. That is, any other such CR-immersion f: M —'S is related to f
by f = ¢o f, where ¢ is a CR-automorphism of S.

It is not difficult to see from the definition that, if f(M) is contained in a complex plane
of codimension s in C"*4*!  then the degeneracy of f is at least s. A important ingredient
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in the proof of Theorem 2.1 is the following (partial) converse, which also seems to be of
independent interest.

Theorem 2.2. Let f: M — S be a smooth CR-immersion of a smooth connected CR-
hypersurface M of dimension 2n + 1 into the unit sphere S in C"t4+tl. Let s be the
degeneracy of f. If d — s < n, then f(M) is contained in the intersection of S with
a complex plane P C C"**1 of codimension s. Moreover, if f: M — S is (kg,s)-

nondegenerate at a point p € M, then it is kg-nondegenerate there as a mapping f: M —
SN P.

Another important ingredient in the proof of Theorem 1.2 will be the CR analogue of the
classical Gauss equation whic, as the reader may recall, relates the Riemannian curvature
tensors of a manifold and its submanifold with the second fundamental form composed
with the Riemannian metric (see e.g. [KN69]). The (extrinsic) second fundamental form

for a CR-mapping f: M — M between real hypersurfaces M C C**! and M C Crtdtl
can be defined (up to a scalar factor) by

(2.3) (X, Yy) = m(XY (pz o f)(p)) € THM/Er(p),

where 7: Té,M — TZQM/El(p) is the projection and X, Y are any (1,0) vector fields on
M extending given vectors X,,, Y, € T2OM. In the case where M (and hence also M) is

strictly pseudoconvex, the Levi form of M (at p) with respect to p defines an isomorphism

TéM /Ei(p) 2T, OM /£, T}°M and hence the second fundamental form can be viewed as
an C-bilinear symmetric form

(2.4) My T)°M x TV°M — T, M/ £.1,° M

that does not depend anymore on the choice of p. In §4 (see equation (4.7)), we shall show
that II is indeed the second fundamental form (in the classical sense) of f with respect
to Webster’s pseudohermitian connection induced by the CR-structure (and a choice of
contact form). We shall say that the second fundamental form of f is nondegenerate at p if
its values span the target space. This is easily seen to be equivalent to Fs(p) = T}QC"*‘Frl
or, in the notation above, to f being 2-nondegenerate at p.

The CR analogue of the Weyl curvature tensor in Riemannian geometry is given by the
tangential pseudoconformal curvature tensor

S:THOM x THOM x TOM x TMM — CT,M/(TMM & T M)

defined by Chern and Moser [CM74] for every Levi-nondegenerate CR-hypersurface M
(in fact, it is defined there as a tensor on a principal bundle over M which can be pulled
back to M as will be explained in §3, see also [W79]). The role of the Riemannian metric
itself is played by the Levi form which can be invariantly seen as a Hermitian bilinear
map

L: T)°M x T,°M — CT,M/(T,°M & T, M).
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In the following we identify the quotient Tﬁ1 N1/ [T ° M with the orthogonal complement
of f.T)°M in T1 9N with respect to the Levi form of M. We shall also use the notation
f+ for the mapping CT,M/(T,°M @® T)'M) — CT,M/(T, 10M ® T01 M) induced by

f«: CTL,M — CT; pM . The CR analogue of the Gauss 1dent1ty ment1oned above can be
now stated as follows.

Theorem 2.3. Let f: M — M be a smooth CR-immersion of a smooth connected CR-
hypersurface M into a strongly pseudoconvexr CR-hypersurface M. Denote by 11 the second
fundamental form of f, by L and S the Levi form and the tangential pseudoconformal

curvature tensor for M and by L and S the corresponding tensors for M. Then there
exists a Hermitian form H : Tp1 OM x Tp1 OM — C such that the identity

(25) S(LV, LV, LV, LV) = LSV, V.V, V) = LIV, V), TV, V))
+ LLL(V,V)H(V,V)
holds for every V € Tpl’oM.

The reader is referred to §5 for more details on this Gauss equation and to Proposi-
tion 5.2 from which it immediately follows. Here we only briefly mention that the term
involving H on the right hand side (which will be called conformally equivalent to 0, cf.
§3) can be expressed from (2.5) in terms of S, L, L and II and hence (2.5) can be given
a more explicit form (see (5.8)).

We conclude this section by giving an outline of the paper and proofs of Theorems 2.2
and 2.1. In §3 we recall the construction of the pseudohermitian connection defined by
Webster [W78] on a given strongly pseudoconvex CR-hypersurface with a fixed contact
form and show the relation to the pseudoconformal connection defined by Chern and
Moser [CM74] in terms of the forms (3.11). In §4 we show the existence of coframes
suitably adapted to a pair (M, M ) of strongly pseudoconvex CR-hypersurfaces, where M
is a submanifold of M. It is further shown the relation of the pseudohermitian connection
with respect to such a coframe with the second fundamental form as defined above. §5
is devoted to the proof of pseudohermitian and pseudoconformal analogues of the Gauss
equation (Propositions 5.1 and 5.2 from which Theorem 2.3 follows). As one of the main
consequences (see Corollary 5.5(ii)) we obtain the following, which seems interesting in
its own right:

Under the assumptions of Theorem 1.2, the second fundamental form 11 at a point
p € M is uniquely determined, up to a unitary transformation of the target space, by the
tangential pseudoconformal curvature tensor S of M at p (and, hence, does not depend
on f).

We also show (see Corollary 5.5(i)) that if d < n and M is the sphere, then the second
fundamental form of f vanishes identically. Combining the latter result with Theorem 2.1
above (s = d in this case), we recover the result of Faran et al mentioned above, that any
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CR-immersion of the sphere in C"*! into the sphere in C"T*+! with d < n, is equivalent
(after composing to the left and right with automorphisms of the spheres) to the linear
embedding.

In §6 we express the forms defining the pseudoconformal connection of M pulled back
to M in terms of the corresponding forms for M and the second fundamental form II
of f under the additional assumption that II is nondegenerate. If it is not, higher order
covariant derivatives of II are needed; this is dealt with in §7. We begin the latter section
by showing how covariant derivatives of Il can be used to determine the spaces Ej. defined
in (2.1) (see Proposition 7.1). We then prove (Theorem 7.2) that, if f is ko-nondegenerate,
then the pseudonformal connection of M pulled back to M is uniquely determined by the
covariant derivatives of IT up to order ky — 1. The second main result in §7 (Theorem 7.3)
then states that equality of the latter derivatives for two immersions always holds, after
possibly a unitary change of adapted coframes, provided that the codimension d < n/2.
An important technical point here is to obtain a commuting relation between the covariant
derivatives (Lemma 7.4). Finally, in §8 we recall from [CM74] how adapted @Q-frames on
a sphere and their Maurer-Cartan forms are related to the pseudoconformal connection
forms (see (8.5)). We then complete the proof of Theorem 2.1 in the case s = 0, i.e. when
f is finitely nondegenerate at some point. In this case the results of §7 yield that the
covariant derivatives of II and hence the pulled back pseudoconformal connection does
not depend on f. From (8.5) we further conclude that also Maurer-Cartan forms for
associated adapted @-frames do not depend on f and the proof is completed as in [W79]
by general ODE arguments. §9 is mainly devoted to the proof of Theorem 2.2 which is
obtained as a consequence of the fact that the span of certain vectors in a suitable adapted
@-frame is independent of the reference point. Theorem 2.2 is then used to complete the
proof of Theorem 2.1 by reducing the general case to the case s = 0 treated in §8.

3. PRELIMINARIES

Let M be a strictly pseudoconvex CR-manifold (which in this paper will always be
understood to be of hypersurface type) of dimension 2n + 1. We shall write

T°M :=TMNiTM CTM, V=T"M:={X+iJX :X cT°M} CcCTM :=TM®C

for its maximal complex tangent bundle and CR-bundle respectively which are both com-
plex rank n bundles. Here J: T°M — T°M is the complex structure. We also consider
the cotangent bundles

(3.1) ™M :=(VaoV):, T'M =V

Thus, T7°M and T'M are rank one and rank n + 1 subbundles of CT*M respectively with
T° € T'"M. The bundle T"M is called the holomorphic or (1,0) cotangent bundle of M.
As usual, a section of AP(T"M) is called a (p,0)-form on M. A real nonvanishing section
0 of T°M is called a contact form. A choice of a contact form defines uniquely a real
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vector field 7', the characteristic (or Reeb) vector field of 6 (cf. e.g. [Ho98]), by
(3.2) T.d6 =0, (6,T) =1,

where _ denotes contraction (or interior multiplication). Indeed, since df is a degenerate
2-form on T'M but nondegenerate on the real hyperplanes defined by § = 0 in T'M, one
can always find T satisfying (3.2) in the kernel of d#.

We will follow the notation of [CM74] and [W78], in particular, we use the summation
convention and small Greek indices will always run over the set {1,...,n}. A typical tensor
will be written as S,” .5, where an index without (resp. with) conjugation indicates C-
linear (resp. C-antilinear) dependence in the corresponding argument. Here such a tensor
S.P u» can be considered as an R-multilinear complex-valued function on V x V* x V x V.
The tensors will not be necessarily symmetric in their indices and hence the order of the
indices will be important and will be explicitly indicated. Simultaneous conjugation of
all indices corresponds to conjugation of the tensor: S5°;, = S,7,5. On the other hand,
there is no a priori relation e.g. between S,”,; and S,7,,. The Levi form matrix (g,3)

of M (relative to a given contact form) and its inverse (g*’) will be used to raise and
lower indices (without changing their order): S,3.5 = 9,357 More generally, the same
notation will be used for indexed functions on M that may not necessarily transform as
tensors, e.g. for connection matrices etc.

If we choose a basis Ly, a = 1,...,n, of (1,0) vector fields (i.e. sections of T*'M = V),
so that (T, La, Ls) is a frame for CT'M, then the first equation in (3.2) is equivalent to

(3.3) 6 = ig,z0° A 6°,

(9ap) is the (Hermitian) Levi form matrix as above and (,6%,0%) is the coframe (i.e.
a collection of linearly independent 1-forms spanning CT*M) dual to (7, L,, Ls) (for
brevity, we shall say that (0,0%) is the coframe dual to (T, L,)). Note that  and T are
real whereas 0 and L, always have nontrivial real and imaginary parts.

Following Webster [W78], we call a coframe (¢,60%) (and its dual frame (T, L,)), where
0 is a contact form, admissible if (3.3) holds or, equivalently, if 7" is characteristic for 6 in
the sense of (3.2). Observe that (by the uniqueness of the Reeb vector field) for a given
contact form 6 on M, the admissible coframes are determined up to transformations

(3.4) 0° = ug™0®, (ug®) € GL(C").

Every choice of a contact form ¢ on M is called pseudohermitian structure and defines a
Hermitian metric on V (and on V) via the (positive-definite) Levi form. For every such

0, Tanaka [T75] and Webster [W78] defined a pseudohermitian connection V on V' (and
also on CT'M) which is expressed relative to an admissible coframe (6,0%) by

(3.5) VL, :=w." ® Lg,
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where the 1-forms w,” on M are uniquely determined by the conditions

do’ =60 Aw,” mod 6 A%,

3.6
( ) dgag = Wap3 + Wie-

The first condition in (3.6) can be rewritten as
(37) de® = 6~ A waﬁ +6A Tﬂ, » = Aﬁgeﬂ, A8 — pPa

for suitable uniquely determined torsion matrix (A7), where the last symmetry relation
holds automatically (see [W78]). (More precisely, the forms w,” and 77 are first defined
in [W78] on the principal bundle P of all admissible coframes (0,6%) on M with fixed 6
and are then pulled back to M via a section of P corresponding to a choice of such a
coframe.)

The curvature of the pseudohermitian connection is given, in view of [W78, (1.27),
(1.41)], by

(3.8) dwo” —wa Aw,? = Ro 0" NO” + W, P00 NO— WP 07 NO+ il ANT° — it N6,

where the functions R,” g and W,”, represent the pseudohermitian curvature of (M, ).
It has been noticed by Lee [Le88] that the components W,”, can be in fact obtained as
covariant derivatives of the torsion matrix A%; in (3.7). Here we denote the covariant
differentiation operator with respect to the pseudohermitian connection V also by V and
its components by indices preceded by a semicolumn, where the index 0 is used to denote
the covariant derivative with respect to T'; thus, e.g.

(39) VAB@ == dA'Bd + Au@w#ﬂ - Aﬂl—,wc—yﬂ = AB@;OQ + AB@;VGV + Aﬁa;pelj.
In this notation the above mentioned relation reads [Le88, (2.4)]:
(31()) Waﬁu = Aa,u;ﬁy WB&D = ABZ‘/;a-

We shall also need the Chern-Moser coframe bundle Y over M. Recall [CM74, §4] that
Y is the bundle of the coframes (w,w®,w®, ¢) on the real line bundle 7g: E — M (of all
contact forms) satisfying dw = ig,sw® A w” + w A ¢, where w® is in w5 (T"M) and w is
the canonical form on E given by w(0)(X) := 0((7g).X) for § € E, X € TyE. Similarly,
canonical forms w,w®, w®, ¢ are defined on Y (here the same letters are used as for the
coframe by a slight abuse of notation). Chern and Moser [CM74] showed that these forms
can be completed to a natural parallelism on Y given by the coframe of 1-forms

(3.11) (w, W W, ¢, d5%, 0%, 6%, 1)
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defining the pseudoconformal connection on Y and satisfying the structure equations (see
[CM74] and its appendix)

Pag + Pga = 9ap?;

dw = W' Nw, +w A ¢,

dw® = W' AN ¢, +w A @Y,

d¢:ZWpA¢D+Z¢pAWD+W/\¢,
(3.12) 5.0
dpg® = dg" A ¢, + iwg A ¢ — idg Aw™ — 6%, N wh — %w Aw+ D52,

06" = G NG + 6 NG — LU A+ B
dp = ¢ N+ 20" N o, + 0,
where the curvature 2-forms ®3%, @, ¥ can be decomposed as
Ps® = S5 pwh AW 4+ V% ! Aw + V5w A w”,
(3.13) Q¥ =V pwt Aw” 4+ P Aw + Qpw” Aw,
U = -2iP " ANw” + R Aw + Rpw” Aw,

where the functions S35, V3%, P, Q5% R, together represent the pseudoconformal
curvature of M (the indices of S3*,; here are interchanged comparing to [CM74] to make
them consistent with indices of Rz®,; in (3.8)). Asin [CMT74] we restrict our attention here
to coframes (#,0%) for which the Levi form (g,3) is constant. The 1-forms ¢*, ¢, ¢,
are uniquely determined by requiring the coefficients in (3.13) to satisfy certain symmetry
and trace conditions (see [CM74] and the appendix), e.g.

(3.14) Sagu,j = Sﬂga,j = Su,jag = Swga, S,ﬂag =V, =P} =0.

Let us fix a contact form 6 that defines a section M — FE. Then any admissible coframe
(0,6%) for T' M defines a unique section M — Y for which the pullbacks of (w,w®) coincide
with (0,60%) and the pullback of ¢ vanishes. As in [W78], we use this section to pull back
the forms (3.11) to M. We shall use the same notation for the pulled back forms on M
(that now depend on the choice of the admissible coframe). With this convention, we
have

(3.15) =w, 0*=w ¢=0

on M. Now, in view of [W78, (3.8)], the pulled back tangential pseudoconformal curvature
tensor S,” 4w can be obtained from the tangential pseudohermitian curvature tensor R.° i
in (3.8) by

(3.16) S, _ Rapgur + BygGor + Ravgus + Ruwdos - Bgapgpo + Gargys)
. OéﬁMV n+2 (n+1)(n+2) Y

aﬁuﬁ

=R
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where
3.17 R,3:=R)}/,5and R:=R"
B uoaf H

are respectively the pseudohermitian Ricci and scalar curvature of (M, 6). Formula (3.16)
expresses the fact that S,3,; is the “traceless component” of R,3,, with respect to the
natural decomposition of the space of all tensors T,,3,, with the symmetry condition as
for S,z in (3.14) into the direct sum of the subspace of such tensors of trace zero (i.e.
T,",5 = 0) and the subspace of “multiples of the Levi form”, i.e. tensors of the form

(3.18) Topu = Hop9uo + H, 5905 + Hav9,5 + Hyunap,

where (H,3) is any Hermitian matrix. We shall call two tensors as above conformally
equivalent if their difference is of the form (3.18). In this terminology, the right hand side
of (3.16) (together with (3.17)) gives for any tensor R,j,, (with the above symmetry rela-
tions) its traceless component which is the unique tensor of trace zero that is conformally
equivalent to R,z,;-

The following result establishes relations between pseudoconformal and pseudohermi-
tian connection forms and is alluded to in [W78].

Proposition 3.1. Let M be a strictly pseudoconvex CR-manifold of hypersurface type of
CR-dimension n, let wg®, T be defined by (3.6-3.7) with respect to an admissible coframe
(0,0%) and let ¢pg*, ¢, 1 be the forms in (3.11) pulled back to M using (6,0%) as above.
Then we have the following relations:

(3.19) o5 =wg® + D0, ¢% =71+ D, 0"+ E0, =iE,0" —iE,0" + B

where

o iR.p5 1RG5
T2 2n+1)(n+2)
2 ;
(3.20) B~ = A% — D
2n + 1 (A" o

B = %(E“m + E”; — 2AP" Ay, + 2D Dy,).
Proof. The formulas for ¢g* and D,3 were proved in [W78]. The formula for ¢* follows
from the third equation in (3.12) and (3.7). Indeed, these two equations yield
0 ANwo? +ONTP =0%N % +0 A S5
Substituting the formula for ¢3* in (3.19), we obtain
(3.21) ONT? =Dy N0+ 0 AP,

which implies the formula for ¢* in (3.19) with some E®. Similarly, the formula for ¢ in
(3.19) with some B follows from equating the coefficients of # in the pulled back fourth
equation of (3.12) and using (3.15) (whence d¢ = 0 on M).
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To obtain the formula for E* in (3.20), we substitute the formulas (3.19) for ¢g*, %, ¢
in the pulled back sixth equation of (3.12) and use (3.3), (3.7), the covariant derivative
(3.9) (and the analogue for Dsz*) and the formula for ®* in (3.13):

_ _ 1 _
(3.22) VA% N+ VD5 A0 +igupE°04 N0 = —-ib A 0% + V50" A0 mod 6.

By identifying the coefficient in front of 6# A 6” in (3.22) and using the formula for v in
(3.19), we obtain

. L.
AaDW - Dua;ﬂ + ZguDEa - _§ZE’75UQ + Vauﬂ'

The formula for £* in (3.20) is now obtained by summing over x and 7 and using the trace
condition V¢ ,# = 0. Similarly, the formula for B follows by substituting the formula for v
in pulled back last equation of (3.12) (mod €) and using the trace condition P,” =0. O

4. SUBMANIFOLDS OF CR—MANIFOLDS; THE SECOND FUNDAMENTAL FORM

Let M be a strictly pseudoconvex CR-manifold of dimension 2n + 1 as before and
f: M — M be an CR-immersion of M into another strictly pseudoconvex CR-manifold
M of dimension 27+ 1, with rank 7 CR-bundle V. Our arguments in the sequel will be of
local nature and hence we shall assume f to be an embedding. We shall use a”to denote
objects associated to M. Capital Latin indices A, B, etc, will run over the set {1,2,...,n}
whereas Greek indices «, 3, ete, will run over {1,2,...,n} as above. Moreover, we shall
let small Latin indices a, b, etc, run over the complementary set {n+1,n+2,...,n}. Since
M is strictly pseudoconvex and f an embedding, it is well known that for any contact
form 6 on M the pullback f *(é) (which for a CR-mapping f is always a section of T°M) is
nonvanishing and, hence, a contact form on M (In general, f*(f) may vanish, e.g. if f(M)
is contained in a complex-analytic subvariety of M ). We shall always choose the coframe
(,04) on M such that the pullback of (6,6%) is a coframe for M and hence drop the "
over the frames and coframes if there is no ambiguity. It will be clear from the context if
a form is pulled back to M or not.

We shall identify M with the submanifold f(M) of M and write M C M. Then V
becomes a rank n subbundle of V along M. It follows that the (real) codimension of M in
M is 2(7—n) and that there is a rank (A—n) subbundle N'M of T'M along M consisting of
1-forms on M whose pullbacks to M (under f) vanish. We shall call N'M the holomorphic
conormal bundle of M in M. We shall say that the pseudohermitian structure (M, 0) (or
simply é) is admissible for the pair (M, M ) if the characteristic vector field T of 6 is
tangent to M (and hence coincides with the characteristic vector field of the pullback of

). This is equivalent, as the reader can easily verify, to requiring that for any admissible
coframe (6,04) on M, where A = 1,...,7n, the holomorphic conormal bundle N'M is
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spanned by suitable linear combinations of the 64, Tt is easily seen that not all contact
forms § are admissible for (M, M ). However, we have the following statement:

Lemma 4.1. Let M C M be as above. Then any contact form on M can be extended
to a contact form 0 in a neighborhood of M in M such that 6 is admissible for (M, M).
Moreover, the 1-jet of 6 is uniquely determined on M.

Proof. Let 6 be any fixed extension of the given contact form on M to a neighborhood of
M in M. Any other extension is clearly of the form 6 = uf, where u is a smooth function
on M near M with u|y; = 1. Let T be the characteristic vector field of the restriction of
6 to M. Then 6 is admissible for (M, M) if and only if T.df = 0, i.e. if Todf — du = 0
along M. By the assumptions, the latter identity holds when pulled back to M. Now it is
clear that there exists unique choice of du along M for which it holds also in the normal
direction. The required function u can be now constructed in local coordinate charts and
glued together via partition of unity. The proof is complete. O

By taking admissible coframes as in §3 and using the Gram-Schmidt algorithm, we
obtain the following corollary, where we take a little more care to distinguish between M
and its image f(M) in M.

Corollary 4.2. Let M and M be strictly pseudoconver CR-manifolds of dimensions 2n+1
and 2n + 1 respectively and f: M — M be a CR-embedding. If (0,0%) is any admissible
coframe on M, then in a neighborhood of any point p € f(M) in M there exists an ad-
missible coframe (0, GA) on M with f*(6,0%,0%) = (6,6%,0). In particular, 0 is admissible
for the pair (f(M),M), i.e. the characteristic vector field T is tangent to f(M). If the
Levi form of M with respect to (0,0%) is 6,3, then (6,04 can be chosen such that the Levi

form of M relative to it is also 6 45. With this additional property, the coframe (é, éA) 1S
uniquely determined along M up to unitary transformations in U(n) x U(n —n).

Let us fix an admissible coframe (6,6%) on M and let (6, 64) be an admissible coframe
on M near f(M). We shall say that (0,04) is adapted to (6,0%) on M (or simply to M
if the coframe on M is understood) if it satisfies the conclusion of Corollary 4.2 with the
requirement there for the Levi form.

The fact that (#,04) (where we omit a ") is adapted to M implies, in view of the
construction (3.6), that if the pseudohermitian connection matrix of (M, 6) is Gp?, then
that of (M, #) is (the pullback of) @wg®. Similarly, the pulled back torsion matrix 7¢ is 7.
Hence omitting a”over these pullbacks will not cause any ambiguity and we shall do it in
the sequel. By our normalization of the Levi form, the second equation in (3.6) reduces
to

(4.1) wpit+wip =0,

where as before wip = W,5.
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The matrix of 1-forms (w,’) pulled back to M defines the second fundamental form of
M (or more precisely of the embedding f). It was used e.g. in [W79, Fa90] in the study
of mapping problems. Since #° is 0 on M, we deduce by using equation (3.7) that, on M,

(4.2) W N0+ 7PN =0,
which implies that
(4.3) W, = wabﬁ 6°, wabg = wgba, 7 =0.

We now relate so defined intrinsic second fundamental form (w,’s) with the extrinsic
one defined in §2 in case M is embedded as a real hypersurface in C**'. Given any
admissible contact form @ for (M, M), we can choose a defining function of M near a
point p = p € M such that § = i0p on M, i.e. in local coordinates Z’ in C"*! vanishing
at p we have

Ait1 o
(4.4) =iy —= dZz,
~ 07,
where we pull back the forms dZ],...,dZ}_, to M. Given further a coframe (6,64) on

M near p adapted to M and its dual frame (T, L4), we have

(4.5) Ly(pz o f) = —=iLgadf = gscb” = gss67.

Recall that we are in fact assuming that the Levi form has been normalized, i.e. g45 = 453,
even though we retain the notation g,5. Conjugating (4.5) we see that the subspace
Ei(p) C T)C*! in (2.1) is spanned by (0,6%), where we use the standard identification

T/M = T'C*'. Applying L, to both sides of (4.5) and using the analogue of (3.6) for
M and (4.3), we conclude that
(4.6) LoLg(pzro f) = gp5Laadd) = —wapad® = waasd” mod 6, 0°,

where we have used (4.1) for the last identity. Comparing with the extrinsic definition of
the second fundamental form (2.3) and identifying the spaces in (2.3) and (2.4) via the
Levi form of M as explained in §2, we conclude that

(47) H(Lau LB) = Wocaﬁ Lau
where with have identified L, with its equivalence classe in Tﬁl N1/ T,°M. Conjugating

(4.6) and comparing with (2.1) we see that the space Ey = Fs(p) is spanned (via the
identification above) by the forms

(4.8) 0,6 Waas0"-

To interpret the higher order spaces Ej(p) in terms of the second fundamental form,
we shall need the covariant differentials of the second fundamental form with respect



RIGIDITY OF CR-IMMERSIONS 15

to the induced pseudoconformal connection, which will be introduced in section 6. The
discussion will therefore be postponed until section 9.

As a byproduct of the relation (4.7) we see that the bilinear map T, °M x T)-"°M —
TYOM/TOM defined by (wa®s) is independent of the choice of the adapted coframe
(9,6") in case M is locally CR-embeddable (in C**!). More generally, if M is not CR-
embeddable, one can still use approximate embeddings constructed in [KZ01] (or direct
computation of the change of w,%g) to obtain the same conclusion.

5. CR ANALOGUE OF THE (GAUSS EQUATION AND APPLICATIONS

The classical Gauss equation in Riemannian geometry relates the Riemannian curvature
tensors of a manifold and its submanifold with the second fundamental form composed
with the Riemannian metric (see e.g. [KN69]). Our goal in this section will be to establish
the pseudohermitian and pseudoconformal analogues of the Gauss equation and to apply
them to obtain rigidity properties of the second fundamental form.

As before we fix a coframe (#,04) adapted to M. We first compare pseudohermitian
curvature tensors R’ and RaBop of (M,0) and (M, 6) respectively. By comparing
(3.8) and the corresponding equation for RABC,;-) pulled back to M and using &,° = w,”,
7¢ = 7% and Waﬂu = W,”, as a consequence of (3.10), we conclude that on M,

(5.1) RoP 5 0" N 07 + w0 Awa® = R, 5 0" N6
By using the symmetry (4.1), we conclude that, on M, we have
(5.2) Rogus 0" N O” — wo™ Awg, = Ragus 0" A 07

This can also be written, in view of (4.3), after equating the coefficients of 0 A 67 as

(53) Ra,@/u? = RoaB;u? + Gab wocaM wBbf/’

The identity (5.3) relates the tangential pseudohermitian curvature tensors of M and M
with the second fundamental form of the embedding M into M and hence can be viewed
as pseudohermitian analogue of the Gauss equation. We state it in an invariant form
using the previously established relation (4.7) between the extrinsic and intrinsic second
fundamental forms II and (w,%) given respectively by (2.3-2.4) and (4.3). For this, we
view both pseudohermitian curvature tensors as R-multilinear functions

R R:T"M x TYOM x TYOM x T"°M — C
that are C-linear in the even and C-antilinear in the odd numbered arguments. We further
identify the quotient space TpLOM /Tpl’OM for p € M with the orthogonal complement of
T)OM in TPLOM with respect to the Levi form of M relative to 6 and then use this Levi

form to define a canonical Hermitian scalar product (,) on TN /TM. The identity
(5.3) yields now the following statement.
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Proposition 5.1 (Pseudohermitian Gauss equation). Let M C M be as above and 6 be
a contact form on M that is admissible for the pair (M, M). Then, for every p € M, the
following holds:

D 1,0
(5.4)  R(X,Y.Z,V)=R(X,Y,Z,V)+(II(X,2),1I(Y.V)), X,Y,Z,VeT, M.

We next turn to a pseudoconformal analogue of the Gauss equation. It follows imme-
diately from (5.3) and (5.4) by taking traceless components of both sides as discussed in
§3. We write [T,,5,;] for the traceless component of a tensor 7,5, that can be computed
by the formulas (3.16-3.17) (with R replaced by T,3,,). Then (3.16) can be rewritten

(5.5) S

a,@uﬁ

B aBu

~[R

By taking traceless components of both sides in (5.3) and using (5.5) we now obtain

ozBuD] :

(5.6) [Raﬁ’uﬂ] = SaB,uD + [Gab Wa"u Wﬁbﬁ]~

Note that, in contrast to (5.5), the left hand side of (5.6) may not be, in general, equal
to Saﬁ/w which is the (restriction of the) traceless component of R,z-p with respect to
the indices running from 1 to 7. However, we claim that [R,5,,] = [S.z.)- Indeed,
according to the decomposition into zero trace component and a multiple of the Levi

form (g43) on M, the tensors R ABcp and S 1Bcp are conformally equivalent with respect
to the Levi form (g4p), i.e. their difference is of the form analogous to (3.18) with Greek
indices replaced by capital Latin ones. Since the Levi form of M restricts to that of M,
the restrictions Raﬁ 5 and Saﬂ » are conformally equivalent with respect to (g,3) and the
claim follows. Hence (5.6) immediately yields the desired relation between the tangential
preudoconformal curvature tensors of M and M and the second fundamental form:

(57> [Saﬁ,uﬂ] = SaB,uz? + [gal; waa,u wﬁbﬁ]a
or, using formulas (3.16-3.17) for the traceless part,
_ Sv _ S’Y’yaﬁ Gur + S’Y’YuB Jav + S’y’yoa? 9us + S’V’yul_/ 9ap
B n+2
5%756(ga69u9‘+_gaﬂgu6) — gw a (Ufg_
59 et D) e
_'_w'yaa w’yaﬁ Guv + w'ya,u wyaﬁ Jov T w'yaa Wap 9.8 + w’yau Wap Yo
n—+ 2
0y (o + GarGy5)
(n+1)(n+2)

When 7 = n 4 1 and M is a sphere (so that S'agw = 0), the identity (5.8) reduces to
that obtained by Webster [W79, (2.14)]. As for the pseudohermitian curvature, we also

S

aBuD
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view the pseudoconformal curvature tensors (as well as their zero trace components) as
R-multilinear functions

S, S TYOM x TYM x TYM x TYOM — C

but now they are independent of 6. Then, with the above notation, (5.7) yields the
following statement.

Proposition 5.2 (Pseudoconformal Gauss equation). For M C M as above and every
p € M, the following holds:

(5.9) [9(X,Y,Z, V)] =S(X,Y,Z V) + [(II(X,2), (Y, V))], X,Y,Z,V eT,°M.

In the rest of this section we apply the Gauss equations (5.7-5.9) to the case when
M is the sphere and hence S 16cp = 0. Based on a lemma due to the second author
[Hu99], we show that the second fundamental form in this case is uniquely determined
up to unitary transformations by the tangential pseudoconformal curvature Sz, under
suitable restrictions on the dimensions n and n. We begin with an algebraic lemma.

Lemma 5.3. Let I1: C" x C* — C"" be a C-bilinear map and (-,-) an Hermitian scalar
product on C"™™. Denote by S := [(H(-, ), (-, )>] the traceless component with respect
to a fized Hermitian scalar product (-,-) on C" as above.
(i) IfI1 =0, then also S = 0. The converse also holds under the assumption n—n < n.
(i) Ifn—n < n/2 then I1 is uniquely determined by S up to unitary transformations of
C™™ j.e. if Il is another form, then S = [< (-,-), II(, )>] if and only if I1 = Uoll
for some U € GL(n — n) preserving (-, -

Proof. The first statement of (i) is trivial. By definition of the traceless component, S = 0
implies (IT(X, X),II(X, X)) = (X, X) H(X, X) for some Hermitian form H(-,-) and all
X € C". Then the second statement of (i) follows directly from [Hu99, Lemma 3.2]. To
show (ii) observe that, for IT and II as in the lemma, one similarly has

(TI(X, X), TI(X, X)) — (TII(X, X), [I(X, X)) = (X, X) H(X, X).

The restriction n — n < n/2 permits now to conclude from [Hu99, Lemma 3.2] that
H(X,X) = 0. By polarizing the left hand side and using the symmetries, we obtain

(5.10) (X, Y),T(Z,V)) = (I(X,Y),1(Z,V)), X,Y,ZV eC"

expressing the fact that the collections of vectors (II(X,Y)), . and (ﬁ(X ,Y)), have
the same scalar products. Hence they can be transformed into each other by a trans-
formation U € GL(n — n) preserving (-,-). Any such U satisfies the required conclusion
proving (ii). O

Example 1.1 shows that (i) may not hold in case of equality n — n = n. Furthermore,
the conclusion of (ii) may not hold under the weaker inequality n—n < n that was enough
to obtain (i):
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Example 5.4. For n := 2, i := 3, consider the standard scalar products (-,+) on C? and
(-, ) on C and define IT and IT by their associated quadratic forms Q := 423 + 2129 + 422
and Q) := 42? — 2,29 + 423 respectively. Then the identity

|4zf + 2129 + 425 2 _ |4zf — 2129 + 423 2 = 8(|21|2 + |22|2)(z122 + Z129)

implies that [<H(-, ), (-, )>} = [<ﬁ(-, O, (-, )>} However, it is clear that the conclusion
of (ii) does not hold for IT and II.

The transformation U in Lemma 5.3 is clearly uniquely determined on the image of
II. We apply Lemma 5.3 to compare second fundamental forms II = II, and I = H at
a point p € M for two given embedding f, f : M — M. Then, if the image of II is of
constant dimension, in which case we say that II is of constant rank, the transformation
U can be chosen smoothly depending on p (near any given point). We then obtain, as a
consequence of (5.9-5.7) and Lemma 5.3, the following result.

Corollary 5.5. Let f: M — M be a CR- embedding of a strictly pseudoconver CR-
manifold of dimension 2n + 1 into the unit sphere M =S in C*L. Denote by (wa 5)
the second fundamental form matriz of f relative to an admissible coframe (6,6) on M
adapted to f(M).

(1) If wa"s = 0, then M is locally CR-equivalent to the unit sphere in C"*'. The
converse also holds under the assumption n —n < n.

(ii) If n—n < n/2, then, for anyp € M, (w,"s)(p) is uniquely determined by (0,6%) up
to unitary transformations of ( C*™, i.e. for any other CR-embedding fiM—M
and any coframe (0,0%) on M adapted to f(M) with f* (9 0°) = f*(6,6%), one
has @,%3(p) = was(p) after possibly a unitary change of (9“) near p. Moreover,

if (wag) is of constant rank near p, there there is such a unitary change of (8%)
near p for which @, = w,*g near p.

6. THE INDUCED PSEUDOCONFORMAL CONNECTION

Let now (6,64) be an adapted coframe for the pair (M, M) as above and let (3.11) be
the 1-forms defining the parallelism on the bundle Y over M pulled back to M by the
coframe (6, 6%) as described in §3. We use” for the corresponding forms on M pulled back
further to M, where the indices run from 1 to 7. Recall that (w,w®, w®) = (0, 0%, %) =
(0,0%,0%) and w* = 0 on M. In view of Proposition 3.1, we do not expect (¢3*, $*, )
and (éga, ¢*, 1) to be equal. However, since Wg* = wp® and 7 = 7 (see §4), Proposition
3.1 implies

(6.1) 5% = dpg® + Cs%0, ¢ = ¢% + C, 20" + F0, 1) = 1p +iF,0" — iFy0” + Af,

where

Cg® = Dg* — Dg® F*:=E“—FE* A:=B-B
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and ﬁﬁa, E*, B are the analogues for M of the functions (3.20) restricted to M.
Let us first compute Cg® using the pseudohermitian Gauss equation obtained in §5. In
view of (3.20), we have

Z'RQB iﬁiga/@ iRaB iRgaB

(6.2) CaB:ﬁ+2_2(ﬁ+1)(ﬁ+2)_n+2+2(n+1)(n+2)7

where the pseudohermitian Ricci curvature tensors Ji’a[; and R, are related by

~ N

(63) ROcB - R,U«Maﬂ_ - wuaa wuaﬁ = Raﬁ - aaaﬂ_ - wuaa wuaﬁv

where we have used the contraction of (5.3). The pseudohermitian scalar curvature of R
is now obtained by further contracting (6.3):

(6.4) Be Ry — R0 — oty
Substituting (6.3-6.4) into (6.2), we obtain

W, % wWhs iR 1 1 R
65) C = naai 1o ( _ )'R—
(6:5) Cas nt2 T ar2 \agx2 ny2)ies
Wy W 9o H(Ra®WH + R Gap iRg.z

2n+1D)(n+2) 2+ D(n+2) 2+ 1)(A+2)

We next express the contractions of the (tangential) pseudohermitian tensor of M appear-
ing here in terms of its (tangential) pseudoconformal curvature tensor and the (pseudo-
hermitian) Ricci and scalar curvature. For this, we contract the analogue of (3.16) (using
the analogue of (3.17)) for M over a = n+1,..., 7, and restrict as before to the situation
where g5 = 045 (so that, in particular, g,; = 0):

. . Ra“a——i— fz—nl%a- ﬁ—nf%a—
(6.6) Bty = S0y 4 108 (=) Rag (0= 1) R 005
n+2 (n+1)(n+2)
Contracting again for = 1,...,n, we further obtain
. . nR.® + (i —n) R, n(i —n)R
6.7 R P = 5" o :
6.7) : W 2 At D(m+2)

After substituting (6.6-6.7) in (6.5) and simplifying, we obtain

7 Aa“a-+w e, whas ) S'a“ Prw, w945

(68) Cozﬁ _ ( ¢ Iz ﬁ) . ( iz 1z )g 3
n+ 2 2(n+1)(n+2)

Thus the coefficients C, 5 are completely determined by the second fundamental form w,®s

and the tangential pseudoconformal curvature tensor S a5cD of M pulled back to M.
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Let us proceed to determine the F'“. We compute d(ﬁa modulo 6 by differentiating the
second equation in (6.1) and using the sixth structure equation in (3.12) pulled back to
M and (3.15):

~ 1 _
(6.9) o™ = ¢" N6, — S NG+ B + (dC," — O %w,") A6 +iF g A" mod 0.

On the other hand, by substituting (6 1) into the structure equation for dqbo‘ and using
Proposition 3.1 and (4.3) to replace <b“ A ¢a°‘ by D 20 A\ w,® mod 6, we obtain

(6.10) do® = ¢ A §,% + C10" Aw,® + D,0" A w,®

— %(1& NG +iFL 0" A O — iF,07 AOY) + B mod 0
and hence, using the covariant derivative (see §3),
(6.11) @Y+ VC,* A 0" 4+ iFgp0" A 6" = D,0" A w,®

— %(z‘Fﬂeﬂ A% +iF,0° AG7) + D mod 6.

Identifying coefficients in front of 6* A #” and using (3.13) we obtain:
(6.12) D, w,y — iF® g, — %iFV(SMO‘ =V =V — O
or, equivalently,
(6.13) D, 0w, — iF%5," — %imdﬁ — Ve Ve -0l

Recall that we have the symmetry relation w,®, = w,*, by (4.3) which implies w,*” = w,*
in view of (4.1). We also have the symmetries V*,7 = V7,% and V7,* = V*,7 (see [CM74,
(A.14)]). By subtracting (6.13) from the same equation with v and « interchanged, we
then obtain

1 1

(6.14) aiFV(Lf“ — §iFa6ﬂ =C*"=-C, .7
which, after setting v = p and summing implies

- 1
(6.15) o > = O — 0,0 M

Thus, for n > 2, the coefficients F'* (with respect to a fixed admissible coframe (¢,60%))
are completely determined by the covariant derivatives of C,” (given in terms of the
uniquely defined forms w,”) and hence, in view of (6.8), by w,%s and Siscp. It now
follows from the first two equations in (6.1) that the pulled back forms bo” and ¢ to M
are completely determined in terms of the fixed data of M and the pulled back tangential
pseudoconformal curvature tensor M.
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Next, we repeat the procedure above to iﬂ By differentiating the third equation in
(6.1) and using the last equation of (3.12) and its analogue for M pulled back to M, we
obtain

(6.16) 2iH A Gy + 200 A b + W = 20" A ¢, + W + d(iF,0" — iF,0” + Af)
and using again (6.1),

(6.17) 2i(—C, ¢y A 0" + Coy’ A 0”) + 2i(C, Coy + D,y Dya)0" N 67 + T
=W +iVF, NO" —iDF,; A 0" +iAg0" A 6" mod 6.
By identifying the coefficients in front of 8* A 67 using (3.13) and (3.19), we obtain

(6.18) 2i(C, Dy + Cpy DY) + 2i(C, Coy + D, Dyg) — 2iPys

= —QZP,ug - iFMiD - iFD;M + iAgug.
By contracting, we obtain
(6.19) nA = (F+F*) - qu“ +2(CC" + G DR+ CF Dy + f)ua[)“a)a

where we have used the trace condition P,* = 0.

The coefficients D*., are given by (3.20) and hence are determined by the coframe
(6,0%). Suppose now in addition that the second fundamental form (w,g) is nondegen-
erate in the sense that the collection of vectors bus := (wa"4,...,ws"5) spans C*~".
Then w,’s = Waap = —Waap = —We*5 in view of (4.1) and hence we can solve for the
coefficients D, in (6.12). Using equation (6.19), we can then determine A. Hence, all
the pulled back forms in (6.1), as well as the forms qgw—l = —anﬂ (see the analogue of
(3.19) for M), are uniquely determined by the second fundamental form and the pulled
back pseudoconformal curvature of M. Now, if the manifold M is the sphere, its pseudo-
conformal curvature vanishes identically (see [CM74]) and the forms above are uniquely
determined by the second fundamental form. We shall show that, when M is the sphere,
all the pulled back forms gb A ,gbA @/} on M are determined by the second fundamental
form. It remains to determine (bb and (b“ in this case. The choice of the 1-forms ¢b on
M is always determined up to

(6.20) G = b+ 07+ my507 + py°),
where, since qisba = —gzgab, we must have the symmetries
(621) Nbary + Mepy Maby = Poa + Pap Pab = 0

in view of the first equation in (3.12). By the analogue of Proposition 3.1 for M and (4.3),
we have

(6.22) 0% = D3"0° + E°0,
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where we have used the vanishing of 6* on M. Since ﬁg“ has already been determined,
¢* is determined up to

(6.23) ¢4 = ¢ + G

for some G*. Since every possible choice of éba and ¢Ea must satisfy the structure equation
(3.12) for d¢z®, we conclude, by subtracting two such possibilities from each other and
using the analogue of (3.19) for M, (4.3) and the vanishing of ®3* for the sphere, that

(6.24) 0 = (w5 + Ds"0) A (04" — 3u°) +igaaGo07 A 6.

By substituting (6.20) in (6.24), we first conclude, using the nondegeneracy of w,®s, that
my”5 = 0 and, hence, by (6.21) that ny%, = 0. Now, it easily follows from whatever is left
in (6.24) that p,* = G* = 0. This completes the proof of the following result.

Theorem 6.1. Let f: M — M be a CR- embedding of a strictly pseudoconver CR-
manifold M of dimension 2n+ 1, n > 2, into the unit sphere M =S in C*L. Denote by
(wa®s) the second fundamental form of f relative to some coframe (0,6) on M adapted
to f(M). If (wa"s) is nondegenerate, then it uniquely determines (QASB LA, @ZA)) That is,
if there is another CR-embeddings fiM— M having the same second fundamental form
(was) relative to some coframe (A,04) on M adapted to f(M) with f*(9,0%) = f*(6,6%),
then necessarily

(625> f*<$5BA> ¢?A> 12) = f*<QgBA7 (gAa Qﬁ)a

where (éBA,QASA,@/A)) and (gZBA,q:SA,@@) are the corresponding parts of parallellisms pulled
back to M.

7. FINITELY NONDEGENERATE MAPPINGS

In Theorem 6.1 above, we assumed that the second fundamental form of the embedding
is nondegenerate or, equivalently, that the embedding is 2-nondegenerate. This condition
can be relaxed to merely requiring that the embedding is finitely nondegenerate, i.e. k-
nondegenerate for some k. To do this, we first interpret k-nondegeneracy of the embedding
as a condition on the second fundamental form that we view as a section in the vector
bundle of C-bilinear maps

TVO'M x T)°M — T)°M /T)°M, pe M.

For sections of this bundle we have the covariant differential induced by the pseudoher-
mitian connections V and V on M and M respectively:

(71) Vwa“g = dwaaﬁ — wuag (Daﬂ + wab/g (j)ba - wa“# d)/g”,
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As above, we also use e.g. w,"g., to denote its component in the direction §7. Higher

order covariant derivatives w,“g.,,,.., are defined inductively in a similar way:

J
b ~ ~
(72)  Vwy "oimgeyy = dwyy “poims.; + Wy vaiygen; @67 — Z Way oot mvgne Pt
=1
To obtain the desired relation between finite nondegeneracy and covariant derivatives
of w3, we begin by applying L, to (4.6) and using the analogue of (3.6) for M:

(7.3)  LyLoLs(py o f) = Lyad(waapf®) = Ly s(dwags A 0" — waas&p® A 6°)  mod 6,6°.
We now observe that the expression in the brackets on the right hand side coincides with
Vwaas A 0% modulo Ey (as defined in §2) which is spanned by the conjugated forms (4.8).
Hence we obtain
LvLaLﬁ(ﬁZ’ © f) = Waapsy 0° mod Ej

and, by induction,

Ly ... Ly LoLg(pz o f) = Waapmn,..y 0 mod Ejpiy
for any integer [ > 1, where Fj; is as defined in §2 and is spanned by
(7.4) 0,0 Waapy... . 0%, 0<s<l—1

Hence, we obtain the following generalization of the equivalence of 2-nondegeneracy with
nondegeneracy of the second fundamental form:

Proposition 7.1. For ky > 2, the embedding f: M — M is ko-nondegenerate at a point
p if and only if the equality

(7.5) Span{wmavzm,mm Lo, 2 <1< k}(p) = NepyM

holds for k > ko but not for k < ko. Furthermore, f is (ko, So)-nondegenerate at p if
and only if the codimension of the span on the left hand side in (7.5) in the normal space
NypyM is equal to sg for k > ko and strictly smaller for k < k.

We shall now prove the following alternative to Theorem 6.1. (The reader should note
that Theorem 7.2 is more general than Theorem 6.1 in that it allows for a higher degree k
of nondegeneracy, but is a little weaker than Theorem 6.1 in the special case k = 2, i.e. in
the case of nondegenerate second fundamental form, since the theorem below requires also
the covariant derivatives w,”g., to determine the induced pseudoconformal connection.)

Theorem 7.2. Let f: M — M be a k-nondegenerate CR-embedding of a strictly pseudo-
convexr CR-manifold M of dimension 2n+ 1, n > 2, into the unit sphere M =S in CH+1,
Denote by (wa®s) the second fundamental form of f relative to some coframe (8,04) on M
adapted to f(M). Then the covariant derivatives (wa® g, ..., Jo<j<k—1 uniquely determine

(@BA, ngﬁA,Qﬂ). That is, if f: M — M is another CR-embedding whose second fundamental
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form with respect to a coframe (0,0%) on M adapted to f(M) with f*(0,0%) = f*(0,0%)
is denoted by w,"s then

(7.6) waaﬂ;“ﬂ---%‘ = J)aaﬁwl---wv O0<j<k-1,

implies f*((]gBA, 92’47?/}) = [*(op™, 64, 0).

Proof. Let us for brevity use the notation (¢g?,¢*, 1) and (¢, d4, ) also for the
pullbacks to M. If we examine the arguments above leading to Theorem 6.1, we see
that the nondegeneracy of the second fundamental form has not been used to obtain

(ngga, (;ASC“) = (dgﬁa, q@"‘) To compare the normal components ¢,® and ¢,* we write as before
the general relation between them in the form (6.20-6.21). In view of (7.2), the analogues

of (3.19) for M and the fact that Ws® = ws® (see §4), the equations (7.6) imply that
(7.7) Way sy = 0, 2 <G < k.

Since we assume f to be k-nondegenerate, we conclude from Proposition 7.1 that ny*, = 0
and hence, by (6.21), also m®5 = 0. It follows that

(7.8) b = oy + pp0

which, in turn, implies @,* = @,* mod 6 and therefore

(7.9) Wa' g = Wa' iy
By the analogue of (3.19) for M and (4.3),
(710) Waaﬁeﬂ + f)aae = anav

and similarly for q@a“. We claim that ﬁa“ = ﬁaa. To see this, we differentiate (7.10), use
the fourth identity in (3.12) for d¢,® and identify the coefficients of ° A 67:

(7.11) wa g5 = i(9ay D" + g7 Da),
whose contraction yields
(7.12) w, gt =i(n +1)Ds"

Thus, D,o is uniquely determined by w,®s5 proving the claim in view of (7.9). Then
b = $o® by (7.10) and the analogue of (3.19) for M implies in view of (4.3) that gz:Sa
and ¢ are related by (6.23) with suitable G*. Moreover, it follows from equation (6.19)
that A = A and hence ¢ = ).

To finish the proof, we must show that p,* = G* = 0. For this, we rewrite (6.24)
(7.13) 0 = wals Ps0% A O +igeGU6” A O

from which it follows that G* = 0 (and w,s p,” = 0, which does not necessarily imply

pa” = 0 unless the second fundamental form is nondegenerate). Hence ngﬁa = gga. To
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conclude that pa’ = 0, we differentiate the equation (7.8), use the structure equations for

ngab and gzgab and identify the coefficient in front of 6% A 67 that yields igagpab = 0 and
hence clearly implies p,® = 0. The proof of Theorem 7.2 is complete. 0

Theorem 7.2 implies that the induced pseudoconformal connection is determined by the
second fundamental form and its covariant derivatives with respect to this connection. We
shall now prove these covariant derivatives, in turn, are controlled by the (pseudoconfor-
mal) Gauss equation. The result is the following.

Theorem 7.3. Let f: M — M be a CR- embedding of a strictly pseudoconvex CR mani-
fold of dimension 2n + 1 into the unit sphere M =S in C*! with i —n < n/2 Denote
by (wa®s) the second fundamental form of f relative to a coframe (8,6*) on M adapted
to f(M) and by wagy,,..~ its covariant derivatives (with respect to the pseudohermitian
structures on M and M) Fiz an integer k > 2 such that the space Ey, = Ex(p) (spanned by
(7.4)) is of constant dimension for p € M. Then the collection of derivatives w., %y, .
for 2 < 1 < k is uniquely determined by (6, 9‘1) up to unitary tmnsformations of C*—,
i.e. for any other CR-embedding f: M — M and any coframe (9 9‘4) on M adapted to
F(M) with f*(0,0%) = f*(6,6%), one has

(7'14> "‘N}’Ylavz;’ys,m,’n = w71a72;’737~~7’n7 2<1<Kk,
after a possible unitary change of (0%) (near any given point).

Proof. As in the proof of Lemma 5.3 and Corollary 5.5, it is sufficient to prove that the
collections of vectors

(7.15)

~ a
and (w’h “/2;’Y3,-~~7’71La) 2<i<k

a
(w’Yl V257353V La) 2<i<k

have the same scalar products with respect to (g,;) (where (T, L4) and (T, L,) are dual
frames to (6,04) and (6, 64) respectively), i.e. that

_ a b ~_b_ _ _
(7.16) Gab W1 v23v3,m W81 82:83,...,0s — Yab oy “yaiv8,.m Wiy 523,050 2 S l,s <k,

(the constant dimension assumption on Fj is needed to guarantee that that the unitary
change of (0*) can be made smooth; otherwise a nonsmooth change is still possible). For
this, we observe that Sa 4ur = 0 since M is the unit sphere and rewrite the pseudoconformal

Gauss equation (5.7) in this case as
(7.17) 0= Sagur + 9ab wWa'uwi's + Togu

where T,,5,; is a tensor conformally equivalent to 0 (see §3), i.e. a linear combination of

9af» Gaws 9up and g, More generally, we call a tensor Tal7_”7%517”.755“1“"“51“'5‘1 (and similar
tensors with different order of indices) conformally equivalent to 0 or conformally flat if

it is a linear combination of 9o, fore=1,...,r,7=1,...,s
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We will show (7.16) inductively by comparing covariant derivatives of the right hand side
in (7.17) and in its analogue for (4,6%). When calculating the derivatives, the following
two remarks with be of importance. First, since we have assumed the Levi form matrix
(9a) to be constant, it is easy to see that covariant derivatives of conformally flat tensors
(with respect to any connection) are always conformally flat. Second, in view of (7.11),
the “mixed” derivatives w,“g,5 are conformally flat together with all their higher order
derivatives. Finally, in order to treat e.g. derivatives w,"s.,5 we shall need the following
lemma, which describes how covariant derivatives commute.

Lemma 7.4. In the setting of Theorem 7.3, for any s > 2, we have a relation

a _ a _ _U1.. s a _a
(7'18> Wyt yoiy3..ysaf Wyt yoiy3.ysBa — C’n..rysaﬁ Why pgips...pis + T’yl...'ysaﬁ )

where the tensor C., . 5" depends only on (0,0%) (and not on the embedding f) and
T

vsaf 18 conformally flat.

Proof. By observing that the left hand side of the identity (7.18) is a tensor, it is enough to
show, for each fixed point p € M, the identity at p with respect to any particular choice
of (#,64) depending smoothly on p. By making a suitable unitary change of coframe
0 — ug®0” and 6* — u,*0° (in the tangential and normal directions respectively), we
may chose a coframe smoothly depending on p with ©,”(p) = ©,%(p) = 0. Relative to such
a coframe, the left hand side of (7.18) evaluated at p equals, in view of (7.2) and (3.19),
modulo a conformally flat tensor, to the coefficient in front of % A 6% in the expression

S

X .
(7.19) Z Wy iyt pars Wy — Wy e ADBY,

j=1
where we have used that ©,” = w,” (see §4). Next, we observe, by examining the

equations (6.1) and (6.8), that the coefficients in front of % and 6° in the pulled back

forms ¢ are uniquely determined by (6,6%) and the scalar products go; wa®, wz’s. The
latter are, in turn, uniquely determined by (6,60%) in view of Lemma 5.3 (ii) (applied to

(7.17)). We then compute d¢,® using the structure equation and the vanishing of 6 on
M and of ¢3* and ¢,* at p modulo 6:

(7.20) ddy® = G A G, — 0 d, A 6*  mod 6.

In view of (4.1 — 4.3) and (3.19), the first term on the right hand side does not contribute
to the the coefficient in front of #* A 8°. Hence we conclude that the coefficient in front

of 0% A 67 in (7.19), at p, is of the required form. This completes the proof of Lemma
7.4. 0

We now return to the proof of Theorem 7.3 and show the required indentities (7.16) by
induction on the number of indices [ + s. The case [ + s =4 (i.e. | = s = 2) follows from
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Lemma 5.3 (ii) applied to (7.17). Since we have chosen coframes for which the Levi form
gap 1s constant, we have
V9up = dgas — 9o 04 — gap@s” = —(Oap +@pa) = 0.

In order to show (7.16) for any 2 < [, s < k with [+s > 2 we covariantly differentiate (7.17)
for & = 1, 1 = Yo, B = 81, v = 8, with respect to the indices ~s,...,v and 05, ..., 0
consequently. We obtain that the left hand side in (7.16) is uniquely determined by the
covariant derivatives of S,3,, modulo a conformally flat tensor and modulo other scalar
product terms involving either derivatives of w.,“,, with respect to indices one of which
is 0; or derivatives of wj 5, with respect to indices one of which is 7;. If such an index
appears at the beginning, the corresponding scalar product is conformally flat in view
of (7.11). Otherwise, by interchanging indices and applying Lemma 7.4, we see that
the scalar product term is equal, again modulo a conformally flat tensor, to a sum of
scalar products of the expressions on the right hand side of (7.18) and its derivatives.
These scalar products are linear combinations of the expressions on the left hand side
in (7.16) with a smaller number of indices | + k. Hence, by the induction, they are
uniquely determined by (6, 60%). Summarizing, we obtain the equality in (7.16) modulo a
conformally flat tensor 7., .5 5 . The proof of Theorem 7.3 is completed by applying
[Hu99, Lemma 3.2] as in the proof of Lemma 5.3 to conclude that T, 5 5 =0. [

8. ADAPTED (Q-FRAMES AND PROOF OF THEOREM 2.1 IN CASE s =0

We embed C"*! in projective space P**! in the usual way, i.e. as the set {¢° # 0} in the
homogeneous coordinates [¢° : ¢! :...: ("], and, following [CM74, §1], realize the unit
sphere as the quadric @ given in P"*! by the equation (¢,() = 0, where the Hermitian
scalar product (-,-) is defined by

(8.1) (€ 7) = 645G + Z(CHT — (7).

Recall here the index convention from previous sections: capital Latin indices run from 1
to n. A Q-frame (see e.g. [CM74]) is a unimodular basis (Zy, Z1, ..., Zs11) of C*2 (ie.
det(Zy, ..., Zsy1) = 1) such that Zy and Z;, 1, as points in P**1 are on Q, the vectors (Z,4)
form an orthonormal basis (relative to the inner product (8.1)) for the complex tangent
space to S at Zy and Z;.1 and (Zp41,Zo) = i/2. (We shall denote the corresponding
points in P! also by Zy and Z;1; it should be clear from the context whether the point
is in C"*2 or P"™1) Equivalently, a Q-frame is any unimodular basis satisfying

(Za,Za) =1, (Za1,Zo) = —(Zo, Zis1) =1/2,

while all other scalar products are zero.

On the space B of all Q-frames there is a natural free transitive action of the group
SU(n + 1,1) of unimodular (7 + 2) x (7 + 2) matrices that preserve the inner product
(8.1). Hence, any fixed S-frame defines an isomorphism between B and SU(n +1,1). On
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the space B, there are Maurer-Cartan forms wa®, where capital Greek indices run from 0
to n + 1, defined by

(82) dZA - WAQZQ

and satisfying dmy® = ma" A 7%t Here the natural C"*2-valued 1-forms dZ, on B are
defined as differentials of the map (Zy, ..., Zai2) — Za.

Recall [CM74, WT79] that a smoothly varying Q-frame (Z,) = (Zx(p)) for p € @ is said
to be adapted to Q if Zy(p) = p as points of P, It is shown in [CM74, §5] that, if we
use an adapted Q-frame to pull back the 1-forms 7,4 from B to @ and set

1 . —
(8.3) 0 := 570”“, 04 = met, €= —m® + w0,

we obtain a coframe (6,64) on Q and a form ¢ satisfying the structure equation

d0 = i6 .50 NOP + O A
In particular, it follows from (8.3) that the coframe (6%,26) is dual to the frame defined
by (Za, Zs+) on M and hence depends only on the values of (Z,) at the same points.
Furthermore, there exists a unique section M — Y for which the pullbacks of the forms

(w,w™, ¢) in (3.11) are (0, 0%, €) respectively. Then the pulled back forms (¢p?, ¢, ) are
given by [CM74, (5.8b)]

(8'4) GBBA = 7TBA - 5BA7T00, QBA = 27Tﬁ+1A, lﬁ = —47T?L+1-
As in [CM74, (5.30)], the pulled back forms w4 can be uniquely solved from (8.3-8.4):
(7 +2)m” = —hc© — €, Tt = 04, "t = 20,
(8.5) w4’ = —iga, ma® = a” + 0457, T = 2064,
A = =1, 2 = %, (4 2)man ™ = dp” + &,

Thus, the pullback of 7, is completely determined by the pullbacks (6,64, ¢, B2, o4, 1&)

In an adapted Q-frame (Z,), the vector Z; giving the referenc point is determined
up to a factor t € C and a change (Zy, Za, Zai1) — (tZo, Za,t7 1 Z; 1) Tesults in the
change 6 — [t]?0 (see [CM74, (5.10)]). Following [CM74], denote by H; the subgroup of
SU(n + 1,1) fixing the point Zy in P**! and the length of Z, in C**2. Then, there is
a surjective homomorphism H; — Gy, explicitly described in [CM74, (5.12)], onto the
group (3, acting transitively on the coframes (w,w?,w?, ¢) (on the bundle E where w is
fixed) such that the relations (8.5) are preserved. We conclude, in particular, that for any

choice of an admissible coframe (0,64) on @ (as defined in §3), there exists an adapted
Q-frame (Z,) such that (8.5) holds with £ = 0.

Proof of Theorem 2.1 in case s = 0. Let f, f: M — S be two CR-embeddings as in The-
orem 1.2 and let p € M be a point where M is kg-nondegenerate. Then the space Ej,(q)
defined by (2.1) is of maximal and hence constant dimension for ¢ € M near p. Choose
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any admissible coframe (,0%) on M near p (in the terminology of §3). Then Corollary 4.2

applied to f and f yields admissible coframes (6,64) and (6, 64) on S near f(p) and f(p)
respectively that are both adapted to (0,6%) as defined after Corollary 4.2. Hence, by

Theorem 7.3, there exists a further unitary change of the coframe (é, éA) near f (p) such
that one has the equality (7.14) for~the covariant derivatives up to order ky — 2 of the
second fundamental forms of f and f. Now Theorem 7.2 can be applied to conclude that

the connection forms (&BA, P4, @) and (QBBA, A, 1&) coincide when pulled back via f and
f respectively.

As described above we realize the sphere S as the quadric () and construct two adapted
Q-frames (Z,) and (Z,) on Q near f(p) and f(p) respectively such that the relations (8.5)
and their analogues for f hold. We conlcude that also the corresponding Maurer-Cartan
forms (m4?) and (7,?) coincide when pulled back to M via f and f respectively.

The end of the proof follows the line of [W78, Lemma (1.1)]. Since the group SU(n+1,1)
acts transitively on the space of all Q-frames, we can compose f with such a transformation
to obtain Zx(f(p)) = Za(f(p)). Now the relation f*mp\® = f*7,? implies that, along any
sufficiently small real curve in M, starting from p, both Q-frames Zx(f(q)) and Zx(f(q))
satisfy the same first order ODE with the same initial values at p. Hence we must have
Zy(f(q)) = Za(f(q)) for ¢ € M near p and therefore f(q) = f(q) since Zy(f(q)) and
Zo(f(q)) give, as points in P**!, exactly the reference points by the definition of the
adapted frames. Finally, the global coincidence f = f follows from the local one by the
well known facts that any CR-manifold of hypersurface type that is embeddable into a
sphere is automatically minimal and that that two CR-functions on a minimal connected
CR-manifold coincide if and only if they coincide in a nonempty open subset. 0

9. DEGENERATE CR-IMMERSIONS AND PROOFS OF THEOREMS 2.2 AND 2.1

This section is devoted to the proof of Theorem 2.2, where we assume that the CR-
immersion f: M — S has degeneracy s > 1.

Proof of Theorem 2.2. As in the proof of Theorem 2.1 in case s = 0, we choose an ad-
missible coframe (#,04) on Q near f(py), adapted to f(M), where py € M is now chosen
such that the integer s(pg) defined in (2.2) coincides with the degeneracy of f (which is
the minimum of s(p) for all p € M). As before, denote by (w,g) the second fundamental
form of f relative to this coframe. Since the mapping f is constantly (ko, so)-degenerate
near pg, by Proposition 7.1, the dimension of the span in (7.5) for k = k¢ is constant and
equals to d :=n —n — sq for p near py. For the remainder of this proof, we shall use the
indices *, # running over the set n + 1,...,n + d (possibly empty) and the indices i, j
running over n +d + 1,...,n. Then after a unitary change of the (6%) if necessary, we
may assume that

(9.1) Span{wm#wwa ----- Ly, 2<1< ko} = Span{L#}, W’Ylj’YQ;’Y&--’Yl =0, [>2
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We remark at this point that, if we can prove that the image f(M) lies in a (n+ 1 — s)-
dimensional plane P, then clearly the mapping f: M — SN P is kg-nondegenerate since
the normal space of M inside SN P would be = C?. We can write

(9.2) Wyl = Oyt 0" + Dyl 07 + Dy o0

for suitable coefficients wy?,, ©x/; and Wy'y. In view of the definition of the covariant
derivatives (7.1-7.2), (9.1) immediately implies

(9:3) Ww#wm ~~~~~ 'ndj#ju =0

for any [ > 2, and hence,

(9.4) Wyl = 0.

Furthermore, in view of (3.19) and (4.3), (9.1) implies

(9.5) 0o’ = D70, ¢ = D,J0" + E76

and

(9.6) bo” = wa 0" + DO, oF = D, 0" + EF6.

Differentiating $od and using the structure equations and the vanishing of the pseudocon-
formal curvature of S, we obtain

(9.7) wa ™ 0" A é#j = z'(ga,;f?uj + gNDDaj)H“ A7 mod 6.

By using (3.19) and (9.2) to compute QAS#J' and identifying the coefficients of 6# A 67, we
conclude that

(98) wa#ud)#‘jp = i(gaﬂbuj + gupﬁaj>.
Since the right hand side is conformally flat (see §7), # runs over n+1,...,n + d, and

d =n—n—s < n by the assumptions of Theorem 2.2, it follows from [Hu99, Lemma 3.2]
(cf. e.g. the proof of Lemma 5.3) that

(9.9) wo y4’ 5 =0
and, consequently, D, =0. Thus, we have
(9.10) b =0, ¢ = E0.

Substituting this information back into the structure equation for dg,?, using dg.? = 0,
(9.2), (9.5) and (3.19), and this time identifying terms involving 0 A 6, we conclude that

(9.11) wa (G0 + Dy?) = 0.
We claim that gg#j = 0. To prove this it suffices to show

(9.12) W“ﬂ#vzm ----- W’ s = w%#”/zwa ----- " (@#]0 +Dy’) =0, [>2.



RIGIDITY OF CR-IMMERSIONS 31

We next differentiate (9.2) (with &x7, = 0 by (9.4)), use (3.19) and the structure equation
to compute dqg#j modulo # and identify the coefficients in front of 6* A #” to conclude
that the covariant derivative w475, is conformally flat. Here the covariant derivative is
understood with respect to the induced pseudohermitian connection on the corresponding
subspaces and quotient spaces, where the indices are running. Hence, all higher order
covariant derivatives wy/;.., . = are also conformally flat (see §7). By taking covariant
derivatives of (9.9) we obtain that the first expression in (9.12) is conformally flat. As
before we conclude that it is actually zero by [Hu99, Lemma 3.2] since d < n. Similarly we
obtain conformal flatness of the covariant derivative w47, by identifying the coefficients in
front of # A6 in the same identity. Again, all higher order derivatives are also conformally
flat and we obtain the vanishing of the second expression in (9.12) by taking covariant
derivatives of (9.11) and using [Hu99, Lemma 3.2]. This proves (9.12) and hence the claim
¢47 = 0 in view of (9.1). Finally, substituting this information back into the structure
equation for do,’ = 0 and using (9.10), we conclude that & =0.

Now, we are in a position to complete the proof of Theorem 2.2. We have shown that
quaj = QAS#]' = &7 = 0. As in §8 we realize the sphere S as the quadric @ in P**! and choose
an adapted @-frame (Z)) on Q = S near f(p). We can further choose (Z,) satisfying
(8.5) with ¢ = 0 for our given admissible coframe (6,64) as described in §8. It follows
then from the second row in (8.5) and the symmetry relation ¢.5 = —¢ 54 that =0
for all © except possibly Q € {n+d+1,...,72}. Thus, we have

(9.13) dZ; =7/ Z;, i,je{n+d+1,... a},

expressing the property that derivatives of the vectors Z; are linear combinations of Z; at
every point. It follows that the span of Z; = Z;(p) must be constant in the Grassmanian
of C"*2 for p € M mear py. Hence the vectors Zy(p) lie in the constant (2 + 2 — s)-
dimensional orthogonal subspace (with respect to the inner product (8.1)). Since, by
definition of the adapted Q-frame, Zy(p) gives the reference point p in P!, we conclude
that f(p) is contained in a fixed (72 + 1 — s)-dimensional plane P in C**! for p € M
near pg. The minimality of M implies now the inclusion f(p) € P for all p € P by the
uniqueness of CR-functions. The last statement follows directly from the definitions. The
proof of Theorem 2.2 is complete. O

Proof of Theorem 2.1 in general case. Let f: M — S be as in the theorem and denote by
s its degeneracy. By Theorem 2.2, f can be seen as a kg-nondegenerate CR-immersion near
some point of M into a smaller sphere 8’ C C***=s*1 The degeneracy of the immersion
obtained of M into S’ is now 0. The required conclusion follows now from the case s =0
considered in §8. U

REFERENCES

[BER99] Baouendi, M.S.; Ebenfelt, P.; and Rothschild, L.P.: Real Submanifolds in Complex Space and
Their Mappings. Princeton Math. Series 47, Princeton Univ. Press, 1999.



[LO1a]
[LO1b]
[LeS6]
[LeSS]
[T75]

(W8]

[W79]

P. EBENFELT, X. HUANG, D. ZAITSEV

Chern, S.-S.; Moser, J. K.: Real hypersurfaces in complex manifolds. Acta Math. 133, 219-271,
(1974).

Cima, J.; Suffridge, T. J.: A reflection principle with applications to proper holomorphic map-
pings. Math. Ann. 265, 489-500, (1983).

Cima, J.; Suffridge, T. J.: Boundary behavior of rational proper maps. Duke Math. 60, 135-138,
(1990).

Faran V, J. J.: On the linearity of proper maps between balls in the lower codimensional case.
J. Differential Geom. 24, 15-17, (1986).

Faran V, J. J.: A reflection principle for proper holomorphic mappings and geometric invariants.
Math. Z. 203, 363-377, (1990).

Forstneri¢, F.: Proper holomorphic maps between balls. Duke Math. J. 53, 427-440, (1986).
Forstneri¢, F.: Extending proper holomorphic mappings of positive codimension. Invent. Math.
95, 31-61, (1989).

Hofer, H.: Dynamics, topology, and holomorphic curves. Proceedings of the International Con-
gress of Mathematicians, Vol. I (Berlin, 1998). Doc. Math. 1998, Extra Vol. I, 255-280.

Huang, X.: On a linearity problem for proper holomorphic maps between balls in complex spaces
of different dimensions. J. Differential Geom. 51, 13-33, (1999).

Kim, S.-Y.; Zaitsev, D.: The equivalence and the embedding problems for CR-structures of any
codimension. Preprint (2001); http://arXiv.org/abs/math.CV/0108093.

Kobayashi, S.; Nomizu, K.: Foundations of differential geometry. Vol. II. Interscience Tracts in
Pure and Applied Mathematics, No. 15, Vol. II. Interscience Publishers John Wiley & Sons, Inc.,
New York-London-Sydney, 1969.

Lamel, B.: A reflection principle for real-analytic submanifolds of complex spaces. J. Geom.
Anal. 11, no. 4, 625-631, (2001).

Lamel, B.: Holomorphic maps of real submanifolds in complex spaces of different dimensions.
Pacific J. Math. 201, no. 2, 357-387, (2001).

Lee, J. M.: The Fefferman metric and pseudohermitian invariants. Trans. Amer. Math. Soc. 296,
411-429, (1986).

Lee, J. M.: Pseudo-Einstein structures on CR manifolds. Amer. J. Math. 110, 157-178, (1988).
Tanaka, N.: A differential geometric study on strongly pseudo-convex manifolds. Lectures in
Mathematics, Department of Mathematics, Kyoto University, No. 9. Kinokuniya Book-Store
Co., Ltd., Tokyo, 1975.

Webster, S. M.: Pseudohermitian structures on a real hypersurface. J. Differential Geom. 13,
25-41, (1978).

Webster, S. M.: The rigidity of C-R hypersurfaces in a sphere. Indiana Univ. Math. J. 28,
405-416, (1979).

P. EBENFELT: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA AT SAN DIEGO, LA
Jorra, CA 92093, USA
E-mail address: pebenfel@math.ucsd.edu

X. HUANG: DEPARTMENT OF MATHEMATICS, RUTGERS UNIVERSITY, NEW BRUNSWICK, NJ 08502,

USA

E-mail address: huangx@math.rutgers.edu

D. ZAITSEV: SCHOOL OF MATHEMATICS, TRINITY COLLEGE, DUBLIN 2, IRELAND
E-mail address: zaitsev@maths.tcd.ie



