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1. Introduction

In this paper, we are concerned with the classification problem of proper
holomorphic maps between balls in complex spaces. Write B” = {z € C" :
|z] < 1} and Prop(B", BY) for the collection of all proper holomorphic
maps from B” into BY. We recall that f, g € Prop(B", BY) are said to be
equivalent if there are elements o € Aut(B") and T € Aut (B") such that
f = t0goo.lItis a well-known result of Poincaré [Po] and Alexander
[Alx] that when N = n > 1, then any f € Prop(B", B") is equivalent to
the identity map. For the case of N > n > 1, due to the discovery of inner
functions, it is clear that solving the classification problem in Prop(B", BY)
is unrealistic. Therefore, one focuses on the important subclass of mappings,
Rat(B", BY), the collection of all rational proper holomorphic mappings
from B” into BV . And here, there are already many non-trivial and interesting
questions ([DAT]).

A first result along these lines is due to Webster [We], who showed that
Rat(B", B"*!) has only one equivalence class for n > 2. This was proven
to hold also for Rat(B", BY) by Faran [Fa2] in the larger codimensional
case: N < 2n — 2. For the case N > 2n — 1, the collection of all equiva-
lence classes, denoted by R(n N), of Rat(B", BY) carries a real algebraic
structure from the work of [Fol], [BER]. However, the specific description
of R(n, N) remains to be quite mysterious in general. In [DA2], D’ Angelo
discovered a continuous family of mutually inequivalent polynomial proper
embeddings from B" into B>" (see Example 3), which in particular indicates
that the set R(n N) contains infinitely many elements when N > 2n. On
the other hand, in a paper of Faran [Fal] in the early 80’s, it was shown that
R(2, 3) has exactly four elements. This then leads to the natural question of
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clarifying the border case of N = 2n — 1 with n > 2. Itis indeed this prob-
lem that motivates the present work; and we will show that unlike Faran’s
result concerning R(2, 3), there are only two elements in R(n, 2n — 1) for
n > 3. Namely, we provide in this paper the following:

Theorem 1: When n > 3, Rat(n,2n — 1) has exactly two equivalence

classes. One is generated by the standard linear embedding L(zy,- - -, 2,) :=
(z1y+++ 5 21,0,--+,0), and the other is generated by the Whitney map
Wi(zy, -+, zn) == (21, L Zn—1, ZnZ1s ZnZ2, =+, ZnZn). More precisely, any

rational proper holomorphic map from B" into B*'~! with n > 2 is equiva-
lent either to the standard linear map L(z) or to the Whitney map W(z).

One of the striking developments of complex analysis in the early 80's
is the discovery of the fact that Prop(B”, BY) is a much larger class than
Rat(B", BY) (see [HS], [Low], [Fo2], [Hu2] for related references). This
makes it a natural but also a subtle direction in complex analysis to un-
derstand the conditions under which an element in Prop(B”, B") becomes
linear or rational. (Indeed, for many applications of complex analysis in
classical dynamics and geometry, see [Yue] and [LN] and the references
therein, a good understanding of such a phenomenon always appears to be
quite crucial). Along these studies, there have recently appeared a number of
papers (see [Fo2], [ Yue], [Hu2], [Hu3] for surveys and related references), in
which the interaction of the boundary regularity or the dynamical property
of the maps with the rationality and the linearity of the maps was investi-
gated. Here we mention a theorem of Forstneric [Fol]: If f : B* — B,
(1 < n < N),is aproper holomorphic mapping which is (N —n+ 1) contin-
uously differentiable up to the boundary, then f is rational. In a recent work
of the first author [Hul], a new approach was introduced for such a study.
It was shown in [Hul-2] that the linearity and rationality hold in fact for
maps which are only assumed to be twice continuously differentiable up to
the boundary in case N < 2n — 1 or N < 2n — 1, respectively. While it is
still an open question if this is also the case for general codimensions, we
mention that these results are good enough for us to reformulate Theorem 1
for proper maps which are only twice differentiable up to the boundary.
Notice that a proper holomorphic embedding from B” into B**~! cannot
be equivalent to the Whitney map, the previous result of the first author
(say, [Corollary 1.2, Hu2]) together with Theorem 1, in particular, provides
the following rigidity theorem for holomorphic embeddings between balls.
(Notice in case n = 2, it is contained in the work of Faran [Fa2]):

Theorem 2: Let F be a proper holomorphic embedding from B" into B>"~!
(n > 1), which is twice continuously differentiable up to the boundary. Then
F is equivalent to the standard linear embedding L(z).

Example 3 (D’Angelo [pp87, DA2]): Let z=(Z/, z,) and F, = (Z/, cos(t)z,,
sin(f)z,z) with t € (0, 7/2). Then F; is a proper holomorphic embedding
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from B" into B*". Clearly, F, cannot be linear; for it has degree two. Fur-
thermore, F; is equivalent to Fj if and only if + = s. Hence, R(n, 2n) has
infinitely many elements.

Now, we say a few words about the proof of Theorem 1. Part of the
approaches and techniques we need to use are based on the work done in
[Hul]. We first establish the Chern-Moser formal theory for the normalized
map, which gives us some sort of the jet relation (namely, a certain kind of
the curvature relations). In particular, we will prove the rank of a certain
matrix formed by the second derivatives of the map is generically one if the
map is not linear. This rank condition holds exclusively for N = 2n — 1,
but only gives a non-trivial and intrinsic restriction to the map for n > 2.
Using the large automorphism groups of the balls, we derive from this rank
condition a partial differential equation. Unlike the situation considered in
[Hul], it is now very difficult to solve the equations directly. However, by
performing certain formal arguments to the equations, we can derive some
connection between the third derivatives of the map (Lemma 4.1). With
such a relation provided in Lemma 4.1, we will prove the existence of what
we call the characteristic direction along which the map is linear and the
solutions must take certain specific normal form. We next show the degree
of the map as in the theorem is at most two, to further simplify the obtained
normal form. Finally, we show that the map is either linear or is equivalent
to the Whitney map. Once Theorem 1 is proved, Theorem 2 is an immediate
consequence of Theorem 1 and the results in [Hul-2].

Acknowledgements. The authors wish to thank J. D’ Angelo and S. Webster for their stimu-
lating conversations related to this work. Also, they would like to thank the referee for many
helpful suggestions, which have greatly improved the readability of the paper.

2. Notations, preliminaries and brief description of the proof of
Theorem 1

In this section, we set up some notation and recall some results from [Hul],
which will be used through the paper. We will also discuss briefly the proof
of Theorem 1.

First, it is well-known that the ball B" is holomorphically equivalent
to the Siegel upper-half space H, = {(z,w) € C"! x C : Im(w) >
|z} and the sphere is equivalent to the Heisenberg hypersurface oH,,.
Let L; +2¢_z,3u) for j=1,---,n—1. Then {Ly,---,L,_;}

form a ba51s of TMY9H,. We assign the weight of z to be 1 and w to
be 2, and use the notation (-)© for a holomorphic polynomial of weighted

degree o. For a function / defined over 0H,, we say that h € o,,(k) if

. 2 .
lim;_,¢ W — 0 uniformly on (z, w) over any compact subset of 0H,,.

We also use the notation: (a, b) = Z ajb; and la|> = (a,a).
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Next, let F be a rational proper holomorphic map from B”" into B.
By a result of Cima-Suffridge [CS2], F extends holomorphically up to the
boundary. Hence, it induces naturally a (non-constant) holomorphic map
from oH,, into dHy, which will still be denoted by F' for simplicity of
notation. Since we are only interested in the normalization problem of F
up to the action of the automorphisms of the Heisenberg hypersurfaces, we
can assume without loss of generality that £(0) = 0. Moreover, we have

Lemma 2.1 ([Lemma 5.3, Hul)): After composing F with certain auto-
morphisms of the Heisenberg hypersurfaces, the map F = (f, ¢,g) =

(fi, s fue1s @1, -+, ON—n, &) can be assumed to take the following nor-
mal form (N > n > 1):
(2.1)

f=z+ %a“’(z)w + 0w (3), ¢ =P (@) + 0w (2), § =W+ 0, (4),
with
(2.2) zZ, aV@))z* = 19?2

Asin Lemma 5.3 of [Hul], the above holds for F which is only assumed
to be C2-smooth over the source hypersurface. Equation (2.2), which comes
as a consequence of the normalization as in (2.1), reflects the lowest order
CR curvature terms, which may be useful for further understanding of
problems for mappings between Heisenberg hypersurfaces. In particular,
we mention that the polynomials a'"(z), ¢®(z) contain the information
on how far the map is away from a linear one. Equation (2.2) relates the
second order jets of F" at the point p = 0. To make it useful for our analysis,
we will produce from the F in Lemma 2.1 a family of maps from H,, into
Hy, denoted by F*, with parameter p € dH,. Notice that if we apply the
curvature equation (2.2) to F,*, we will get a relation of the second order

jets of F at any point p € 0H,. Hence, we derive differential equations
for F, through which we take the control of the map F.

In case N = 2n — 1, we will see in Lemma 3.1 that after composing F
with certain automorphisms of the Heisenberg hypersurfaces, we can further
simplify a'"(z) and ¢®(z). Moreover, (2.2) implies a rank condition for
the second derivatives of the map F at 0 (see Remark 3.1"). It is this rank
condition that enables us to find a direction along which the map F is
linear. It should be mentioned that such a condition becomes empty when
n = 2. Hence, our approach here is not usable when n = 2. Indeed, by the
examples of Alexander [Alx] and Faran [Fa2], when n = 2, F may not have
any direction at all in which F is linear.

Now, we describe how F ;j* is defined. Let F be as in (2.1). F induces
aholomorphicmap F,, : 0H, — dHy forany py = (29, wo) € 0H,, defined
as follows. We write o, € Aut(H,,) for the map given by o, (z, w) = (z+zo,
w + wo + 2i(z, 20)) (0,,(0) = po), and 7,, € Aut(Hy) by 7(z*, w*) =
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(z* — f(z0, wo), w* — g(z0, wo) — 2i(z*, f(zo, wo))). Here we write f =

(f9¢) Then F[?()(Z9 w) = (fp0a¢poagp0) (fp()agp()) QOFOGpo IS
a holomorphic map from dH,, into d0Hy with F, (0) =

However, the map F),, constructed in this way does not satisfy (2.1) in
general. By further composmg 1, With suitable automorphisms of Hy, we
will get £, for which (2.1) and thus (2.2) holds. Such a process and related

formulas have been carefully discussed in [§2, §4, Hul] and are reviewed
as follows:

a D . ~ -~
Let Ay, = =2y = g/, (20, wo) — 2i (), (20, wo), f (20, w0));
aN ~
(ED)py = 22000 = Ly(F)(z0, wo);

az;

3
(Eu)py = 21 = J1 (20, wo);
and let (Cp) p, be so chosen that (see [pp 17, Hul])

(EVpo/ v o

(En—l) /\/ A
Apy = Apowg) = " "

iS a unitary matrix.
(Cl ) Po

Crndm )

bDeﬁne F;() = (?;PO’ g;()) = ((fl);oa' ) (fn—l);o’ (‘l)l);()»‘ ) (¢N—n);0’ g;())
y

t
NG
Vi 0 1/
Then F  is a proper holomorphic map from H, into Hy with F7 (0) = 0
and f*, = (z,0) + 0w (1), g;O = W + 0y, (1). To further modify F;‘;O SO
that (2.1) holds, we let

a,, = ((al)pov T (an—l)p()’ (bl)pov T (bN—n)p()) ’ with
p—— —
(@r)po = 57 (Bl (Enpy + (b0)po = 7= (Ew) py - (C1)py - It can e seen
that |a,,|* = ﬁ(Ew),,OP. Also let
32( *) ~ " -
(dij)p = gt lo = 7= (Lo, (0) - <E»);,O = z(f’)(po) (E)hy:
8%g"
(D = Fgelo = 780 0) = 7-Lig), —2zf’w 7o

1@,

—1
Fpo = 3ttlo = 3 Re((gpo>ww<0>> soRe(8, = 20 f - [ )(P0).
Define

G (75, w*) = ( " v )
pole W)= L+ 2i(z*, 8p) — (—r +iap, Ao w14 2i(z*, qp0) — (—7 +i{ap,, ApgHw* )’
Then G, € Aut(Hy).
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Finally, F; is the composition F}} with G ;:

Fon = (ot 830) = (7o 832) = G o .

By [§2, Lemma 5.3, Hul], F 1’,‘: satisfies the normalization conditions (2.1),
and thus (2.2) too.

As in [Hul], it is desirable to know how F ;* gives the feedback to the
original function F (see Lemma 2.1 of [Hul], for instance). For our purpose
later, we need the following formula, which can been easily obtained by
collecting the coefficients of the z;w-terms in the Taylor expansion of the
right hand side of [(2.7), Hul]:

(2.3)
(fi)
azj‘aw

lo = (dlj)po - (al)po(cj)po - ‘Si‘(ilapo|2 + r[?o)v I<lj<n-1L

Here py € 0H,, and 61]. takes value 1 for j = [ and O otherwise. We notice
(e

that F ;‘: depends on pg and the choice of (C;),,. However, 50w

0
independent of the choice of (C;),, by the formula in (2.3).

The key point to the proof of the theorem is to simplify a non-linear map
F as in Lemma 2.1 in such a way that we can recognize its equivalence
class. Hence, we need a test to distinguish a non-linear map from a linear
one. To this aim, we will need the following linearity criterion which will
be the starting point for the proof of Theorem 1:

Proposition 2.2 ([Theorem 4.2, Hul]): Suppose that for any py = (zg, wo)
€ 0H, close to the origin (N > n > 1), there is a certain choice of

2 sk
(C1)p, so that zzg’;‘; =0 (1 < k,I < n —1) for the corresponding

For = (f2, 45, g%). Then F(z, w) = (z, 0, w).

The above was actually proved in [Hul] for F* which is only assumed
to be C2-smooth over the source hypersurface. Also we remark in passing

2**

that the condition that

= 0 for each /, k is independent of the choice

az; 8z 0
(C) p,- (Namely, if it holds for one choice of (C;),,, then it holds for any
other admissible choices of (C;) ,.) This can be easily seen from the formula
(2.2) and the fact that the formula in (2.3) is independent of (C;) ,,. (It also

follows from [Lemma 2.1, Hul] and the formula for ¢}, there).
For the proof of Theorem 2, we need the following result from [Hul-2]:

Theorem 2.3 ([Corollary 1.2, Hu2]): Let M, and M, be two open con-
nected pieces of the boundaries of the unit balls B" and B*'~, respectively
(n > 2). Let F be a non-constant twice continuously differentiable CR map-
ping from M, and M,. Then F extends to a rational proper holomorphic
map from B" to B**~ !,
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The rest of the paper will be arranged as follows: In what follows, we
always assume that N = 2n—1,n > 2 and F satisfies (2.1). We also assume
that F is not linear. In Sect. 3, we will simplify a'" and ¢ by applying
(2.2). In particular, we get a rank condition (Lemma 3.1 (i) or Remark 3.1")
for the second order derivatives of F' at 0. For the proof of Theorem 1, we
need consider the 5th order formal equation to get relations of the higher
order jets of F near O (see Lemma 3.2). In Sect. 4, we will seek the direction
in which F is linear. Notice that for the g in Lemma 2.1, g = w + 0,,(4).
Since Im(g) > 0, by a generalized version of the Hopf lemma due to Burns-
Krantz, to show that g(0, w) = w, it suffices to find a further normalization
inwhich g, (0) = 0. To this aim, we need to get a certain relation between
the two third order derivatives of g: g/, (0) and g, (0). Since they stay
in different weighted-order terms, such a relation can not be obtained just
by looking at the Moser formal equation. Our method is to apply the rank
condition (Lemma 3.1 (i)) to F ;j* and the feedback formula (2.3) to get
a system of differential equations for F. Then we perform a formal argument
for such equations (instead of the Chern-Moser formal equation) to get the
desired formula (Lemma 4.1). With Lemma 4.1 at our disposal, in Sect. 5
we will show that after composing F with suitable automorphisms, we
can further assume that the map in Lemma 2.1 has the following partial
linearity: g(0, w) = w, f(0, w) =0 and F has degree two when restricted
to the Segre variety Qo. After re-employing F*, we can similarly show
that the degree of F also has degree two along the Segre variety Q, for
any p(= 0) € H,. This then allows us to prove that the degree of F is two
(Lemmas 5.2-5.3) and takes the special normal form as in (6.1). Once we
get Lemma 6.1, the proof of Theorem 1.1 can be achieved by explicitly
writing down the maps which intervine F into the Whitney map. We also
attach an appendix after Sect. 6, in which we give an explicit map and its
Taylor expansion (see (A.I)—(A.IIl)). The reader may like to compare this
example with some of the formulas in Lemmas 3.1, 3.2, and 4.1

3. The formal consideration

We now let F = (f, 9,8 = (fi, fu-1, P15 s Pu1,8) = ([, 8) :
oH,, — 0H,,_; be a non-constant rational map, which satisfies the normal-
ization condition (2.1). Assume in all that follows that F is not equivalent
to a linear map and n > 2, N = 2n — 1, unless otherwise stated spe-
cifically. Our purpose is then to show that F' is equivalent to the Whitney
map.

It is well known that any local non-constant holomorphic map H, which
sends 0H,, into dH,, and satisfies a normalization condition similar to (2.1),
must be the identity map. For a holomorphic map from dH,, into 0H,,_1,
the normalization condition (2.1) is not enough to determine the structure
of F. Our first objective is to normalize F to make it take even simpler form.
To this aim, we will first look at the formal implication of the functional
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equation Im(g) = |]7|2 for Im(w) = |z|?. It should be mentioned that (2.2)
actually comes as a consequence of the normalization condition [(3.1), Hul]
(which is even weaker than (2.1) here), by considering the weighted third
and 4th order terms of this functional equation ([Lemma 5.3, Hul]).

Since F,* is equivalent to F, by Proposition 2.2, after replacing F by
F7v for a certain po if necessary, we can assume in what follows that
a(z), 9@ (z) # 0. Indeed, by (2.3), we can further assume that the
a(z), 9@ (z) coming from Fy ** do not vanish identically neither for any
Do sufﬁc1ently close to 0. Wnte aV(z) = z - A. Then (z,aV(z2)) = zAZ

and A' = A by (2.2).

Lemma 3.1: Assume that F is as above such that aV, ¢® are not identi-

cally zero. Then the following holds:

(1) Rank (A) = 1;

(ii) F isequivalent to a map which satisfies (2.1) withaV (z) = (z;, 0, ..., 0)
and ¢)§2) = 212j, 1 < j < n — 1. Namely, F is equivalent to a map of
the following form:

fi =21+ 521w + 04 (3),
fi=zj+t0,(3), 2=<j=<n-—1,
¢ =uzjtou?2), 1<j<n-1,
g=w+o0,4), near(0 e oH,.

(3.1)

Proof of Lemma 3.1: By (2.2), it is clear that A is a semi-positive Hermitian
matrix. Since A # 0, there is a unitary matrix U such that U7'AU =
diag(ky, ..., kx, 0, ...,0) with k, > 0, 1 < v < k. Replacing F(z, w) by
(fU w)- U, ¢p(zU™", w), g(zU™", w)), we can assume without loss of
generality that A already takes such a diagonal form.

We claim k = 1. In fact, write ¢§2) =D usp bijgzaz . Then

2 _
¢( (2 )| Z |b(’)| Izall2s 2 + Z {b;gb%)zaz,gzyzl}.
a=p (e, B#(y.l),a<B,y <l

Write Byp 1= (b;lﬂ), . bfx'jg D). Notice that (2.2) now reads as

(3.2) ( Zx,|z,|2)|z|2 Z 7 )"

j=1

Comparing the coefficients of the |z; |zzl@—terms, we get | B ﬁlz > 0 and
By, 'B_lﬂl =0, VI # B. Hence {By,, By», ..., B ,—i} forms an orthogonal
basis of C*1. For By with s # 1, since we can similarly see from (3.2)

that Byg - B_Slt = 0 for all B, we get that By = 0 for s # 1. Therefore we
conclude that k = 1, for the right hand side of (3.2) contains z; factor.
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Combining the above, we conclude that the left hand side of (3 2)

becomes «|z1|?|z|*> and ¢() = zi Zﬁ lﬂz,g = le - 7', where B
(2)
) o ! = ~ By
by, .., by ). Write | ... | =z/B-z',where B:=| .. |.Apply-
2 B~
¢n—l n—1

ing (3.2), we get BB = k1 (1d). N
Replacing (f, ¢, g) by (f. q‘)%, g), the new map then takes the form
fi=a+icizw+ -, ¢; = /kiz1zj + - - - . Next replacing it by

~ z w Z W
9 H - = 9 - bl - = b - b
& (JK—lf<«/ﬁ Kl) Klg(«/’f_l Kl))
then we get a new map, which is equivalent to the original F and is now of
the desired form. |

Remark 3.1': Suppose that F is an arbitrary non-linear holomorphic map
from 0H,, into dH, satisfying the normalization condition (2.1) with a'V,
¢ not identically zero. As we mentioned before, (2.2) then holds auto-
matically. Hence Lemma 3.1 (i) shows that for N = 2n — 1,

( (fl)zlw (fl)zn—lw )
Rank
(fn—l)zlw (fn—l)znflw

We remark that when N < 2n—1, the rank of the above matrix becomes zero
as is shown in [Proposition 3.1, Hul]. It was such a rank-zero geometric fact
that leads to the proof in [Hul]. For the case considered in this paper, the
rank is 1, which appears to be the key geometric fact that leads to the result
in Theorem 1. (Notice that when n = 2, the rank-one condition simply says
that f (0) # 0, which generlcally holds for any non-linear map. Namely,
the rank condition only gives a crucial restriction for the map when n > 2).

In the next section, we will apply the above rank condition to the map
F7+ introduced in Sect. 2 to obtain a certain type of second order non-linear
partial differential equations (see (4.5)) of F. Such a system of equations
is complicated. For the proof of Theorem 1, we need to carry out a formal
argument for this system to derive a formula for the two third order deriva-
tives of g at 0 (Lemma 4.1). To facilitate the formal consideration in Sect. 4,
we next study the information contained in the 5th order curvature equation.

=1.

In what follows, we assume that F' takes the normal form as in (3.1).
Collecting the weighted-5th order terms in the equation Im(g) = | f |2
over Im(w) = |z|%, we obtain

n—1 _
(33) Im{g® —2i7fWy=2Re ) ¢¢\", V(z,w) € oH,.
j=1
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Letting z; = 0 and using (3.1), we get Re Z;’;i qb;z)qﬁf) = 0. By
the Chern-Moser lemma (see [Lemma 2.1, CM] or [Lemma 3.0, Hul],
or by a straightforward computation), we get g®(0,z, w) =0 and
f ;4) 0,7/, w) =0 for j > 1, where z = (z1, Z'). Therefore, we can write

f1(4) =a¥2) +a?@w + apw?,

P =0@’@w+d’ @), 2<j<n-1,
¢>§3) = b?)(z) —I—bﬁ“(z)w, 1<j<n-1,
g9 =[P @w + cpw? + ¢ (2)].

(3.3)

Lemma 3.2: With the above notation, the following holds:

"
2

—_— I/L
(@) = 21a0@), d)" @) = 2. 6" @) = bizi. b = bjzi +

Zjs
@) =0,c9(2) =0,a"(2) =0,a"(2) =0

where , by and b;(j > 1) are complex numbers, aV(z) is a linear function
in z. Moreover, we have:

(3.4) 1= 2c1> = 4ids.

Proof of Lemma 3.2: Substituting (3.3)" into (3.3), we get

Im{ g™ —2i7- fD -2y ¢§2’W} =0or

Im{Z1 [0(2) (@w + cpw’® + ¥ @] - ZiH[aQ) @w + agw? + a¥ ()]

27 - [21@" (w4 a¥'(2))] — 2iz%(b§3’ ) + b?’(z)w) -

(3.5) —2iz1 Y z; (b§-3)(z) + b;l)(z)w) } =0,

Jj=2

where a® = @, ...,a ), (z, w) € 0H,.

Since w = u + i|z|* on 9H,, we can replace w by u + i|z|? in (3.5).
By comparing the coefficients of the u? terms in (3.5), we get Im{c},z; —
2iz1ap,} = Ofor any z;, which implies ¢, = 2iag;. Collecting the harmonic
terms in (3.5), we get ¢ (z) = 0.

Comparing the coefficients of the u terms in (3.5), we get an identity for
any z € C"1:
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Im{mc(z)(z) + 2iciazi|z|* — 2i71a® (2) — 2iZram (2ilz|*)—

—2iz1 Y a7 -2 Y 2 jb§1><z)} =0.

j=2 j>1
Hence it follows that ¢ (z) = 0 and that
2iz1 Y 2,6 (2) + 2izy Y- ()T + 2ia® ()71
(3.5) j=1 j=2
= 2icipz11z)? — dagz 2]
Now collecting in (3.5) terms of the form: z*z° with |o| = 4, |B| = 1, we

geta® =0, a® =0.
Back to (3.5)/, since its left hand side divides z;, we get a'?(z) =

z1aW (z) for a certain aV (z). Write u := 2c¢1, = 4iag,. We have

36 26" @+ > b @)+ ) a7 +aV @)z = plzl

Jj=2 jz2

Considering the coefficients of |z1|%, z1Z; (i > 1), zjzi terms (I, j > 1)
in (3.6), respectively, we obtain

bV a0z V@) 9aV ()
1 + i 1 + i

W= =0,
071 071 az; 071
(3.7) -
ob;” da) [0, 1# ).
— 4+ —= :
dz;  0z; W, L=j.

Collecting terms in (3.5) without u-factor and recalling that ¢¥ (z), ¢,
a®, af) =0, we get

Im{zlc12<—|z|4) —2iz—1(a‘2>(z)i|z|2 —a02|Z|4) —2i7'- [zm“)/(z)(ilzlz)]—

—2izf (bf’)(z) B i|z|2b§1)(z)) — iz, Z Zj (% - i|z|2%>} =0.

j=2

Considering terms with z/ 2/ factor in the above identity, where |/| = 3 and
|J] =2, we get

—_—~——

(—cizi+2iagz) |2 422171 (2) 21242217 -0 (2) 12 P—222b" (2) |2 —

—2z; ( >z jb§1’(z)> 2P = 2i226(2) — 271 Y56 (2) = 0.

=2 j=2
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Since c¢j» = 2iap,, the above implies

1 IZIZ(Ha“)(z) +7-aV(2) — 2" (2) = 3 z,bﬁ”(z))

Jj=2

=72 (2) + iz Y 76 (2).

Jj=2

(3.8)

Considering the coefficients of the z;7;(j # 1,1 # 1) terms in (3.8), we
find

(D (D
zla('l)(z) + zja,“)(z) — z;zlg — z]zlﬂ
J 0z 0z
(3.9)
ob!" ob!”
— i—— =0.
Z/Zl a 2 ZIZJ azj

(”(z) ) _
0z
Vj # 1. Combining it with the second equation in (3. 7) we conclude

V@ _ @ .
D = i =0, Vj# 1. Hence

Further considering the z; z; termsin (3.9) (I # 1), we get

(3.10) bgl)(z) = bz, for a certain b; € C;
' and ay)(z) has no z; terms for2 < j <n — 1.

Considering terms with z_jZ factor in (3.8), where j # 1, we get aﬁl) () —

h(” o) )
(Z) — > 2 Tk © = 0. Since we have proved bgl)(z) = byz;, wWe
J

have

-1 (), ~
(3.11) a\ () — Z o 2k (Z)

From this and the third equation in (3.7), it yields that a\" (z) has only z;

ORI
term for2 < j <n—1,and o = 2L Vj # 1. Again by (3.11) and the
J J
third equation in (3.7), we get
(3.12) a' =5z 2=j=n-1.

From the third equation in (3.7), and (3.12), (3.11), we get b’ = b;z; +

gz j» 2=<j=<n—1, where b; € Care some complex numbers. The proof
is complete. O
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4. An application of the group structure of the Heisenberg
hypersurface

A major step toward the proof of Theorem 1 is to find a direction in which
the map is linear (see Lemma 6.1). For this purpose, we need to establish
a connection between the weighted 57 order term in g and the weighted 6”
order term in g. More specifically, we need to have co3 = |cj2|> (Lemma4.1).
(With such a property, we can show in Sect. 5 that after composing F with
certain automorphisms, we can make g(0, w) = w). However, as explained
in Sect. 2, this cannot be done just by the formal consideration as we
did in Lemma 3.1 and Lemma 3.2. The way we achieve this is to apply
Lemma 3.1 (i) (Remark 3.1") to F' ;j* to get a system of differential equations
of F (see (4.5)). Then we can obtain the required formula by considering
the coefficients of the u and |z;|*-terms.

63g

o’g 1 g
2 971 dw? 0'

2| and cyp, =

Lemma 4.1: Let F be as in (3.1). Write ¢z = éauﬁ .

Then coz = |(,’12|2.
Proof of Lemma 4.1: As in Sect. 2, the Heisenberg group structure can be

used to produce the map F;* from F for any p = (z, w) € 9H,. By (2.3)
and the formulas preceding it, we have

I*(f) 1 ~ 1
j’ry _ s ~ L . P ” B

e )\p(fp)wzl . (Ej)p A%((Ew)p (ENp) (8p)se, 0

(T1(Ew) I 1
—8 (7[7 + =—Re{(g,)},,(0)} ).

A 2%, er

i P . , ,

Writing P/ := — 5= and applying again the formulas in Sect. 2 (or

[Sect. 2, 4, Hul]), we get the following

. —~ —t 2 /([ ~ =all ~ =l
2P =2L(f)) Li(f) — X(f;, ~Li(f) ) ~Lj(giu —2if,-f ) -
L~ . . —_— =I
4.1 —2i8]|f,,* — &Re{gy,} + 28/ Reli ), - f ).
atany p = (z, w) € oH,,
where L = A(p) := A, is a smooth positive function in p. On the other

hand, we can apply T2 to the basic equation Im(g) = | f|?, where T := L
is the real tangent vector field along 9H,, and w = u + i|z|? to get

=1

0=2i Im{i%-f }+2z‘|}2|2—i1m{g;;w}, V(z, w) € 0H,.
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Multiplying it by 8{ and then adding it to (4.1), we have:
b =207 L) — %('V . Tf)t) L (g;,) — 27, .?’)
= (gi,@w ~2if, - F t),

Vp = (z,w) € 0H,. Applying the operator L;T to the basic equation
Im(g) = | f|, we have

~ =1 ~ 1
Lj(g:U — 2ifw/ - f ) =2L;(f)-f,, VY(z,w) e oH,.
Write
.1 W= 20T F gl

Notice by Lemma 3.1 and (3.1), A = 1 + |z;|> + 0,,;(2). We then get

P =2L(F) L)

4.2) R I ‘
—41'( w Li(f) )(Lj(f) o ) + 81 + 0w (2),

for any (z, w) € dH,,. Writing qu = 2AP/ — (Slj A*, one obtains from (4.2)
(4.3)

g =2L(F) - LD — 4 ('f; : Ll(ff) (L (- fT) + ow(2),

and
4.4) AP =gl + 582",

Applying Lemma 3.1 (i) or Remark 3.1’ to F;*, we get Rank(P/) = 1.
Therefore we obtain i—‘i = %, 2<l<n-—1l,ie,q+1" = qlfjl_l“q{, 2 <

1 1
[ < n — 1. (Note that this is the place where the crucial restriction that
n > 3 comes out). Hence, we get the following system of (second order)
differential equations:

W2 +2%(g +4) + (qld) — 4/ d}) =0,
2<l<n—1, Yz w) e oH,.

(4.5)

(4.5) gives a complicated system of second order partial differential equa-
tions for the map. Fortunately, for the proof of Lemma 4.1, it suffices for us
to do some formal analysis for (4.5) of weighted order two.
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In the following, we fix an [(> 1) and only consider the u and |z;|* terms
in the Taylor expansion of the left hand side of (4.5).

We now compute A*, g}, qll, g/ and q{ in (4.5) as follows.
By (3.1), (3 3)" and Lemma 3.2, we have f; = z; + 2le + apw? +

zla(l)(z)w —|- a 1)(Z)w +a 3)(Z)w + 04 (5), and f/ = Zj + 2ZlZ/w +

m(z)w + a(3) (2)w + 04, (5) for j > 1. The fact that f does not contain
terms of degree 5 purely in z in its Taylor expansion can be obtained
from a simple formal consideration of the weighted-6" order truncation

in the equation Im(g) = | f|?: Im{g©® — 2i7f®} = 2 Re( Zj(qﬁ;z)@ +

1,3 ,3)
19797)).

For convenience, we first fix some notation and terminology: For func-
tions A, B,Cy,---,C,,, we will write A = B mod(Cy,---,C,) if A =

B+ ZT=1 k;C; for some constants {k;}. For real analytic functions H(Z, Z)
and and Q(Z, Z) defined near the origin, we will write H = Q mod(terms

- et |+ Bm |
other than ZZ"', ... | zwZ™y if dlinlci—0) d'; d‘Z’Zm D =0forl <m <k
am 0

Remark that 9H,, can be identified with R*"~! with coordinates (x, y, u)
through the map z = x + iy and w = u + i|z|*. Notice that the weight of u
is two.

We start with the following expansions which, as explained, come as
consequences of (3.1), (3.3)" and Lemmas 3.1-3.2:

fi =21+ =zw + agw? +Z1a‘”(z)w+a1”(z)w -

2

+aP @w + 04, (5) No(|(z, w)[*), mod(z,z,w?, zsw?, w, w),

Elejw + aﬁ‘l)(z)w2 + af)(z)w + 0 (5) No(|(z, w)|*h),

fi=z+3

mod(z,z,w?, zsw?, w?, w*), j > 2.

¢ =2+ bizyw + 0w + 5V (2) + o[z, w)|?) N0y (3),

¢ =z12; + (bjzl + %z])w + b;o)w2 + b;z)(z)w

+ 5@ +0uB3) No(lz, w)) (> D,

g =w+ cnziw® + coaw® + 0y, (5) No(|(z, w) ).

Here, a function of the form X (z) denotes a holomorphic polynomial in
z of degree m. Therefore it yields
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(f), = 21+ 2aw + 710D + 2a§“w + ai” + o(|(z, w)?),
mod(z,z,w, zsw?, w?, w?),

(f1)hw = 2a0> + 24} D) + ol w)P), mod(z,2;, Zsw, w, w?),

) = b1z + 240 @w +aP(@) + o(l(z. ),
mod(z,z,w, zsw?, w?, w?),
(i) = 2;5/1)(1) + o(|(z, w)[*), mod(z,z, zew, w, w?),
(1), = bizy + 26w + o(|(z, w)]),
(@1}, =26 + o(1),
(@), = bz + Bz + 26w + 57 (2) + 0 (2),
(@) = 26" + o(1),

S = 2¢1221 + 603w + 0(|(z, w)[*), mod(z,z;, zsw, w?),

where 2 < j <n — 1. Thus we obtain

M

4.6) A*=2i i S :4-8a1 26
( L ww f Sww l 82[ |Zl| Co3W,

mod(terms other than 1, z, 77, |zl u).
Hence
4.7) (A*)* = 0, mod(terms other than |z|*, u).

Computation for q}: With a direct computation, we have the following:

Li(fi))=1+%w
a/(_;/ da D
Li((f)) = & + M0G0, ol @y,
Li(f)) =0

((f/ w) = % Zl+2

da(l)(z)

mod(terms other than 1, z;, 7, |z/|%, u)
Li(¢1) = bw
Li((¢1)},) = b1 +o(1)
L1(¢j) =Zj +b W

2
Ll(((p])w) - b + = db (Z) + wl(l)

where 2 < j <n — 1. Hence
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2

~ ~1 ~ ~—1
q}=2meyme)—4i;,Luf) =
. = 3z, <l 921 ) P Jj 121
82b(2)
+ 217(Z)|z,|2, mod(terms other than 1, z;, 7, |z,|2, u).
0210z,

Computation for q}: With a straightforward computation, we have the fol-
lowing:

mu»=¥,1<j<n_1

Li((f1),) = 41610221 +4i% ' |Zl|2 +2 d:)
u«ﬂY)—m——mP+2 I

Li(d1) = 0y (1) mod(terms other than 1, z;, 77, | /1%, u)
Li() = 8itlz)* + 58w
Li((¢1),) = o(1),

Li((¢0),,) = 56, + 4iby 7 + =52

where 2 < k <n — 1. Hence

2L L) —4i| T

db (z)

+ 0w (1),

—_—~——

(1) (1)

da, ' (z da

( l ( ) |Zl|2+2 l w>+
aZ[ aZl

U)

_ 9@ —
49) + 2(% +4ib07 + la @ ) (iﬁlzll2 n %w) F oy (2) =

<1

a%Wm|F+ wﬁ@)_, P2

— 8 Ll
i’z + 5

mod (terms other than 1, z1, zs |Zl| , u). Therefore from (4.8), we get

—_—~——

(1) (1)
(2) (2) —
4.10) ¢q —8 |z z|2+4 — = w+ |ullzl? + = Iulzw,
aZ] aZl
mod(terms other than |zl|2, u),v(z, w) € oH,.

Computation for q{ and q}: Similarly, we can get

I _ —
@11 {‘h = pz;, mod(terms other than 1, z;, 7)),

g} = 8ianz; + 11z;, mod(terms other than 1, 7).

Since by Lemma 3.2, ag, = ﬁ , we thus obtain from (4.11):

(4.13) qiq) = —|u|*|z;|*, mod(terms other than |z|*, u), V(z, w) € 3H,.
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Now from (4.6) (4.8) and (4.9), we get

(4.14) a;)\(z/)
A (g1 +ql) = —ibcp3w — 4 ’

|/, mod(terms other than |z|*, u).

Therefore by (4.7), (4.10), (4.11), (4.13), and (4.14) and by writing up
the u and z;Z;-terms in (4.5), we get over 0H,, the following, which holds
modifying terms other than u and |z;|*>. Namely, we have

—_~—

aa,”(z) , 0d(2)
0z,

aal”<z)| e
0z

—ibcpsw — 4 8———zl” +4i w+ |zl +

4.15  + %mﬁw —(- Iulzlzllz) = 0, mod(terms other than |z|*, u).

Collecting the u terms in in (4.15), we get the identity —6icg3 + 4iy +

dall)(z)

e,

2|,u|2 = 0, where y :

(4.16) 12¢03 = 8y + |u|*.

Collecting the |z;|* terms in (4.15), we get
. . o i .
(417) —i6eos (i) — 4y — 8y +diy(D) + |ul® + Sl (=) + |ul* =

From (4.16), (4.17) and the fact u = 2cz, we get co3 = 3|ul* = |cp2|”.
The proof of Lemma 4.1 is complete. O

5. Linear direction and degree estimate

With the normalization (3.1), we get g = w + 0,,(4). It was mentioned
that if we have in addition cy3 = 0, then we get immediately g(0, w) = w
by applying a generalized Hopf lemma due to Burns-Krantz (see [BK] or
the argument following the proof of Lemma 5.1). This will certainly make
the map more accessible. cp3 may not be zero in general. However, we
will show in this section, by making use of Lemma 4.1 that if we replace
F by a suitable F. in the same equivalence class, cyp3 will vanish while
(3.1) still holds. With the simple expression of ﬁc, we will show that it
has degree 2 along the Segre variety Q. By considering F;* instead of F,
we will further show that F' has degree two when restricted to Q. This
will force deg(F) = 2. In Lemma 6.1, with the analysis in this section, we
will further show that F is linear when restricted to some subspace (see
Lemma 6.1), which then plays an essential role in proving Theorem 1.

Let us define F. as follows. Write pr=—<cp=(p,0) e C!
and (p,0') € C?2, Let ﬁc = 1. o F 0 0., where the two automorphisms
o. € Aut(dH,)) and 7. € Aut(dH,,_;) are given by
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z4+w w
5.1) %&m0=< T 7 2)
1 —2ipizi —ilpilfw 1 —=2ipizi —i|pi|*w
7 — w* ,O/ w*
(52) Mﬁwﬂ=< e 2)
I +2ipizy —ilpilFw* 1+ 2ipiz] — i|p1]*w*

Lemma 5.1: Let F be as in (3.1) and F.=10Foo, = (fc, be. 8.) =
(fes ) = (fres -+« bu-r.c. &) be defined as above (n > 2). Then F,

8g( :O

satisfies the normalization condition (3.1). Moreover, we have -

Proof of Lemma 5.1: First, by a direct computation, it is clear that g =
w+o(|(z, w]), fe = z+ o(|(z, w)|) and ¢. = o(|(z, w)]). By [LemmaS 3,
Hul], to verify that F satisfies (2.1), it suffices to show that Re( 04 ))

4.
0z dzl

We next calculate the coefficients of w? and w? in the expansion of ..
For this, let z = 0 and consider
pLw w
g( 1—i|p1 2w’ 0, 1—i|py |2w)

w 2 prw w ’
1+2lp1f‘(1 “inpw O 1—i\p1|2w) il g(l—i|p1|2w’0’ l—i\pn?w)

Recall fi(z1,0,w) = z1 + 21w + aw?® + z1aD (21, 0w + 04 (5), and
2(z1,0,w) = w + cpziw? + czw® + 0(|(z1, 0, w)|?). Then, by a Taylor
expansion consideration we get

for

= 0 holds automatically (see Sect. 2 of [Hul]).

gAL'(Os w)

w
§:.0, w) = (72 +cnpw’ + Cosw3) X
I —i[pi]fw

—_ Diw [ prw?
x|1=2 + - + appw
[ lm(deWw 21— i|p1Pw)? °2>

+
w w
—Hm#——fjr+(—mm B +wmn0]+
1 —ilpi|*w 1 —i|pi|Pw
+ o(w?)

= (w+i|p1|2w2 + (=Ip1* + ciapi +Coa)w3) X

i
x {1 — 21'E|:p1w(1 + il pi[Pw) + 5plw2 + +a02w2] +
+ i|p1|2[w(l + i|p1|2w)i| +

2
+[—%WMwa+umﬁw+ume]}+ow%
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=w+ (i|p1|2—2i|p1|2+i|p1|2)w2+ <— Ip1l* + crap1 + cos +

+2Ipil* = Ip* +20pi | + I pi P = 2iaopr — Ipi|* — |p1|“) X

x w> + o(w?) = w+ o(w?).

Here we used the key fact that p; = —¢15 = 2iag, and co3 = |c12]* = |pi]?,
as provided by Lemma 3.2 and Lemma 4.1.

Hence, (2.1) (2.2) hold for F,. Notice that

A ¢j<%,o)
¢C’j(Z, O) _ — 1-2ip1z1 - '
1+ 271 f1 (155 0) — i1 P8 (55 0)

Then from the normalization in (3.1) for F, it follows easily that (q‘; i)e =

212 + 0y (2). In a similar manner, we can verify that f; . = z; + %zlw +

0,:(3) and fl j = 2j+ 0y, (3) for j > 2. Therefore, ﬁc satisfies the normal-
izationin (3.1) and (g.)’,,,,(0) = 0. This completes the proof of Lemma 5.1.
O

Now, since Im(g.(0, w)) > 0 for Im w > 0 and £.(0,w) = w +
o(lw]?), by a generalized version of the Hopf Lemma due to Burns-Krantz
[BK], it follows that ¢.(0, w) = w. Indeed, consider the harmonic function
h(w) = Im (% — m> over the upper half plane H* = {w € C! :
Imw > 0}. Then it is easy to verify that h(w) = o(Jw|) as w — 0 and
im,, c gy ve(rUs)H(w) > 0. Hence 0 is the minimum value of h(w). By
the Hopf lemma, it follows that 2(w) = 0. Namely, .(0', w) = w. Since

Im(g.(0, w)) = | £.(0, w)|? for Im w = 0, it follows that f.(0, w) = 0.
Hence for the F, defined above, we have the following weighted expansion:

F.(0,w) = (O w),

f1 c=u+inw+ 21aD (2w + 0y (4),
(5.3) fie=z+ou@®,2<1<n-1,

bie =212 +bjzw+ bV (@) +0,(3), 1 <j<n—1,

ge =w+o(|(z, w)).
Here we used the fact that for the cp3 = 6(gc);)”lm(O) c12 = (€e) e, (0),
and agp = %( f1,c);;,w(0) corresponding to Fc, we have |12 = cp3 =0 (by
Lemma 4.1) and 2iag;, = ¢, = 0 (by Lemma 3.2).

We will show in the rest of this section that F" has degree two, by applying

some basic Segre family theory.

We write £ j for the complexification of L j, namely, «£; = 2i E% + 2

Then {Ly, ..., L£,_1} form a basis of the holomorphic tangent space of the
Segre variety Q ., = {(Z w) : => zjé‘j} for any (¢, n).
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Lemma 5.2: When restricted to Q¢ = {w = 0}, the complex tangent space
of 3H, at 0, F. = (fje, Bjc» &) has degree 2. Namely, F.(z,0) = gg)
where P and Q are polynomials in z with deg(P), deg(Q) < 2.

Proof of Lemma 5.2: Along any Q ), we have
(5.4)

K - n—1 - n—1 -
8c(z, w)zl A _ Z fl,c(Z’ W)ﬁc(§’ n) + Z$Z’C(Z’ w)&l,c(g’ n.
=1 =1

Applying £; and £;L; to the above equation, using (5.3) and letting
(z,w) =0, n =0, we get

g —
=(I<n—1>x(n—1) 0 ) [&O)
En1 Aw-nxa-1 Ba-nxe-n) \ (¢, 0)
0

Here I(,—1)x@u—1) s the identical (n — 1) x (n — 1) matrix,

—2_5 0 --- 0
Ap-nxa-n=A=| 2 8 8 and
—é'n 1 0 0
24+4ibig 4ibyl ... 4ib 0
Bortynot) = B = 2ibi8 142G ... 2ibyil
2ib1Gy-1 2ibaGu-y ... 14 2iby1Gan

Briefly, one has

(6,0 = (%) whereCz(i g), =@ T

Next we notice that C~!' = (_ Bl_l A Bql)' Hence

FPRN 1 0 (¢ 3
fC(C’ O) = (_B—IA B—l) (%) = (-BElAZI) .

It remains to study B_lAEt. We write B = D + B with

20 0 ... 0 4i¢y
D = 0 ! 0 0 and E= 2l§2 (b],bz,...,bn_l).
0 0 0 .. 1 2l§n )
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Write B! = (D4 B)™' = (I + B*)"'D"!, where B* = 2iC - b and
b= (b1, by, ... . b,-1). Notethat B*2 = QD)) B* with () = Y, b,Z;,
B = (2)*1?(¢)B*, - - -. We have

B! = (Z;‘io(—l)fB*f>D‘1 = (1 — Z;‘io(—l)f(Zi)fl(g)fB*)D‘l

_ 1 * -1
- (1 o 1+2{1(:)B )D ’

—2
S
_BAT = (1 — 1?535)) 0% | and
é‘l é‘n—l
WAI‘ El EI
Jfe (8,0) = 25'h \T5t | = o .
I' = T )68 1+£il(§)
Therefore
P 212
(5.5 fe(z,0) = (z, _ — )
1 —21 ijlbjzj

Finally, by putting z = w = n = 0 in (5.4), we get ¢.(¢, 0) = 0 by (5.5).
Hence, it is clear that F,.(z,0) can be written as the quotient of a vector-
valued quadratic polynomial with a linear function. O

P,

For any rational map H # 0, write H = w, where P;, R are

holomorphic polynomials and (P, --- , P,, R) = 1. We then define
deg(H) = max(deg(P))j—1,... . deg(R)).

(When H = 0, we set deg(H) = —o0.) For any ¢ = (g1, ,q,) = 0,
we define the degree of H|gp, to be the degree of the rational mapping

H(zy, -+ s zp—1,qn +2i ZZ;} q;z;) in z. Recall that H is said to be linear

if deg(H) = 1. Notice that any automorphism of H,, is linear and has
degree 1.

Lemma 5.3: Assume that F takes the normal form as in (3.1). Then
deg F = 2.

Proof of Lemma 5.3: For each py = (zo, wo) € 0H, close to the origin,
starting from F,7, we can similarly construct the map (F}¥). such that

Lemma 5.2 is applicable to (F;*;;‘)c. Notice that there is a T € Aut(Hy,_)
and o € Aut(H,,) such that 7 o (F;:)C oo = F oo, by the way F;‘;‘ and
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(F ;E(’)‘)c were constructed, where 0(0) = 0 and 0, (z, w) = (z+20, W+wo+
2i < 7,70 >) as defined in Sect. 2. Also notice that 0,,(Qo) = Q,, and
Opoloy = (2420, wo+2i(z, Z9)). Since deg(FE;*)C|Q0 = 2byLemma5.2 and

0
since 0(Qo) = Qo, it is clear that deg((FIf:)c 00)|g, = 2. Since 7 is a linear
map, it follows easily that deg ((‘L’o (FE;:)CO 0)| Qo) = deg((F;j‘:)c 00)|g,=2.
Namely, we proved that

Vp(=0) € 9H,, deg(F)|, =2.
p
Now the rest of the proof follows from the following lemma. O

Lemma 5.4: Let H = B2Pn) he g rational map from C" into C™, where
P;, R are holomorphic polynomials with (Py, --- , P,, R) =1 (m>n>1).
Assume for each p € 0H, close to the origin, deg(H|g,) < k withk > 0
a fixed integer. Then deg(H) < k.

Proof of Lemma 5.4: Seeking a contradiction, suppose deg(H)>k+1.
Consider the irreducible decomposition of the affine algebraic variety:
Zero(P,R) = {P1 = - = Pm = R = O} = Zl UZZU...UZ].
Since (Py,---, P,, R) =1, Z/js are of at least codimension two in C".
Notice that for any polynomial h(z, w) = < da iz%w’ of de-
gree s > 0, there is a proper real analytic subvariety S of dH" such
that for any p € 0H" \ S, deg(h|p,) = s. Indeed, note that hlp, =

Dol jms G (2 Z;’;{ P;z;)) +lower order terms. Hence, there is a proper

complex analytic subvariety A of C"~! such that

n—1
D a2y Piz)) £0
j=1

la|+j=s

forany (py, -+, pn_1) € A. Now, S can be taken as (A x C) N dH,,.

Back to our H, we thus can find a real analytic subvariety S, inside
dH, such that deg(P;) = deg(P;|p,) and deg(R) = deg(R|p,) for any
p € OH" \ Sy. For such a p, from the hypotheses, we conclude that
{Pilg,, "+ s Pulo, Rlg,} musthave a (non-constant) common polynomial
factor H};, whose zero induces a complex analytic subvariety, denoted by
Z(p),in Q. Since Z(p) C Zero(P|g,, R|g,) and Z(p) is of codimension
one in Q,, there must be some irreducible component Z;, with Z;, N Q,,
containing an irreducible component of maximum dimension of Z(p). (Here
Jo may depend on p). Since the irreducible variety Z;, is of at least codi-
mension 2 in C" and since Z;, N Q, has to be of codimension 1 in Q,, it
yields easily that Z;) C Q.

Since there are only finitely many choices of such Z;;’s and since for
any Z; the set {p : Z; C Q,} is a closed subset in 0H,, \ S, we see
that there is a non-empty open subset U C dH,, such that for any p € U,
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Q, contains a certain fixed Z;, which has codimension two in C". This is
clearly a contradiction. Indeed, if not, pick a point z* € Z;. Since z € Q .« if
and only if z* € Q,, we would have Q.+« containing an open piece of 0H,,.
That is impossible. O

6. Completion of the proof of Theorem 1

We now give the proof of the main theorem. First we let F' be normalized
to ﬁc as in Lemma 5.1. Still write F = (f, ¢, g). Recall that deg(F) = 2,
F(O,w) = (0, w), fz,0) = 2, $(z, 0) = ;=5 with R(z) = 3" bz,
g =w+ O(|(z, w)|*) from (5.5) and (5.3). We first show that F is partially
linear:

Lemma 6.1: It holds that f =z for | > 2, g = w, ¢; = 21, fi = 21 fu,
where ® = (fi, 51 .o s ¢u_1) extends as a biholomorphic map from H,
to B".
Proof of Lemma 6.1: Write § = g — w = 5 with deg(P), deg(Q) < 3.
Then gQ = P. Assume that P # 0. Since deg(P) < 3, there is an index «
with |a| < 3 such that D*P|, # 0. However, D?(g)|o = 0 for any |8| < 3
because g = w + O(|(z, w)|*). This is a contradiction. Hence g = w.
Next by (5.5), (5.3), Lemma 5.3 and the fact that F(0, w) = (0, w), ¢,
takes the form:

é 2121 + bizyw
1 = —~— —~— .
1 —2iR(z) + BOw + BO(2)w + BOw?
In particular, we get ¢;(0, ', w) = 0, where 2’ = (22, ... , Zu_1).

Now, returning to the equation Im g = | f|> + |¢|* and letting z; = 0,
we get

(6.0) Im(w) = | £(0, Z, w)|*>, when Im(w) = |Z|.
We claim that
6.1) £0,7,w) = (0, 7).

In fact, when n > 4, by (6.0) and [We], the map ( f(0, z/, w), w) is a linear
map. Since f1(0, 7/, w) = o(|(z/, w)|), it follows that f; (0, z’, w) = 0. Since
10, 7/, w) = z; + 04:(4) by (5.3), it follows easily that f;(0, 7/, w) = z
forl > 1.

When n = 3, by Lemma 5.3, the map (f(0, zo, w), w) : H, — Hj can
be written as (%, %) where Py, P, and Q are polynomials with degree < 2.
Since f(0, w) = 0and f(z,0) = z by (5.5), this map can be written as

Alzow
0 w) = 122
J1(0, 22, w) 14 Biz2+Bow+B3z3+ Bazow+Bsw? *

f (0 z w) _ 22+A2Z2w+A3Z%
21 <2, - 1+B112+B2w+B3z%+B4z2w+B5wQ’



Mapping B” into B>*~! 243

Since f1(0, z2, w) = 0,,(4), it follows that A} =0, namely f;(0, zo, w)=0.
Since |z5|> = | f2(0, z2, w)|? holds for Im(w) = |z,|? by (6.0), we can easily
get f2(0, zo, w) = z». Hence, (6.1) also holds when n = 3. This proves (6.1)
forany n > 2.

Next, by Lemma 5.3, we can write

u+ Al(l)(z)w + Al(z) (z) + Al(o)w + Al(o)w2

fi= —— ——, VI>2.
1+ AV @Qw+ AV (@) + AP () + AQw + AOuw?
. 244 ()
By (5.5) and letting w = 0, we have fi(z,0) = ——— = z,.
o 1440 @) +AP (2)

It follows that A”” = 7A"(z) and A?(z) = 0. Since f;(0,w) =

(0) ), 2

A7 wHAT W 0 0
—L 1 =0, wegetA() A() 0. Hence
14+AO @) w+ADy?

A o+ AT
fi= atA Qurat © RS

1+ AP @Qw+ AV () + APw + AOw?
By (6.1), we have

2+ AP, 2)w + 2410, 2)

i = —

1+ A0, 2w+ AV, 2) + AOw + AD2

This implies A = 0, A" (z) = az; and A}" (2) = a}z1 + 24, So

2+ (afz1 + AC )Zz)w + zw‘\»(l)(z)

fi= Vi > 2.

1 +azjw+ A(l)(z) + AQw

Since f; = z; + 04 (4), by comparing the coefficients of the z; w-terms, we
get a; = 0. Hence,

o+ AOzw + A0 (2
fi=2 G @ _ 71— azizw + 0y (4). VI > 2.

1 +aziw+ AP @) + AQw

We conclude also that ¢ = 0 and thus

A0z 4 2T
oAt A T raA @y

1+ AP (@) + AQw

Finally, in terms of (6.1) and the expressmn obtained for ¢, we know
that f; = z; f1,¢ = z1¢. Moreover, it is easy to conclude that | f1|2
|gz‘>|2 = 1 over 0H,,. Notice that ¢>, =z + biw + o(|(z, w)|?), f1 =
—w +o((z,w)]}). & = (¢)1,.. ¢)n 1s fl) is biholomorphic from H to
B” with @(0) = (0, ---,0, 1), by the classical Poincaré-Tanaka-Alexander
Theorem [Po], [Ta]. O
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Next, return to the map H : B" — B>~ by letting H = ¥, _joFoW, !,

( )( ) . 2Z l. v
J Z? w Z’ w ’
k

is the Cayley transformation from H; into B*. Then it can be easily verified
that

H = (Zlhl9Z27 9Z}’l—17 Zlh27 ’Zlhn—l’w>-

Here (hy, ha, ... , 1) € Aut(B").
Summarizing what we did so far, we get

Proposition 6.2: Any non-linear rational proper holomorphic map from
B, into By, with n > 2 is equivalent to a map of the form: H(z) =
(1, -+ 5 Zn—1, 2uh(2)) with h € Aut(B,).

Next, we show the following:

Lemma 6.3: Let H = (21,22, ... , Zu—1, Zult1, Zuho, . . ., 20hy,) be aproper
holomorphic map from B" into B>~ with (hy, h, ... , hy,) € Aut(B"). Then
F is equivalent to the Whitney map.

Proof of Lemma 6.3: We first remark that in Lemma 6.3, we need only to
assume that n > 2.

Let h = (hy, ..., h,) be such that 4(0) = py. Then there is a unitary
matrix U such that h(0)U = (0,0, ...,0,b) with 1 > b > 0. Replacing
H by (7', z,hU) where 7 = (2, ..., Z,—1), We can assume that £(0) =
0,0,...,,b) with b € [0,1). Hence h = ¢, - U, where

, sp7’ b—z,
6.2 yZn) = )
(6.2) e <l—bzn l—bzn)

sy = +/1— b2 and U is a certain unitary matrix. Therefore we can assume,
without loss of generality, that

(6.3) H = (Z, za¢p) with b e [0, 1).

On the other hand, starting from the Whitney map W(z,z,) = (z,27,,22)
and for any a € [0, 1),

sa7 SaZ(a—zn) (a—z,)? )

W a == k) ’
°v (1 —az, (1—az,)? (1—az,)?

We take ¢» € Aut(B*"~!) as follows:

*/ 2 *
(/%(Z*/ Z ) _ ( Sq22 a” — 2y )
a s X2n—1) — 2% ’ 2% ’
1 a Z2n_1 1 a Z2n—1
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where z*' = (z}, ..., 25, ,). Then

527 (1 — azy,) 527 (a — z,) 2azn—(1+a2)zz
so(1+a2—=2az,)’ s,(1+a>—2az,)’ 1+ a?—2az, )

@OWO%=<

Let U, be a (2n — 1) x (2n — 1) unitary matrix given by

A B O
Ua:=<C D o)
0 0 1

_ 1 _ a _ a _ 1 :
whereA_mI,B_ ml,c_ml,D_ 1+a2landlls

the (n — 1) x (n — 1) identity matrix. Define

Wi=U,o0¢poWoe, = IIIII),

where
I= 112:32,1
2
11l = zn[lzi;’(iz—zzzn]'
Put 8 := li“a 5. Then ¥ can be written as

W_( spz’ 2 (B —2a) Zn(IB_Zn)>
a 1—,32,1’ 1 — Bz, ' 1 — Bz, ‘

Define (z'*, ) := @g(2, z,). Then it follows that
(6.4) ¥ o go/gl = (", w27, 2})).

Here we need to use the fact that golgl = @g. By choosing a suitable a such
that b = B, we see that the Whitney map is equivalent to (6.5) which is the
same as the map in (6.4). O

Proof of Theorem 1 and Theorem 2: The proof of Theorem 1 follows
from Proposition 6.2 and Lemma 6.3, while Theorem 2 follows from Theo-
rem 1 and Theorem 2.3. (We remark that since Lemma 3.1 holds for maps
which are only assumed to be C2-smooth up to the boundary, the proof of
Theorem 2.3 can also be obtained by applying Proposition 2.2 and by an
argument similar to that for the proof of Lemma 5.2). O
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Appendix: The explicit calculation of an example

In this appendix, for convenience of the reader, we give an explicit example
to demonstrate some of the complicated calculations performed in the paper.
The computation here was verified in Maple V Release 4.

Consider the Whitney map from B? to B>: H(zy, 2, w) = (z%, 2122,
1w, 22, W).

Let ¥, be the Cayley transformation from H, into B, as defined in
Sect. 6 right before Lemma 6.2. Considering the map ¥s o H o 1113_1 and
then multiplying it on the right by the matrix

00100
000T1O0
1 0000},
01000O0
00001
we get a map F from Hj; into Hs:
zi(1 +iw) 222 271z
F: ; 5 X2, N ) . , W ).
1—iw 1—iw 1 —iw

Take a point pg = (29, wy) := (1,0, 2+i) € 0Hj, and consider the map
Fpy := Fiz,wy) = Tpy © F 00y, as defined in Sect. 2. Then, it is given by:

_ —4842iz wH(=2420) 21 +(= I +D)w
(fDpo (2, w) = 2221wt C—20)] )

(f2)po (2, w) = 22,

A2 62Dz~ 1HDw
(@2, W) = S =ra=nT

— _2tbz
(P2)po (2, W) = 575 590 »

_ —iw*4+GB=dz w+3(1—)Hw
8po (2, W) = 221 —tw+(2—2i)

Computing its first derivatives and choosing (C;) po as required in Sect. 2,
we have:

(En)p = (—1.0,2,0)

(Ex)py = (0,1,0, %),

‘ py = (E1)py - (E1)py = (E2)po - (E2) py = 3,
(CDpy = ﬁ(Z—i,O, 1,0),

(Cp = /30, 4. 0.2).

(Epw = (=1,0,-1,0).
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Then by the definition of F, in Sect. 2, one obtains

1 2 — 1—1i
( 3 (fDpo + —(¢1)P0, (fZ)p() + T(¢2)P0> ,
(

¢ = (1), (91),,) = J_f Cp,

2+
( L P + 2 @0 —5— L o + (¢2)p0>,
8

3
2
* 0
Epo }‘po 3g1’0
1 -3 1
Moreover, ( ;0);1)|0 = ( 1;1’0) (¢;k?0):u|0 = ( 121’0) = ( Jl’o
2 %
—=3—i 2 1 1 8y _ 1 sk
==,0), and |a||* = {5, and r := ERe{ . 0} = —5. Now, F* is

given as follows:

( {k*)po(z’ w) =
123 — )22 + (=1 — )w? + (2 — 10i)zyw + 36(1 — i)z
(=1 +DHw? +2(1 —izyw+ 123 — i)z — 12iw +36(1 — i)’

() e ) =

122,[(3 — )zy — iw + 3(1 — )]
(=1 + w2 +2(1 — zyw+ 123 — i)z; — 12iw + 36(1 — i)’

(#17) (22 w) =

—12(1 + )22 + (1 = 3i)w? + (4 + 12)zyw
(—1+iw? +2(1 — i)zyw + 123 — i)z — 12iw + 36(1 — i)’

(857) (22 w) =

622[(2 — 2i)z1 + (=1 + Hw]
(=14 Dw? +2(1 — Hzyw + 123 — i)zy — 12iw + 36(1 — i)’

8oz, W) =
R2[—iw* 4+ 3 —i)zjw+ 31 — Hw]
(—1+Dw?+2(1 —Hzyw+ 123 —i)z; — 12iw +36(1 — i)’

Remark that F** satisfies (2.1). With this map, we can define a new map,
which satisfies the normalization in (3.1):
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Zl Zz w 21 22 W
(Z9 w) = K( 1**) K( 2**) R E
o\’ k k2) P\ k" Kk |k|?

i 2w . i 22w 2w 2L 22 W
(¢ ) (/c K’ |/c|2> K( 2 )p (K P |k |2> lie| gpo<K’ P |K|2)>’
where Kk = —%. This new map, still denoted by F = (f1, f>, ¢1, ¢2, g) for

simplicity, is explicitly given by:

(—1+20)z} + 3w’ + Hzw +
%(1 Dy 417

filz,w) =
Z + 3’21w+( 1+2)z1 +

(=14 2)z1z0 + (l )
fa(z,w) = N i :
—ZW 24+ 7w+ (— 1—|—2l)zl+ w1

2+ M w? + (=1 +21)le
%(1

(A.D ¢1(z, w) =
—Jw? + 3’zler( 1 +2z)zl +

o) — | 2122+ 2L zow ‘ )
—%wz+3—’zlw+(—1+21)21+M +1
B D2 4 (—1 + 2D)ziw + w

8z, w) = —%w2+7zlw+(—l+21)21+&2') +1

w1

For it, we have the following Taylor expansion:

i 3 9
filz,w) =21+ =z;w — w1 — i)wz% + Zw? —

2 4 4
3\,
—(3+ El 2122w + 0y (5),
3 9 3
flz,w) = 20 — Zizizow + —zow* — 3wzaz] — =izizow +
2 4 2
A + 0w (5),

$1(z.w) =27 4+ (=1 +2)z1w + (1 — 20)z7 + 0w (3),

3
d(z, w) =122 + EiZzw + (1 =20)z325 + 0, (3),

3 9 3
g(z, w)—w—zzzlw +4w - (3+—l)zlw + 0w (6).

For this map, the data defined in Lemma 3.2 and Lemma 4.1 are as follows:

. 1 " 3i 1 "
pn=—=3i,cpp = Egzlww(o) = = do = _(fl)ww(o) =—

" "

1 9
Co3 —8www(0) T and y := (fz)zzww

-lk_l ©
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In such an example, one easily sees the following: (The reader may compare
(A.IIT) with the results (for the general maps) in Lemma 3.2, Lemma 4.1

and (4.16))

(A.IID) w=2c1, = 4iay,, co3 = |cin|* and 12¢o3 = 8y + |u|*.
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