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§1. Introduction

Let B™ be the unit ball in C*. Write Prop(B™, BY) for the collection of proper holomorphic
maps F': B® — BY. Write Prop,(B", BY) C Prop(B", B") for proper holomorphic maps that
are C*-smooth up to the boundary; and denote by Rat(B"™,B) the set of rational proper
holomorphic maps from B™ into BY. Recall that f, g € Prop(B", BY) are said to be equivalent
if there are automorphisms o € Aut(B") and 7 € Aut(BY) such that f = 7o goo. When
f € Prop(B",BY) is equivalent to the standard big circle embedding z — (z,0), we call f
a linear map or a totally geodesic embedding. In all that follows, we always assume that
N >n>1.

There has been much work done in the past thirty years on the rigidity (linearity) and
classification problems for elements in Prop(B™, BY). (See [Fo92] [H02] [HO1] for references and
historical discussions).

In [HO02], the author assigned to each F € Prop,(B", BY) an invariant integer r(F) €
{0,1,2,...,n — 1} which is called the geometric rank of F' (see [H02] or § 2 below for the precise
definition). Using the language of geometric ranks, [H99, Theorem 4.2] is stated as follows:
F € Propy(B™,BY) has ko(F) = 0 if and only if F is equivalent to the linear map. Therefore, to
understand proper holomorphic mappings between balls, it suffices to study maps with geometric
rank ko > 1. Meanwhile, it was also shown in [H02, Lemma 3.2] that one always has N >
n -+ w Namely, the least dimension of the target space is N = n + w to

allow the existence of elements in Prop,(B", BY) with geometric rank xq > 0.
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The invariant integer kg was introduced in [H02] to study a semi-rigidity problem for holo-

morphic maps, which we recall as follows:

Definition 1.0 ([H02]): Let F € Prop(B",BY). Then F is called k-linear if for any point
p € B" there is an affine complex subspace S; containing p and of complex dimension k such

that the restriction of F' to Sy is a linear fractional map.

Theorem 1.1 ([Theorem 2.3, H02]): Suppose that F' € Prop;(B™, BY) has geometric rank

ko <n —2. Then F is (n — kg)-linear.

The first part of this paper is to study the rationality problem for proper holomorphic
maps between balls, by making use of Theorem 1.1 and a result of Forstneric. We will prove the

following:

Theorem 1.2: Suppose that F € Prop,(B",BY) is k-linear with k > 2. Then F is a

rational map.

Corollary 1.3 ( to [Theorem 2.3, H02] and Theorem 1.2): Suppose that F' € Prop;(B™, BY)

has geometric rank ko(F) <n —1. Then F is a rational map.

Corollary 1.4 (to [Lemma 3.2, H02] and Corollary 1.3): Let F' € Prop;(B™,BY) with
N < % Then F s a rational map.

Forstneric proved in his famous paper [Fo89] that any proper holomorphic map from B™
into BY (N > n > 2), that extends OV ~"*l.smoothly across some point at the boundary,
is rational. For the proof of Theorem 1.2, we will show in §3 that when the map is partially
linear, it then extends holomorphically across some boundary points. Thus the rationality of the
map in Theorem 1.2 can be reduced to the theorem of Forstneric [Fo89]. There have also been

important papers written by D’Angelo and his coauthors for the study of monomial mappings
between balls. We refer the reader to [DAS8S], [DC], etc.

§ 2. Preliminaries
eMaps between balls: The ball B” C C" is equivalent to the Siegel upper-half space
H, := {(z,w) € C" ! x C: Im(w) > |2z|?} by the Cayley transformation p, : H, — B",

pn(z,w) = (lfjw, if%) We can similarly define the space Rat(H,,,Hy), Prop,(H,, Hy)

and Prop(H,,, Hy).




We will identify a map F € Prop,(B™,BY) or Rat(B",BY) with the one in the space
Prop,, (H,,, Hy) or Rat(H,, Hy) by py' o F o p,, respectively.

We write L; = Qiz_j% + aizj forj=1,---.n—1and T = % where w = u + sv. Then
{L1, -+, Ly_1} forms a global basis for the complex tangent bundle TE96H,, of OH,,, and T
is a tangent vector field of OH,, transversal to T(l’o)ﬁHn U T(O’I)E)Hn. Parameterize OH,, by
(2,%,u) through the map (2,%z,u) — (z,u +i|z2|?). In what follows, we will assign the weight of

z and u to be 1 and 2, respectively. For a non negative integer m, a function h(z,z,u) defined
.o h(tz,tZ,t%u)
if g
for (z,u) on any compact subset of U as t(€ R) — 0. (In this case, we write h = o,¢(m). By

over a small ball U of 0 in 0H,, is said to be of quantity 0,:(m) — 0 uniformly

convention, we write h = 0,,:(0) if h — 0 as (2,Z,u) — 0).

e Geometric rank of F: Let F = (f,6,9) = (J.9) = (fi,+ fa 1,61, 6nnsg) be a
C?-smooth CR map from an open piece M of 0H,, into OHy. For each p € M, we have an
associated CR map F), from a small neighborhood U of 0 € 0H,, to 0H with F,(0) = 0, defined
by

(2'1) Fy, = T]f? oFo Ug = (fp7¢pvgp)u

where for each p = (z,wo) € M, we write o) € Aut(H,) for the map sending (z,w) to

(z + 20, w + wp + 2i(z,Zy)) and we define Tf € Aut(Hy) by Tf(z*,w*) = (2" — f(z0,wp),w* —

9(z0,wo) — 2i(2", f(20,w0))). For F), it associates a map F; which is equivalent to F, and

satisfies certain normalization conditions (see [H99][HO02] for the details).

Lemma 2.1 ([H99, §2, Lemma 5.3]): Let F' be a C*-smooth CR map from a connected open
subset M containing 0 in 0H,, into O0Hy, 2 < n < N. For each p € 0H,,, there are ¢ €
Auto(0H,) and 7 € Auto(OHy) such that the map F;* = 7 o F; o o satisfies the following

normalization:

Kok i ok Kok ok Kk
(2.2) i =2+ 2% m(z)w + 0wt(3), ¢," = ¢, (2)(2:) +o0wt(2), 9," = w+ 0w (4),
with
(2.3) (z,a; @) = 6572 (2)].

*

From (2.3), we see that ap*(l)(z) = zA(p) and that A(p) is an (n—1) X (n—1) semi-positive
Hermitian matrix. The rank of A(p) = —2@'(Pj)1§j,l§(n_1), which is denoted by Rkp(p), is called
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the geometric rank of F' at p. Notice that le- = %b. By [(2.3.1), HO2], Rkp(p) is a well-
defined integer ([H02]), depending only on F' and p. (See [Definition 2.1, H02]). We define the
geometric rank of F' to be ko(F) = mazxycon, Rkr(p). Notice that we always have 0 < ko < n—1.
By [H02, Corollary 5.2], when F' € Props(H,,, Hy), the set {p € 0H,,, Rkr(p) = Ko} is an open
dense subset of H,,. We define the geometric rank of F' € Prop,(B™, BY) to be the one for the
map p]_\,1 o Fop, € Propy(H,,Hy). For such a map, we can similarly define the geometric rank

Rkp(p) of F at p € OB™.

e A normalization lemma: The following normalization will be used later for the proof

of theorem 1.5.

Lemma 2.2 ([Lemma 3.2, H02]): Let F be a C2-smooth CR map from an open piece
M C 9H,, into dHy with Rkp(p) = ko. Let P(n,rg) = E2=r0=D  Then N > n + P(n, ko)

and there are o € Auto(0H,,) and 7 € Auty(OHy) such that 7o F,, oo := (f, ¢, g), denoted by

FJ**, satisfies the following normalization condition:

(4.2)

fj:Zj‘}_ﬂ?ijw_f’Owt(g), 335(0)20, j=1---,Ko, pj >0,
fi=z+o0uw(3), j=ko+1,---,n—1

g =w+ ouwt(4),

i1 = pjiziz + 0wt (2), where (j,1) € S with pj; > 0 for (j,1) € Sp and pj; = 0 otherwise.

Moreover, p1; > 1 = 1, pj = /5 + g for j,1 < ko 7 # l; and pj; = /iy if j < ko and [ > ko
or if j =1 < kg. Here we label the components of ¢ by double indices (j,1) € S with

80:{(.]7l>1§]§’€0,1§l§(n_1)7.7§l}7

2n — —1
S:{(j7l) (j’l)e‘gOa Orj:’{0+]—7lE{KO+17"'>KJ0+N_TL_(n Klg )KO}}'

e Degree of a rational map: For any rational holomorphic map H = W

P;, @ are holomorphic polynomials and (P, ..., Py, Q) = 1. We define

on C", where

(2.5) deg(H) = max{deg(P;), 1 <j<m, deg(Q)}.

The following will also be used in our later discussion:
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Lemma 2.3 ([HJO01, Lemma 5.3 and 5.4]): Let ' € Rat(Hy, Hx) and F;** be as described
in Lemma 2.2. If deg(F,;**(2,0)) < [ for any p in an open neighborhood of 0 in OH,, then
deg(F) <.

63. Proper maps with partial linearity
In this section, we give the proof of Theorem 1.2 and Corollaries 1.3-1.4. We mention that
all these results and arguments are of purely local nature. However, we only focus on the global
setting for simplicity of notation.
Let F € Prop(B",BY) with N > n > 1. For any integer 1 < k < n, write G,, x(C) for the

complex Grassmannian manifold consisting of complex k-planes in C™. Define
(3.1) Vp:={(Z,52) € B" x G, x(C), F is linear fractional when restricted to Sz + Z}.

Then, as in [Lemma 5.1, H02], Vg is a complex analytic variety with 7 : Vg — B"™ as its proper
holomorphic projection. In particular, this implies that if there is a subset £ C B" of Hausdorff
dimension greater than 2n — 2 such that for any Z € FE, there is an affine complex subspace
of dimension k through Z along which F is linear, then F' is k-linear over B™. We define the
quantity x°(F) such that F is k°(F)-linear, but not (x(F)" + 1)-linear. Then Theorem 2.3 of
[HO2] states that when F' is C3-smooth up to the boundary and when ro(F) < n — 1, it holds

(3.2) KY(F) =n — ko(F).
We next recall the following Lemma from [H02]:

Lemma 3.1([Lemma 5.3, H02]): Let M be a connected open subset of OH,,. Let F
be a C? CR map from M into OHy with N > n > 1 and with constant geometric rank
ko < m — 1. Assume that F extends holomorphically to a sub-domain 2 of H,,, which has
M as part of its smooth boundary. Assume that F' is (n — kg)-linear over Q. Let py € M.
Then for Z(€ Q\ E) ~ pg with E a certain complex analytic variety of positive codimension,
there is a unique complex subspace Sz of dimension (n — ko) such that F', when restricted to
Sz + Z, is linear fractional. Moreover Sz, as elements in G, ,,—x, (C), depends holomorphically

on Z(~ pg) € Q\ E and extends holomorphically across E.

Proposition 3.2: Let F' € Propy(B", BY) with N > n > 1. Assume that ko(F) < n — 1.
Let Vr be as defined in (3.1) with k = n — ko(F) = xk°(F). Then it has a unique irreducible

component of dimension n, denoted by V%, and there is a complex analytic variety Er of positive
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codimension in B™ such that the following holds: (i) 7 is surjective from V% to B™ ; (ii) 7 is
one-to-one from Vp \ 771 (Er) to B"\ EF; (iii) Ve \ 7" Y(Er) = V2 \ 7~ Y EF).

Proof of Proposition 3.2: By Lemma 3.1, there is an open subset U of the ball such that 7
is biholomorphic from Vg N 7w~ 1(U) to U. Now write V% for the irreducible component of Vg
which contains 77!(U) as an open piece. Then V% has complex dimension n. Moreover, for
each irreducible component V of Vg, either V' = V% or m(V) must be a proper complex analytic
variety of B". Let Er be the union of such m(V)’s with V different from V%. Then we see the

conclusion of the statements in the proposition. B
We next prove the following result:

Proposition 3.3: Let F be a holomorphic map from Q C B" into ' ¢ BY with n > 2,
that is k-linear (k > 1) over . Assume that £ (€', respectively) has a connected open piece
M C 0B™ (M' C OB¥, respectively) as part of its smooth boundary such that when Z € Q
goes to a point in M, the limit set limy F(Z) C M’. Also, assume that there is an open subset
U of 1, sufficiently close to M, such that for each Z € U, there is a unique affine subspace 5%

of dimension k passing through Z such that F| senq is linear fractional. Then F is rational.

Proof of Proposition 3.3: Without loss of generality, we assume that when Z = 0, S§ =
{#k41 =" =2, =0} and F|ss = Id. Also, to simplify the notation, we assume that 2 = B",
V' = BY. And 7 is biholomorphic from a neighborhood of 7=1(0) in Vr to a neighborhood of
0 in B".

Notice that S§ = Sy = span{ey,---,e,_r}, where e; is the n-tuple whose component at
the ' position is 5;. We will use the standard local coordinates for the Grassmannian G, ;(C)
near So. Namely, for any S near Sy, we associate it uniquely with the coordinates (§;;) where
j runs from 1 to k£ and [ runs from k + 1 to n such that S = span{e;(5),---,ex(S)}. Here
e;(S) = (0,--+,1,---,0,&k41) - Ejn)- Now, for each Z ~ 0, S% associated with F' can be
parameterized by k(n — k) holomorphic functions £;;(Z), where j =1,---  kand [ = k+1,---,n,
in the manner such that S§ = Z 4+ span;{e;(S% — Z)}. Then the assumption above shows that
€¢1(Z) as functions in Z are holomorphic near 0 for each (j,1).

Consider the holomorphic map ¥ which sends (t,7) := (t1,- -, tk, 71, Tn—k) tO

k k
(th e 7tk>Z£j(k+1)(Oa7')tj + 7y, '7Z€jn(077—)tj + Tn—k)-

j=1 j=1



Then W(t,7) = (t,7) + (0,0(7)|t]) is holomorphic from a neighborhood U, of {Z?Zl 1t;1* <
1+ €} x {|7] < €} for a certain positive number ¢ << 1. Moreover, ¥ is the identical map when
restricted to Sp N B™ and has non zero Jacobian there. Moreover, ¥ sends (¢,7) into STy

Hence F o W is linear fractional in ¢ for each fixed 7 ~ 0 by the assumption. Therefore, we have
k
F(r)+ 22,21 45(1)t;
- )
1+ 3052105 (7)t;
Now, we claim that A;(7),b;(7), F(7) are holomorphic for 7 ~ 0 (See [Lemma 5.1, HO1]). For

this purpose, write

(3.3) Fol(t,r)=

FoU(t,t) =Y Colr)t™.

Then C,, depends holomorphically on 7 for 7~ 0. Multiplying (143, b;(7)t;) of both sides of
(3.3) and then considering the Taylor expansion in ¢ at the origin, we see that
k
(3.4) Co+ ) 0Co e =0 for |a] > 2,
j=1
Co(7) = F(1), Ce (1) = Dy, (F o W) (t,7)|t=0 and A;(7) = (F' o ¥)(7)b;(0,7) + Cer (7). Here €}
is the vector in C* defined as for e;.

By the Alexander theorem [A77], since F[s: must be a linear embedding, we see that
{C’e; };L:_f”o are linearly independent vectors. Hence, we can holomorphically solve b;(7)’'s in
(3.4) in terms of C(7) with || = 2. Hence A;(7),b;(7), F(7) are holomorphic for 7 ~ 0.

Notice that b;(0) = 0 by our normalization that F|ss = id. It is clear that F'o ¥ extends
holomorphically to a neighborhood U/,(CC U.) of {Z§:1 t;]> < 1+€}x{|7] < ¢} for a certain
positive number € < .

Now, as mentioned before, one can find a point Zy € U/, such that ®(Z;) is on the unit
sphere and ¥ is locally biholomorphic near Zy. It thus follows that near ®(Zy), F = (Fo®)o®~1
extends holomorphically to a neighborhood of ¥(Z,). By a result of Forstneric [Fo89], we
conclude the rationality of F'. This completes the proof of Proposition 3.3.

Proof of Theorem 1.2, Corollaries 1.3-1.4: Theorem 1.2 now follows from Propositions 3.2-
3.3. Corollary 1.3 follows from Theorem 1.2 and [Theorem 2.3, H02]. Corollary 1.4 follows from
Corollary 1.3 and [Lemma 3.2, HO2] for N < @ when N = %, with an argument
identical to that in [Corollary 2.1, HO1|, we also see the proof of Corollary 1.4.

As mentioned at the beginning of the section, one similarly has the local version of all these

results. For instance, one has the following



Corollary 3.4: Let M be a connected open subset of OH,,. Let F' be a non-constant C3-
smooth CR map from M into OH N with N > n > 1 and with constant geometric rank kg < n—1.
Then F is rational. In particular, any C® CR map from an open piece of OH,, into OHy with

N = % s rational.

Remark 3.5: It is known from the work of Forstneric [Fo89] that Propy_,,,;(B", BY) =
Rat(B",BY) for N >n > 1. It has been conjectured (see [Fo92] [HuO01]) that

(3.5) Propy,(B", BY) = Rat(B",BY) for N >n > 1.

In Corollary 1.4, we need three times differentiability to conclude the rationality because the
partial linearity was only obtained in [Hu02] for maps which are C* regular up to the boundary.
We believe that Theorem 1.1 of [Hu02] should also hold for maps which are merely C2-smooth up
to the boundary, which, if proved, would provide, as an immediate application, a solution to the
above mentioned conjecture for N < % (Namely, (3.5) then would hold for N < W)
The work in [Hu02] and in the present paper may suggest that the following special case of the
above mentioned conjecture should be more workable, by suitably extending the notion of the

geometric ranks and then generalizing the partial-rigidities obatined in [Hu02].

Conjecture 3.6: Let Ty ,, = 1. For k > 1, let T}, ,, be the complex dimension of the vector
space (over C) spanned by monomials of degree k with (n — 1) complex variables. Then if
f € Propy. (B, BY) with N < Z;'V:*o T, and n > 1, f must be rational.

§ 4. A degree estimate

n(n+1)
2

In this section, we let n =3, N = = 6. We will consider rational proper maps from

B3 into B and give the following degree estimate.
Theorem 4.1: Let F € Rat(B3,B®) with ro(F) = 2. Then deg(F) < 4.

By the discussions in §2, for the proof of Theorem 4.1, we can assume that F' € Rat(Hgz, Hg)
with kg = 2. By Lemma 2.2, for any p € U C 0Hs, there are o9 € Autyg(Hs) and 79 € Auto(Hg)
such that F** = 1907} o F o0l o0q := (f1, f2, P11, P12, $22,9) = (f, ¢, 9) = (f.g) satisfies the
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following conditions:

i 9 f1
f1 =z + §le + Owt(3), W(O) = 0,
) 0?
(4.1) fo= 22+ 22w+ 0u(3), 8—1522(0) —0, o> 1

P11 = 21 +0ut(2), d12 = /1 + paz122 + 0w (2),

P22 = /11275 + 0wt (2), g =w+ owi(4).
By the argument in [HJO1, Lemma 5.2, we have

o R e ) ()
where
4 LiL1(f1) LiLa(f2) ~2¢, 0_
(4.3) A= <A2X2) = | L1La2(f1) LiLa(f2) | l0,00,c1,0000 = | —C2  —p2Cy |
12 LoLo(f1) L2L2(f2) 0 —2p2(,
and

£1£1(¢11) £1£1(¢12) £1£1(¢22)
(4.4) B = | LiLa(p11) LiLla(p12) LiLa(paz) | 10,0,0.¢1.¢2.0)-
£2['2(¢11) £2£2(¢12) £2£2(¢22)

Here we denote by £; = 2i(j 2 + 5> the complexification of L;. By (4.1), we have

— O*fy — 02 fr
LiLi(fr)](0,0,0,¢1,¢2,0) = (24¢; Daow TG 529w 0:00.¢1,¢2.0)
J

and
R — PPy — O Pt — 0P
L:L = (——= 4+ 2¢(; 21 — 46— )
i L1(Pkt)](0,0,0,¢1,¢2,0) (8zj8zl + 2i(; 920w i 90w GG g2 0,006,620
Hence
—_— —2

L1L1(011)](0,0,0,¢1,¢0,0) = 2+ 4@C15%11) —8C1 5&)12),

— —2
L1L1(012)1(0,0,0,¢1,62,0) = 4iC1bigy — 8C1 bios »

— —2
L1L1(022)](0,0,0,¢1,¢2,0) = 4z§1b§%21) —8G 56322)7

_ o7/ p(11) -~ (11) = 71 (11)
L1L2(11)](0,0,0,¢1,¢2,0) = 2iC1bo1y + 2iC2bigy — 8C1C2bpoy s
(4.5) L1L5(612)](0.0.0.1.c0.0) = /1 + pz + 2iC1b552) + 2iCabley) — 8C, Cably

L1L2(022)](0,0,0,¢1,¢2,0) = 22‘4_1682121) + QiEb%? - 8215@%22)7

—_— —2
L2Lo(11)](0,0,0,¢1,¢2,0) = 4iCabyy — 8% blpy,

_ i (12) om2(12)
L2Lo(012)](0,0,0,¢1,¢0,0) = 4iC2bg17 — 8C2 bgoy
— —2

L2L2(622)](0,0,0,¢1,60,0) = 2v/ 12 + 4ZC2b(()21€) — 8(2 b(()%)?
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: — (kt) g 1, s
where we write ¢pe = > by 21 zpw”.

Lemma 4.2: Let B be the matrix in (4.4). Then

49 pro (G
| w€tB) \ ol b b

where
by = Aoo + A10G1 + Ao1Ge + AunGie + ApGa + ApGiGa + AwsGa s
biy = BioC1 + ByoGi + B11GiGa + BaiGr Go + B1aGiGa s
by = Croli + CooCi” + Caola + Oy o,
by = D1oC1 + Do1lz + D11Gie + Doals + D1aCila + DosCa
by = Eoo + F10(1 + Fo1(2 + Esli 4+ EnCiG + Foxlo + EanGi G + F12GiGo
by = Fioli + Foi(a + Foli” + FiiCiGa + Fiolro + Fni o
by = Go1la + GozC_22 + G12E2 + Go3§3,
by = Ho1Go + HiiGiGo + HoGo + HaiGr Go+ HiaGiGo
bss = Ioo + L10C1 + I G2 + 12062 + 111G G + I:aoa3 + 12152§-

with

Ao = 2/iia/1+ pra, Aro = 4in/iably, Aot = 4in/T + by + 4i/uabley
Aoa = S/ TT ) + SN — S, Ay = 10/t

A = 16D + 1605305, Aio = 160705 + 1607530

Bio = 8iv/jizbigy s Bin = —16b107 by + 16b,7 bior . Bao = —16y/2biyy

Buo = —32ib 07 b + 32ib5) b2, Bay = —32ibb) b2 + 32ib\ 000

Cro = —ain/TF b3 Cao = —SHDHEY + 5/ TF ity + SHEEY.
Ca1 = 16iby) bigy — 1600567 by, Cao = —16ib{G, bl + 16ibjy7 by
Dig = 4iy/jiabyY, Din = —16/fizbliey Dos = —8bioy by + 8b;1 bioy »
Dis = —16ib06%2 1+ 16ib{, 0622 | Do = —16ib{LV632 + 16ib{L)b (32
Eoo = 4v/jiz, Ero = 8iv/uabley ) Eor = 8ib$3,

Eop = —16b555), Eao = —16y/mabloy , E11 = —16bioy b1y + 16657 b57

By = 5200 + 92N, By =~ + 32002
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Fiy = 16832, oo = ~SHAVHE) 1 SHAVBED)

Fao = —16ib0oy b33 + 16ib5s 1 by, Far = —16bior by + 16ibis D157

Gon = —4in/T+ pabpyy, Goz = —8big7 b1 + 8bG1 by’ +8v/1+ pabies

G = 16ib; byg; — 16ibiy by, Gos = —16ibioy booy + 16ibioy bioy

Ho = S, = G + 16D, o = 160432

Hoy = —32ibioy biny’ + 32ibiu1 Doz« Haz = —32ibior b + 32500 bioy

Too = 2T 2, Ton = 4457, oo =~ 12 + SO0 — /T oty
Il() = 4@()(()1121) + 4i\/ 1 + ,U,ng%)ll), Ill = —161)(()%)22),

Iny = —16ibly boY + 163505 bler s Tso = —16ibShs b5 + 16ib5s5 bl

011 Y002 -
Proof of Lemma 4.2: Denote by B = (b;;)3x3. By (4.5)

byy b
bl =det | 2% 723 | = bygbsz — bsab
11 € (b32 bas 22033 32023

= o = = — —2
= (¢ T o + 200017 + 20Gbiey) - 8@@%?) (MTQ + 4G 8 b&?)

—— =2 = — = =
- (it - @0 ) (2l + 2icaiEy - s, Gty )

— — - — — —3
= Ago + A10¢1 + A1 G2 + A11GiCo + Ao + A12CiCe + Aozl

where the A; are as above. Other formulas are obtained by the similar computation.

Proof of Theorem 4.1: From (4.6) (4.3) and (4.2), we have

(47) on(G.0) = djzjlg)’ 912(C,0) = deq;EzB)’ 92(0,0) = dié)’
where

11(Cr, o) = 2G1 by — (1+ 2)GiGabiy' + 22 by

=20, (Aoo + A1olt + AnGo + AnGG + AnGa + A12CiG. + Aog@g)
(4.8)

— (L4 p2)Gi G (Bmﬁ + B2oa2 + B11Gi1Go + 321524‘_2 + 312C1_C22)
-2 - —2 —3 —9
+ 2p2C2 (C1OC1 + Co0C +C30C1 + Ca(y C2),
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—_— = —2 . _ _— -2 _
(1)12(C1a g2) = —2(; b211 + (1 + ,UJZ)C1C2b221 — 2p2C2 b231

2 — — _— —2 —2 —3
= =20 (DwCl + Dp1C2 + D11G1C2 + Do2Ca 4+ D12C1C2 + Do3(a )
- — — —
(4.9) + (1 + p2)Ci¢o <Eoo + E10C1 + E01C2 + E20(
—9 —2— —2
+ E11G1C + Eoale + Fo1(1 (o + F1201(a )
=2 - = -2 — —3 —2—
— 22C2 (FloCl + Fo1G2 + FooCi + F11CiCe + F30C1 + Fo1(y Cz)

and
Do (C1,C2) = 2¢1 byy — (1 + p2)Ciabsy + 2p2le bis

= 252 (G01C_2 + Go2§2 + Gm@2 + GosC_23)
(4.10) _ — - —2 —2— —2
— (1 + p2)CiC| HorCa + H11C1Co + HoaCa™ + H21(1 Co + H12(1 (o
. — — . _ . PR, T
+ 2M2C22 (Ioo + I1oC1 + Lp1C2 + 120C12 + 111G1G2 + 130C13 + I51Cy Cz)-

From (4.2), it follows that f;(2,0) = z;, j = 1,2. Also g(z,0) = 0 always holds. In fact,

after complexifying Im(g) = |]7|2, we have

W) 9N _ p ) C) + ol w)aC. V2 = (2.0

By putting z = w = 1 = 0 in the above equation, we get g({,0) = 0 and this means g(z,0) = 0.

Therefore, in order to prove Theorem 4.1, by Lemma 2.3. it suffices to prove

(4.11) deg(®11(¢)) < 4, deg(®12()) < 4, deg(P22(¢)) < 4, deg(det(B)(()) < 3.
To prove the first inequality in (4.11), by (4.8), one needs to show
2A19 — (1 + p2)Bay + 2p2C30 = 0, 2403 — (1 + p2)Bia + 2u2C21 = 0.

This can be verified by the formulas in Lemma 4.2. The second and the third inequalities in

(4.11) can be similarly obtained.

12



To prove the last inequality in (4.11), we write the 3 x 3 matrix B in (4.4) as (f;;). Then

_ Pz Bis B Pz fr1 Bz
(4.12) det(B) = —badet <532 ﬁ33) + Papdet (531 ﬁ33> Pasdet (531 532)

and from (4.5) we obtain

B) - — (20t + 2ty - sT,Gat )
(

(

— —2 — —2
(TGl ~ G WG — G0
(VI g+ 200+ 2G5 0,07 )

— —2 — =2
| AT — SR v+ T - 80

— —2 — —2
4iCrbigy — 8C1 booy )(2v/F2 + 4iCabG1;) — 8C2 by )

- (Y G T GG

- (2t + 20y - Gty )

| AT - S T 567
- (Y — ST b AT — ST

By direct computation, one can verify that the ajal terms of degree 4, 5 and 6 above all vanish
so that the last inequality in (4.11) holds. B
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