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Abstract Let F be a proper rational map from the complex ball B” into BV with
n>7and3n+1 < N <4n —7.Then F is equivalent to a map (G, O, ..., 0) where
G is a proper holomorphic map from B” into B*".

1 Introduction

Write B” for the unit ball in the complex space C". Recall that a holomorphic map
F from B" into BY is called proper if for any compact subset K ¢ BY, F~1(K)
is also a compact subset in B". A holomorphic map defined over B” is said to be
rational if it can be written as 5 with P a holomorphic polynomial map and ¢ a
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holomorphic polynomial function. This paper continues the recent work in Hamada
[17], Huang—Ji—Xu [22], etc. Our main purpose is to prove the following gap rigidity
theorem:

Theorem 1.1 Let F be a proper rational map from B" into BY with n > 7 and
3n+1 < N < 4n — 7. Then there is an automorphism T € Aut (BN such that
ToF =(G,0)=(G,0,0,...,0), where G is a proper holomorphic rational map
from B" into B,

Theorem 1.1 roughly says that there is no new proper rational map added for N
in the closed interval denoted by Z3 := [3n + 1, 4n — 7]. The following example
shows that Theorem 1.1 is sharp. (See Remark A in Sect. 5 for more discussions on
this example.)

Example 1.2 Forn > 2, A, u € (0, 1), define the proper monomial map F from B"
into B3 as follows:

F= (Zlv s Zn-2, )"an]aznv \4 1 _)Lzznfl(zl, <oy Zn—15 UZns V 1 _M2Z)1Z))
(1.1)

For such a map F, there is no 7 € Aut (B such that T o F = (G, 0'). Also,
there are proper monomial maps F from B” into B**~6 [24] such that for any 7 €
Aut (B*"=9), 1 o F can not be of the form (G, 0').

The rationality theorem proved in [19,23] says that any proper holomorphic map
from B” into BY with N < n(n + 1)/2, that is three times differentiable up to the
boundary, must be rational. Hence, Theorem 1.1 can be stated in the following more
general form:

Theorem 1.3 Let F be a proper holomorphic map from B" into BN with n > 7 and
3n+1< N <4n— 7. Assume that F is C3-smooth up to the boundary. Then there
is an automorphism T € Aut (BN) such that T o F = (G, 0), where G is a proper
rational map from B" into B>".

Rigidity property is a fundamental property for holomorphic functions with sev-
eral variables. The study of various rigidity properties for proper holomorphic maps
between balls in complex Euclidean spaces goes back to the pioneer paper of Poincaré
[31]. Since then, much attention has been paid to such an investigation. When n > 1,
a result of Alexander [1] states that any proper holomorphic self-map of the unit
ball B" in C" with n > 1 is an automorphism. Recall that two proper holomorphic
maps f, g from B" into BY are said to be equivalent if there are o € Aut(B") and
7 € Aut(BY) such that g = 7 o f o . A proper holomorphic map from B” into
BY is said to be linear or totally geodesic if it is equivalent to the standard big circle
embedding L(z) : z— (z, 0). Webster in [35] considered the geometric structure of
proper holomorphic maps between balls in complex spaces of different dimensions.
He showed that a proper holomorphic map from B” into B"*! with n > 2, which is
three times differentiable up to the boundary, is a totally geodesic embedding. Sub-
sequently, Cima—Suffridge [6] reduced the boundary regularity in Webster’s theorem
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to the C2-regularity. Motivated by a conjecture in [6], Faran in [12] showed that any
proper holomorphic map from B” into BY with N < 2n — 1, that is real analytic up
to the boundary, is a totally geodesic embedding. Forstneric in [14] proved that any
proper holomorphic map from B” into BY is rational, if the map is CV~"*!-regular
up to the boundary, which, in particular, reduces the regularity assumption in Faran’s
linearity theorem to the CN~"*!_smoothness. In a paper of Mir [29], the theorem
of Forstneric was weakened to the case where the source manifold needs only to be
assumed to be a real analytic hyper-surface. See also a related paper by Baouendi—
Huang—Rothschild [3] and a later generalization in Meylan—Mir—Zaitsve [28]. At this
point, we mention that the discovery of inner functions can be used to show that there
is a proper holomorphic map from B” into B"*!, which can not be C?-smooth at any
boundary point (see [15,16,27,34], etc).

Write Z1 = [n + 1, 2n — 2]. The aforementioned theorem of Faran says that there
is no new proper rational map added when the target dimension N € Z;. We call Z;
the first gap interval for proper holomorphic mappings between balls. In [11], Faran
showed that there are four different inequivalent proper holomorphic maps from B>
into B3, which are C3-smooth up to the boundary. However, the only embeddings are
linear maps.

In [18] and, subsequently, [21], two questions arising from the above mentioned
work were considered. In [18], the first author proved that any proper holomorphic
map which is only C2-regular up to the boundary must be linear if N < 2n — 1, by
applying a very different method from the previous work, answering a long standing
open question in the field (see [6,15]). While it has been open for many years to
answer if the C'-boundary regularity is still enough for this super-rigidity to hold, the
result in [18] gives a first result in which the required regularity is independent of the
codimension. In [21, Theorem 1, Theorem 2.3] and [20, Corollary 2.1], it was shown
that any proper holomorphic map from B” into BY with N = 2n — 1, n > 3, which
is C%-smooth up to the boundary, is either linear or equivalent to the Whitney map

Wiz=(z1,....20) = (@ z20)=> @1, - oy Zn—1, 202) = (2, 202). 1.2)

Since the Whitney map is not an immersion, together with the aforementioned work
of Faran [11], this shows that any proper holomorphic embedding from B" into BV
with N = 2n — 1, which is twice continuously differentiable up to the boundary, must
be a linear map. Earlier, D’ Angelo constructed the following family Fy of mutually
inequivalent proper quadratic monomial maps from B” into B>" (See [8]):

Fp(2', zn) = (2, (c0s O)zp, (5in0)212n, ..., (5IN0)2p—12n,
(sin6)z2), 0 <6 <m/2. (1.3)

Notice that by adding N — 2n zero components to the D’ Angelo map Fy, we get a
proper monomial embedding from B” into BY for any N > 2n. The combining effort
in[12,21] gives a complete description to the linearity problem for proper holomorphic
embeddings from B” into BV, which are C2-smooth up to the boundary. However, in
applications, one still hopes to get the linearity for mappings with a rich geometric
structure. For instance, the following difficult problem initiated from the work of Siu,
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Mok [30] and others has been open for more than thirty years: (See Cao—Mok [4] for
the work when N <2n — 1.)

Conjecture 1.4 (Siu, Mok) Let f be a proper holomorphic mapping from B" into BN
with 1 < n < N. Write M = F (B"). Suppose that there is a subgroup T' of Aut (BN)
such that (1). for any o € T, (M) = M; (2) M/ T is compact. Then f is a linear
embedding.

In a recent paper of Hamada [17], based on a careful analysis on the Chern—-Moser
normal form method as developed in [18,21], it was proved that all proper rational maps
from B" into B>" with n > 4 are either equivalent to the Whitney map W in (1.2) or the
D’ Angelo map Fy. After the work of Hamada [17], the first two authors and Xu in [22]
proved that a proper holomorphic map from B” into BY with4 <n < N < 3n — 4,
that is C3-smooth up to the boundary, is equivalent to either the map (W, 0') or (Fy, 0)
with 6 € [0, 7/2). An immediate consequence of the work in [22] is that there is no
new map added when N € 7, with 7 := [2n + 1, 3n — 4]. Since there are proper
monomial maps from B" into BN for3n —3 < N <3nor2n—1< N < 2n, that
are not equivalent to maps of the form (G, 0), we call Z, the second gap interval for
proper holomorphic maps between balls.

By [24], for any N with3n —3 < N < 3nord4n — 6 < N < 4n, there are
many proper monomial maps from B” into BV, that are not equivalent to maps of
the form (G, 0). Theorem 1.1 in the present paper thus provides a third gap interval
I3 :=[3n + 1, 4n — 7] for proper holomorphic maps between balls.

More generally, for any n > 3, write K (n) for the largest positive integer m such

that m(m + 1)/2 < n. Then K (n) = [—H1E81] i ~1HVTH81 i not an integer;
and K(n) = w — 1, otherwise. For each 1 < k < K(n), define Z; =
lkn + 1, (k + Dn — @ — 1]. Then Z; is a closed interval containing positive
integers ifn > 2+ @ Apparently, Zy NZy = B fork # k'; and Zy fork = 1,2, 3

are exactly the same intervals defined above. Write Z = U,f:(rll)Ik. Then, for

K (n)(K(n)+ 1)
2

max N = (K(n) + n —
NeZ
-1

Forany N ¢ 7 (which certainly is the case when N > 1 .42n%), by not acomplicated
construction, the authors obtained in [24] many monomial proper holomorphic maps
from B” into BY, that can not be equivalent to maps of the form (G, 0). ([24, See
Theorem 2.8]). Earlier in [9], for N > n?—2n+2, D’ Angelo and Lebl, by a different
method, constructed a proper monomial map from B” into B, that is not equivalent
to a map of the form (G, 0’). However, we have not been able to find a map, not
equivalent to a map of the form (G, 0'), for N € Z. Indeed, the first, the second and
the third gap intervals mentioned above suggest the following conjecture:

Conjecture 1.5 (Huang-Ji-Yin [24]) Let n > 3 be a positive integer, and let T}
(1 < k < K(n)) be defined above. Then any proper holomorphic rational map F
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from B" into BN is equivalent to a map of the form (G, 0') if and only if N € Ty for
some 1 <k < K(n).

As mentioned above, the “==" part follows from Theorem 2.8 of [24]; also the
conjecture holds for k = 1, 2, 3. An affirmative solution to this gap conjecture would
tells exactly for what pair (n, N) there are no new proper rational maps added.

Next, we describe briefly the idea for the proof of Theorem 1.1. The proofs for
the first and the second gaps are immediate applications of the much more precise
classification results. When N € Z3, making a precise classification for all maps
seems to be hard. We need a different approach from the work in Huang-Ji [21],
Hamada [17] and Huang-Ji—Xu [22]. Consider the setting in the Heisenberg hyper-
surface case. Let F be a holomorphic map defined near 0 with F(0) = 0 into CV.
Then the Taylor formula says that F(z) = Za %(O)z"‘. Hence the image of F
stays in the linear subspace spanned by {D%F(0)}y. If spann{D*F(0)}, # CV,
we get a gap from F. The crucial point in our argument is to find, for our map, a
basis of spann{D®F(0)},. The way to achieve is to get a good normal form for F.
However, this is a highly non-linear normalization problem, for the maps need to sat-
isfy the fundamental non-linear equation. While it is easy to get linear independent
set from the first and the second jets, finding more linearly independent elements to
form a basis from the higher order jets is very involved. The basic tool at our dis-
posal for this approach is a lemma of the first author proved in [18, Lemma 3.2].
For N € 73, it turns out that there is only one more linearly independent element
for the map from the higher order jets. For the study of general but very rough jet
determination problems for holomorphic maps, there has been much work done in
the past. We refer the reader to the book by Baouendi—Ebenfelt—Rothschild [2] and a
paper by Lamel-Mir [25]. However, what we need here is a very precise jet determi-
nation, which is only doable due to the extra geometric structure for the maps in our
setting.

It appears to us that a fundamental fact which dominates the gap rigidity for holo-
morphic maps between balls is [18, Lemma 3.2]. In the course of the proof our main
theorem, one finds that the assumption N € 73 is exactly what is needed, in several
induction steps, for applying [18, Lemma 3.2]. We hope that the method of the present
paper may motivate the general study of Conjecture 1.5.

Our discussion above only touches the linearity and the gap rigidity part from a vast
amount of work for mappings between balls. We would like to mention that there has
been a lot of interesting work done in the past on the study of proper monomial maps
between balls by D’ Angelo and his coauthors. (See the book of D’ Angelo [8] for many
references therein.) Here, we mention, in particular, two papers on the degree estimates
for proper monomial maps by D’ Angelo—Kos—Riehl [10] and Lebl-Peters [26]. The
study for mappings between balls is also related to the problem of decomposing a
positive Hermitian form into the sum square of holomorphic functions, for which we
refer the reader to a recent survey article by Putinar [32] as well as many references
therein. Here, we just mention a result obtained by Quillen—Catlin—D’ Angelo in [5,
33], which states that for any positive bi-homogenous polynomial H (z, z), there is
a sufficiently large integer N such that |z|?Y H(z,z) = 27;1 |hj(2)|* with & (z)
holomorphic polynomials. This has an immediate consequence (see [5]) that for any

@ Springer



X. Huang et al.

homogenous polynomial map ¢(z) into CV with |¢(z)| < 1 on the sphere , there
exists a vector valued polynomial p(z) with N (g)-components such that (¢(z), p(z))
properly holomorphically maps B” into BY+V(@) where N(g) depends on g and the
value 1 — |¢(z)|? and could be very large.

2 Notations and preliminaries

In this section, we set up notation and recall a result established in Huang—Ji—Xu [22]
and a lemma from [18] which will be crucial for our proof of Theorem 1.1.

Write H, := {(z, w) € C"~! x C : Im(w) > |z|?} for the Siegel upper-half space.
Similarly, we can define the notion of proper rational maps from H,, into H .

Since the Cayley transformation

2.1

2 141
pn:Hn_)an pn(sz):( < +lw)

1—iw’ 1 —iw

is a biholomorphic mapping between H,, and B", we can identify a proper rational
map F from B" into BY with ,01;1 o F o p,, which is a proper rational map from H,
into H . By a well-known result of Cima—Suffridge [7], F extends holomorphically
across the boundary 0B".

Parameterize dH, by (z, z, u) through the map (z, Z, u) — (z, u + i|z|%). In what
follows, we will assign the weight of z and u to be 1 and 2, respectively. For a non-

negative integer m, a function h(z, z, u) defined over a small ball U of 0 in dH,, is

h(t2,17,t%u)
[e]™

subset of U as (€ R) — 0. We use the notation 2 to denote a polynomial / which
has weighted degree k. Occasionally, for a holomorphic function (or map) H(z, w),
we write H(z, w) = Z,‘flzo H*&D()yw! with H*D(z) a polynomial of degree k in
z

said to be of quantity oy, (m) if — 0 uniformly for (z, #) on any compact

Let F = (f,¢,g) = (f, g) =1, fu=1,01, ..., PN—n, &) be anon-constant
C2-smooth CR map from oM, into dH y with F(0) = 0. For each p = (z9, wo) € M
close to 0, we write ag € Aut(H,,) for the map sending (z, w) to (z + zo, w + wo +

2i(z,7Z0)) and 7} € Aut(Hy) by defining

o (@ w*) = (& — f(z0, wo), w* — g(z0, wo) — 2i{z*, F(z0, wo))).
Then F is equivalent to
Fp: IfOFOO'}?:(fp’¢p’gp)_ (22)

Notice that Fp = F and F,(0) = 0. The following is fundamentally important for
the understanding of the geometric properties of F'.

Lemma 2.1 ([18, §2, Lemma 5.3]) Let F be a C2-smooth CR map from 0H,, into
dHy, 2 < n < N. For each p € 0Hy,, there is an automorphism t;,‘* € Auto(Hy)
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such that F* := t;* o F), satisfies the following normalization:

i
=t zay D @Quw+ou(3), ¢35 =5 (@) + 0w (). g5 =w+0u(4), with

2
@ ay V@) = 1657 @1
. . O .
g = - 979w 10)1<j,l<(n—1 .
Definition 2.2 [19] Write A(p) 2i( szgw l0)1<j.i<(m—1) in the above lemma

We call the rank of the (n — 1) x (n — 1) matrix A(p), which we denote by Rkr(p),
the geometric rank of F at p.

Define the geometric rank of F to be ko(F) = max,cym, Rkr(p). Define the
geometric rank of a proper holomorphic map B” into BV, that is C?-smooth up to the
boundary, to be the one for the map ,01:,1 o F o py. By [19], ko(F) depends only on the
equivalence class of F and when N < M, ko(F) < n — 2. In [22], the authors
proved the following normalization theorem for maps with geometric rank bounded
by n — 2, though only part of it is needed later:

Theorem 2.3 [22] Suppose that F is a rational proper holomorphic map from H,
into H, which has geometric rank 1 < kg < n — 2 with F(0) = 0. Then there are
o € Aut(H,) and v € Aut(Hy) such that t o F o o takes the following form, which
is still denoted by F = (f, ¢, g) for convenience of notation:

fi=zj, ko+1=<j=<n-1,
O = k212K + Z'j(»ozl Zj¢;;(j, (1, k) € Sp,
K
¢lk = ZJOZI Zj¢l*k] = Ow[(3)7 (19 k) € Slv (23)
g=w,

. Lo
fiow) =8 + 2w+ b @w + 0w @), 11 <ko. >0,

bpyj (2 w) = 0w (D), (L, k) € 5.

Here, for 1 < kg <n —2, wewrite S = So U Sy, the index set for all components of
¢, where So = (D)1 1< j <ko. 1 <l<n—1,j<landS ={(j.]): ] =
ko+1,k0+1 SZSN—n—w}.Also,,uﬂ =1+ for j <l =Ko
and pj = Jikjif j < ko <lorif j=1<«ko.

Finally, we recall the following lemma of the first author in [18], which will play a
fundamental role in our proof:

Lemma 2.4 (Huang, Lemma 3.2 [18]) Let k be a positive integer such that 1 < k <
n — 2. Assume that ay, ..., ak, by, ..., by are germs at 0 € cr-1 of holomorphic
functions such that aj(0) =0, b;(0) =0 and

k
D ai(@)bi(2) = Az, Dzl (2.4)
i=1
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where A(z,7) is a germ at 0 € C"~! of a real analytic function. Then A(z,7) =

Zi'(:1 a;i (2)bi(z) = 0.

3 Analysis on the Chern-Moser equation

Suppose now that F = (f, ¢, g) isaproper rational map from H, into H y, and satisfies
the normalization as in Theorem 2.3 with 1 < kg < n — 2. Write the codimension part

¢ of the map F as ¢ := (Pg, 1) with o = (¢ex) ¢,x)es, and @1 = (dek) (0,k)eS; -
Write

KQ K0
1,1 1,1 ~
CD(() )(z)=Zeij, <I>(l )(z)=2ejzj',

j=1 j=1
K0 (ko+1
with ej € CHS) = Cxom="0F2 5 o CHS) £,(5) = 77 - 2PV (z), and & =
(&1, ..., &) We also write in the following:
9V @w = D ejzjw, with ef = (ej, éj)
TR WL P S

(15 sin—15in)

o
= Z H®D ()w’ for H = f or ¢.

k,j=0

Here H*7)(z) is a homogeneous polynomial of degree k in z.
In this section, we demonstrate our basic idea of the proof through an easier case.
We proceed with the following lemma, that will be used later:

Lemma 3.1 Let (th](z))lfjs,(o,hzl,z be some holomorphic functions of z. Let

and v j be as in Theorem 2.3. Suppose that for h = 1, 2, (A[j}z])(j,g)ego are defined as
follows:

Lo @) = 20T + 20, <t <k,
h . h .

2. jiAl @) =2iz;TM @), j <Ko,

3. el = 2izM@. j <o <t

Then we have

Z A/e ]e — 4|7 |2(Z F[zl)
M

(J,0eSo Jj<xo
4
[ [
-2 (rjzjTy = mezel})
[ Mjre(pj + pe)
2 2
(2T = peze ). G.1)
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Proof Making use of the formulas between ;¢ and p;, e in Theorem 2.3, we get,
from a straightforward computation, the following:

1 [1] 5 [2] |2 L lzel* L2
7 2 MiAil= 2 A > TR
(.S I<j<wo "/ j<wko<t "/

1
L P NS S

il M T e
1 1
(X X el
J =Ko H. C=ko. t#] <Ko Hi
1
> —— Tzl TP 2.
itim M + e

Now the lemma follows from the following elementary identity:

Hj 211121 e 211121 RIyx[l=—  —pr[1-12]
E|zj| r,'ry +M—j|2(z| Fj Fj -z, l"j e — 7,1y Fj 20

1 1 1 2 2
= (MijF,[g - MzZzFE ]) : (MijFE - Mzzeﬂ» ])-

ke
O
Next we derive the following formula:
Lemma 3.2
HeEO0R = (X L1 @) =P
470 Ly
J =Ko
1 Hj e 2
- > —( | =Lz6 - /—_Zefj‘ : (3.2)
j<t=ko Wi+ etV e M j

Proof Since
—Im(g(z, w)) + | G w)| + |G w)|* =0 over Imw) =1z, (3.3)

we can consider terms of weighted degree 5 to get, over Im(w) = |z|?, the following

DG w) + 2D w) + 0P @ w) ol (2, w) + O (2, w) D (2, w) =0, or

2fCO@u+ilzP)+Zf PV @ W + i1z + 0§ 2) (@53’0) @+ ejzj)w)

+(<I>(()3’0)(z) + (Z eij) w) CID(()Z)(z) =0. (3.4)
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Here, we know f @z, w) = f @D (Hw by the above mentioned normalization. Col-
lecting terms of the form z%zPu with |a| = 1, |B] = 2, we get
2f* @) + <I>(()2)(z)z ejzj =0, or,
V@ = =G ) £ (3.5)

Collecting terms of the form 797 with |a| = 3 and Bl =2, we get

JE— Ko
iZfPV @l + 0P @5 " @ + 0 @D ezl =0.  (3.6)
j=1

We thus get

o (05" (@) = 20, - 2) - @I 3.7

Equivalently, we have

(3,0)

Lopjediy ™ (2) = 2i(zj8e(z) + 26§ (2)), Jj < £ = Ko,
(3,0

2. wji¢;; T (2) =2izj§(z), J = ko,

3. ey (@) = 2izk(2), j <Ko <L
Now Lemma 3.2 follows from Lemma 3.1. O

Lemma 3.3 [¢@9(2)|2 = A(z,2)|z|* with A(z,Z) a real analytic polynomial in
(z,2).

Proof Collecting terms of weighted degree 6 in (3.3), we get

O w) + 72O w) + 0P @ w) - 8y (2 w) + 0 (2, w) - B (2. w)

+o® @, w)> + 1Pz, w)]> = 0 over Im(w) = |z|%. (3.8)
Collecting terms of the form z%z? with |o| = | 8] = 3 and applying the normalization
for F', we easily see the proof (cf., (4.14) below). O

Notice that [¢C0 () > = [0§” (@)% + |"”(2)[? and there are olotl) _

negative terms in the right hand side of (3.2). Also there are (N — (ko + 1)n+ M)
components in ®;. Applying Lemma 2.4 and [8, Proposition 3 on page 102 of], we
immediately get, after applying a unitary transformation to the ®;-components, the
following:

Corollary 3.4 Suppose that kg > 2 and (ko + 1)n — kg < N < (ko + 2)n — ko(ko +
1)+ 9 — 2. Then
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2 7
q)(3,0) /'U*J | e /
(Z)—(—( —Z'Ee— —ZKS'),O)l j <l s
1 /—Mj ] P J i J =Jj<i=kKo

1
pCO@P =4 D> —Ig@F | Iz (3.9)

J

J =Ko

Here we notice that the condition N > (kg + 1)n — ko implies that N > #(Sp) +n
for kg > 1.

4 Partial linearity and further applications of the Chern—-Moser equation

We assume in this section that the proper rational map F = (f, ¢, g) from H, into
Hy satisfies the normalization as in Theorem 2.3 with k9 = 2. Moreover, by what
is done in the last section, we assume that <I>§3’0) (z) has been normalized to take the
form as in Corollary 3.4. Namely, the only possible non-zero element in <I>§3’0) (z) is
3,0
53" ).
In this section, we prove the following result, which will be crucial for our proof
of Theorem 1.1:

Theorem 4.1 Assume that F is as in Theorem 2.3 withxg =2, n > 7 and 3n — 2 <
N < 4n — 6. Also, assume that d>(13’0) (z) is normalized as in Corollary 3.4. Then the
following holds:

(1): *02) = 43%(2),0, ..., 0), where

2

4,0 [ 1 * [ 2 %

¢ (2) = —( —21Mpy — /227 ),
33 VIS %) n2 2 251 !

i =900 e, 1 =900 4.

2): D™V (2) € span{(1,0, ...,0), 1, é) for |a| = 2.
3): D2\ () € span(ér. &) for o] = 1.

Here ¢y, é3, el, e, are defined as at the beginning of the last section, and D is the
regular differential operator.

This section is devoted to the proof of Theorem 4.1.

Notice that g = w. By the partial linearity theorem of the first author proved in
[19], we can assume that for any € = (€1, €2)(€ (Cz) ~ 0, there is a unique affine
subspace L, of codimension two defined by equations of the form:

n—1
21 = D ai(€)zi + an(Ow + €1,
i=3
n—1
2= Zbi(G)Zi +bp(e)w + €2,a;(0) = b;(0) =0 4.1
i=3
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such that F is a linear map on L. Here a;, b; are holomorphic functions in € near 0.
Hence we have

?H
W L. :OforH=f0r¢>.

Namely, for H(L¢) = H ( f’;; a; (€)zi + an(€)w + €, Z:’:—; bi(€)zi + by(€)w +
€2,23, ..., 2n—-1, w), we have

92H(L,) 92H 2 3’H , 2H 2H
0="22 = (Toa+ b2 —ab, +2
dw? (€1,€2) 0z 2 az§ n 321322an " 3Z13wan
32 2H
2 —) . 42
+ 20w ' w2/ ler.e.0.....0 4.2)

Let anl) (e) and b(l) (e) be the linear parts in a,, and b, respectively. Set H = f1, f>
and ¢ in (4.2), respectively. We then get

i i
a0 @ + f7(€,0.....0) = 0. ZuabV(€) + /" P(€,0.....0) =0,

$1P(€,0,...,0) +efa(e) + 30V () = 0. (4.3)

Notice that by Theorem 2.3, F (Lm) () depends only on (z1, z2) for any m. It then
follows:

¢12(e,0,...,0) = —etall(e) — e5b D (e)
2i 2i
= —M—llfl(l’z)(e, 0.....0)0¢} — M—;f;"”(e, 0.....0)ek. (4.4)

This proves Theorem 4.1 (3). Moreover, we obtain

2i
1,2 2,0 2 2,0 (1,2 2,0
1Y) 2?0 (z) = o 02 (e - @0 (2 >+ f '@ez- 05 @)

2i

= (g P 2)g
,le
(f(11+21n + f(12+21n %-2. (45)

Here and in what follows, write /; = (0, ..., 0, 1,0, ...,0) € Z", where the non-zero

element 1 is in the jth-position. From (4.5), we also have
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1421, 2,0 A5 +2ny 52 (420,
U2 g >(Z)=21(Zf1(1+ )y 8 g >)

n2
h+21, 2,0 A& Lo, & (ht2,
(DE) +21,) . CD(() )(Z) = 2i (Zf]( 2+21,) + Efz( 2+ )) , (46)

and the following:

Y <§1 U2 | g0, )+5 Uz +20). q,(()z,O)(Z))
n2

w1
—48 (&1 a+2n) | 52 Lai42, —4& (&1 (h+21) 52 L+21,)
_ ( puram g 52 g2 B1 puiat 82 ti2ny
wr o\ ) pm2 \ 1 T
_ 48 (f(11+21”) & f1(12+21n)§_2) i (f(11+21,,) I a2 82 & ) ‘
M 1 2 w2 w2
(4.7)
Considering terms of weighted degree 6 in the basic Eq. (3.3), we get
2Re{zf(5)(z, w) + @62)(1, w) - <I>(()4)(z, w)}
O w| + 6@ w| =0 4.8)

over Im(w) = |z|>. Namely, we have

2Re{z(f(3’l)(z)(u il + FYD @)+ i|z|2)2)
+q>gz~°>(z)(q>g4’0><z> + o2D @) + i|z|2))} + OV + iz

o0 @) + oD@+ il =o. “9)

Here we notice that the f 5.9 () term is not involved (cf. [22, Lemma 2.3(A)]).
Collecting terms of the form 2%zPu? with |a| = 1, |B] = 1, we get

2Re(zf 2 @) + 1MV + 190V (@) = 0. (4.10)
Collecting terms of the form 2%7Pu with o] = 3, |B] = 1, we get
2OV @)+ ¢V @) P (2) = 0. (4.11)

Collecting terms of the form 2%7Pu with o] = 2, |B] = 2, we get
2Re(2izf D@z + 0f @) - 0" () =0. (4.12)

Collecting terms of the form z%z# with |a| = 4, | 8] = 2, we get

i12Pzf OV (@) + 05V (2) - 0§ (2) — il212¢1V(2) - 9PV (2) = 0. (4.13)
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Collecting terms of the form z%z# with |a| = 3, || = 3, we get

2Re( — 212 @l +il206 0 @) - 06 ()
+Hzl* - 1 fEPQP + 190 + 121t 1oV @P =0 (4.14)

Combining (4.11) with (4.13), we get
o (2) - o5 (@) = 2ilz1*6 V() - 0 2). (4.15)
Substituting (4.10) into (4.14), we get
2Re( — 277121z + i 07V (2) - <I>(()2’1)(z))|ZI2 + 1930 2))> = 0. (4.16)
Combining (4.12) with (4.16), we get
2(= 2, 1Y@l +i0f 0@ 0F @)l + 93O @F =0, @.17)
Recall that in Corollary 3.4, we have obtained

2 2
1] +|si|).

10C0 ()2 = 4|Z|2(? s (4.18)

Hence we have

2 2
2(= 2,1Vl +ivf V@) - 0 V@) + 4('54| + 'éi') =0. (4.19)
M1 M2

Notice that |& |2 = && = &e; - T (2). Set

2 2

5(2,1)(@ — ¢(2‘l)(Z) —2i Z ie;, 562’1)(z) = (IJE)Z’I)(Z) —2i Z iej- (4.20)
= M j=1 1
Then we have
d>(()2’0)(z) ) 5(()2,1)(@ = —2i|z’z - f12(2). (4.21)

Recall fj =z;for3 < j<n—1 sothatz- f12(z) = (21,32)'(f1(1’2)(2), f2(1,2)(z))
and thus we get
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—2i

(2 D (1,2) 2D (1,2) (1,2)
o @=—=u (@), @5 (@)= 21 (2) + 22 (2)),
W /i " e )
(2 1)) (1,2)
@=——2uf""@. 4.22
\/M_ 2 ( )
~ —2i
2.0 (1,2) (2 1) (1,2)
V() =—= Zf (), @y (@=—F=zjf; T (2) with j = 3.
1j \/— J \/,bL_ JJ2
Making use of Lemma 3.1, we get
- 21
35 @F =41 3 -1 @F
j=1"

4
wip2(pr + (2)

iz £ ) = waza i1 (4.23)

and

o5 @@ () = 41zl Z f“”( 13

4
+—
pip2(pr + p12)
'(M111§2 - M222§1)~ (4.24)

(12 7@ = 12 /7 @)

Sl Sz

Notice that if we replace z, z2 by , respectively, in (4.10), we get

{ &1 (f(11+21,,) &1 f(’2+21”) & ) n S_z( 2(11+21,,) &1 f<12+21n) & )}
n2 2%} M1 M2

+Z(I$1| + 1617 + Ig—e’f+ é—2e3‘| =0. (4.25)
M M2

Here we have used fj(l’l)(z) = %/Lij for j = 1, 2. Combining this with (4.7), we
get

—2Re{2i(5—1c1>§)"+ 2 4 52 Uit ) of0 (z)}
M1 %)

52 *|2

+(&11* + 161 + 4}§—le1‘ + 22efP =0. (4.26)
TR

Considering terms of weighted degree 7 in the basic Eq. (3.3), we get

ZRC{Zf(ﬁ) @ w) + D w) D@ w) + 0 (2, w) DS (z, w)

+6@ @ we @ w] =0 (4.27)
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over Im(w) = |z|?. Namely, we have

2Re{z(f4D @ +i12P) + FED @+ i12?) + fD @+ i1 - fED @)
i1z + 0F 0@ (90 @ + o V@@ + 1127 + 8P @ +i1212)?)

+(@%2@) + " V@D +i1z%) - (6HV@) + 6>V (@) (u + i|z|2))} =0. (4.28)

Here we notice that the f 0.9 (7) term is not involved (cf. [22, Lemma 2.3(A)]).
Collecting terms of the form z%z#u? with |a| = 2, |8] = 1, we get

P+ V@) AP
+0i? @) - 0" @) + ¢V (2) ¢ D (@) = 0. (4.29)

Collecting terms of the form z%z#u with |a| = 3, |8] = 2, we get

2izlzP fP? () + oV (2) - 05V (2) — 2ilzP 0l P (2) -
o5 (2) + V() - 620 (0) = 0. (4.30)

Collecting terms of the form z%z# with |a| = 4, | 8| = 3, we get

222z + FIN @) - FED @t + i1z P 0P (@) - 9PV () — 12t
012 (2) - 20 (2) + B0 (2) - 90 (2) — i[z2p@ D (2) - p30(2)
+zl*¢ 1V (2) - ¢V (z) = 0, (4.31)

By calculating (4.31)—|z|*-(4.29), we get

~2f PP @)Ll + ileP oy @5 (@) — 21l 05 @) - 05 (2)
+30(2) - p*0(2) —i|z1?¢@ D (2) - 9PV () = 0. (4.32)

By calculating (4.32)—i|z|2(4.30), we get
3302 940 ) = 4lzl* ol () - OV (@) + 20127V (@) - 690 (). (433)
Combining this with (4.30), we get

B0 (). p*0) () = —2i|z|2(2i|z|22f(2’2)(z) + 020 <I>(()3’1)(z)). (4.34)
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By (4.15), we have

4,0
pir - @50 () = 2i219%0(2) - e,

4,0 .
1412 - <1>§2 )(2) = 2i219 V() - ¢ +2i22030(2) - €,

4,0 ,

2 - 5% @) = 2i22¢%0 (@) - e,
4,0 , ;

wij - @@ =2i2;0%0@) - ef, =3,
4,0 , ;

waj - q>éj )(Z) = 2le¢(3’0)(Z) : e;v J=3.

Write

(4.35)

,0
ni=¢%0@) - ef, =000 ek m =05 V@ o1, m=0SV@) - e

Making use of Lemma 3.1, we get

UM Ez'? M2
@ V@@ ) = 41l (S + 22 wb - [ ag)
M1 M2 Ml + Mz

/Mz [
21’72

Combining (4.34) with (4.36) and making use of Lemma 2.4, we get

(4.36)

4 U2 Kl U2 K
oM ()@ () = —(,/—zzsl - 1/—2152) : ( —2on] — —zm;)-
K1+ p2 NV @ u2 251 %]

Now, by Corollary 3.4, we have

2 / /

(4,0) M1 * M2

¢ ()Z—( — 21Ny — ) ——22M )
Vi m Wt py

* *
2i (51771 + 52772
231 m2

Moreover

Write
_ n m
#3V(2) = BV () —2i (—leT + —2e3) ,
251 M2

~(3,1 3,1 n s
3§V (@) = oSV (z) - 2i (—‘el + —262) .
M1 n2

Then we have

— 3’] .
o @)% (@) = ~2il2P2f 2 (@),

) = 2i2P2f P () + 020 () - 98 ().

(4.37)

(4.38)

(4.39)
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Hence, we get

=3 Q2
M1 - CDE{I)(Z) = —21z1f1( (),
=3 : 2.2 2.2
ni2 - <I>§2’1)(z) = =2i (z1f2( (@) + szl( ’ )(z)),
FCD N _ i 22
22 - @y ' (2) = =2iz2 /5,77 (2), (4.40)
=3 02 .
wij- @ = 22z 7P @, j=3,
= (3, 02 .
2 - 50 @) = —2iz; P @), j =3,

By Lemma 3.1, we have

o)V @85 () = —4Izlz(%ff2’2)(z) + %fz‘“)(z))

A (M 2

+,U«1+M2( M2Z1§2 Mmél)

(JBar?@- [Bar?o). @4
75 w1

Notice that

(3,0) . WT ’73 . UT ’73
Dy (@) 2\ —e1+ e ) =2i| —m+—n]). 4.42)
251 M2 23] M2

Hence

o5 (@05 (2)
SLped g 4 %f;w o))

* *
=2i (D + ) — 41z (2
1 w2 o w
4 1 2
+—( Bz —1/M—22§1)
M1+ 2 NV 2 M1
i 2
(JHar? @ - [Par? o). (4.43)
n2 M1

Combining (4.33) with (4.36) and making use of Lemma 2.4 and Corollary 3.4
again, we get

1 1
4212052 (2) - o7V () +2i¢*V (2) - 30 (2) =4 (E&UHE&UE) . (444)
Namely, we have
1zI%A(z, 2) +2i¢?® V() - 3V (2) = 0. (4.45)
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Here, as before, we write A(z, z) for a real analytic function which may be different
in different contexts.

Combining (4.24) with (4.45) and making use of Lemma 2.4 and Corollary 3.4, we
get

@ _ 2 Koy, M2 a0 446
3570 = ([ pan 0 - [Raf o). @

Next we will prove that ¢>§i’0) (z) =0, 552/’1)(@ =0forj=4,...,K with K =

N—-n—m-1 —n-2).
Considering terms of weighted degree 8 in the basic Eq. (3.3), we get

2Re{zf(7) (z, w) + f(3) (z, w)f(s) (z, w) + <I>(()2)(z, w)<1>(()6) (z, w)

+¢V @ wp® @ w}+ [FV @ w [+ 9V w =0 @47
over Im(w) = |z|2. Namely, we have

2Re{2( V@@ + 112 + fOD @ + il + OV @+ i12))
+f V@@ +i12P) - (FOP @ +ilz) + f AP @+ il2P)?)
+0§ @) - (00 @) + o V@@ +ilzD) + O @+ i12)?)
+(#*0@ + 9"V @ +ilz)
(659 + oD@+ i12P) + 0D @ +ilzH?) |

2 2
H OV @ +ilP)| + sV @) + o2V @@ +ilP)| =0, @48)

Here we notice that the f7:9(z) term is not involved (cf. [22, Lemma 2.3(A)]).
Collecting terms of the form z%z# with |a| = 4, || = 4, we get

Re| —izf 1 @Il - FIV @il fIP @l + 00 @ @F P @ (el
+¢C0 @OV @iz + ¢V @ (=il D@ (-2l
Ho 4O @ + (A0 @I + 92V @)l =0, (449

Collecting terms of the form z%z#u? with |a| = 2, |8| = 2, we get

2Re{of MV @30z + £ @) f 1D @il + B0 @0 ()

+¢" @D @il + (| 12V @ + 92 @) =0, @50)
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Collecting terms of the form z%z#u with |a| = 3, |8] = 3, we get

2Re{of MV @3(—1zl) + fP @ D @l + 0F P @0 P ()21l

+600@9% D @) + ¢V @9 @)z*] = 0. (4.51)
By (4.49) and (4.50), we get

122 - 2Re{ —4izf 1D @)zt = 2080 ()0 (2)(1217)

+i*0 @V @) | + o4O @) =0. (4.52)
Combining this with (4.51), we get

12104z, 2) + 2121 - (= 205 @0 () (121 + ip PV (2)p D (2))
+|¢>(4’O)(z)\2 —0. (4.53)

By (4.35) and Lemma 3.1, we get
1 (4,0 2 of 1 2 1 2
@ @] = lzlT | — i T+ —n3]
4| 0 | T 1y ?

1 \/E . /ﬁ %2
- —zn — [ —umn| . (4.54)
u1+ M2| 231 ! n2 2’

Combining this with (4.53) and making use of Lemma 2.4, we get

121* Az, 2) — 4220V ()T (2) + 20930 ()¢ D (2)

4 4
+—ni1* + —Ini1> =0, (4.55)

M1 H2
and

1

(4,0 2 1 2

T @F = gl e = ] (4.56)

By (4.37) and (4.56), we get

2

@.0) T

10) () = —( —Z1M — /227 ),
33 N AN N R TRt

$5:7@) =0 forj>3. (4.57)
This proves Theorem 4.1 (1).
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Substituting (4.43) into (4.55), we get

12I* Az, 2) — 41220V () (2) + 2id>(3’0)(z)¢>(3’1)(z)

—8i|z|2(§1f(22)()+$ f(“)o) (‘/ b — |22 zzsl)
M1+M2
(,/ a2 (@) \/7z PR € )) Mnl(m—m)Jr—nz(nz—nz) 0.

(4.58)

Notice that ®7”(z) = (#$3”(2),0, ...,0) and n > 7. Making use of Lemma 2.4,
we get

& &
o5 @) @) = 227 + 27 @) + 1PAG 2. @459)
By (4.29), we have
i
AP @ = gm iV @ = o eV @) — iV ),
; (4.60)
AP @ =m0 - o eV ) — 362 ).
Thus we get
2Re[ - Zi(i—]fl@z)(z) + i_zfz(z,z)(z))} =1+11+1I1. (4.61)
1 2

Here

I=2Re| - 2i(€—1’—u1<—sl) + aE—Zim(—sg)} = —2(& 2 + &P

11— 2Re( &1 142l 20 ) 4 9; 52 & 52 gt 20 )

M1 K2 (4.62)
2 §2 %
= (&> + |&] >+4|— 1+—2 5
111 = 2Re(21 51 V() + 21 52 3o 1)(z))

The equality for I follows from (3.5) and I/ follows from (4.26). By (4.50), we get

22AG, )+2Re(d8V (2082 @)+ (| f PP @ + 0> ()) =0.  (4.63)
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Substituting (3.5), (4.59), (4.61) and (4.62) into (4.63), we get

27AGz. 2) = 2(& 1 + &7 + (&7 + 161D + 4|5_1€>; + §—2e§|2
M1 7%
+2Re(21S ¢(21)()+21§ 3020 )
+(E + & )+|¢>(2’”(z)! = 0. (4.64)
Hence we get
@1 &1 & [ =
21 A(z, z)-l—‘d’ @ =20 (et + 23 ‘ —0. (4.65)

Substituting (4.23) into (4.65), we get

A+ [FEV [ - sz\,/ A2

~/ —zzszl’z)(z)‘ =0. (4.66)
231

Making use of (4.46) and Lemma 2.4, we get

~(2,1) (1,2 (1,2)
735"@ = (a0 - [Ran P o).

¢ (@) =0 forj >3 (4.67)

By (4.20), the proof of Theorem 4.1 (2) is also complete.

5 Proof of Theorem 1.1

Step (1): An application of a normal form in [22] for maps with geometric rank 1: We
first consider F € Rat(B", BY) with geometric rank 1. Then by Theorem 1.2 of [22],
F is equivalent to a map of the form ® = (z1,...,z,-1, 22 H () = (@1, ..., ON)
with H € Rat(B", BN ~"*1) also of geometric rank one. We first have the following:

Lemma 5.1 If H(B") is contained in an affine subspace of dimension m in CN="+1
then F (B") is contained in an affine subspace of dimension m + n in CN.

Proof Indeed, we first notice that linear fractional transformations map affine linear
subspaces to affine linear subspaces. Also, F (B") is contained in an affine subspace of
dimension m, if and only if F is equivalent to a map of the form (G, 0) with G having

m-components. Now suppose the image of H = (hy, ..., hy_n+1) is contained in
an affine subspace of dimension m < N — n, then there are (N —n —m + 1)
linearly independent vectors w; = (a;1,...,a ;) with k = N — n + 1 such that
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Z;C:l ajih;(z) = cj forcertainc; € C.1f c; = Oforall j, then ZLI ajipn—141(2) =
0. Hence ®(B") is contained in an affine linear subspace of dimension m + n — 1.
Otherwise, assume without loss of generality that ¢; = 1. Then we have ZLI (aj —

cjai)Pn—1+1(z) = 0. Notice that {us — copt1, ..., UN—n—m+1 — CN—n—m+1/41} 1S
also linearly independent, we see that ®(B") is contained in an affine subspace of
dimension m + n. This proves Lemma 5.1. O

Applying the gap rigidity in [22] to H and Lemma 5.1, we see that when 3n 4 1 <
N <4n—5andn > 6, F(B") is contained in an affine linear subspace of dimension
3n. This proves Theorem 1.1 in case the map F has geometric rank one.

Indeed, by an induction argument, we see that when N < (k+1)n — ]@ F(B")
is contained in a linear affine subspace of dimension kn, if (k + 1)n — @ > 0.
Step (II): Completion of the Proofs of Theorems 1.1: By Lemma 3.2 in [19], when
N <4n —7,any F € Rat(B", IEBN) can only have geometric rank ko = 0, 1, or 2.
When kg = 0, F is linear and thus Theorem 1.1 follows trivially. When ko = 1, the
proof of Theorem 1.1 is already done in Step (I). The case of Theorem 1.1 for maps
with geometric rank two is obviously a special case of the following Theorem 5.2.

Theorem 5.2 Let F be a proper rational map from H,, into Hy with geometric rank
ko = 2. Assume thatn > 7 and 3n < N < 4n — 6. Then F is equivalent to a map of
the form (G, 0') where G is a proper rational map from H,, into Hy with N’ = 3n.

Since F is rational, by a result of Cima—Suffridge, the above F extends holomor-
phically across oH,.

Let N be such that N < 4n — 6. Let F be a proper rational holomorphic map from
H,, into H with geometric rank k9 = 2 and F(0) = 0. As mentioned in §2, we can
assume, without loss of generality, that F satisfies the normalization in Theorem 2.3.

Write £; = a —2iz; d for j =1, — 1, which form a basis of tangent

vector fields of type (1,0) along 0H,,. Let E“ be deﬁned in the standard way. Notice

that for any smooth function 4 near 0, L%h|y = g‘;al hlo := DZhlo.

Assume the normalization in Corollary 3.4 for F. Also assume that (p33 0 (z) #0.
Then

span{LP F|o} = span{(0, ...,0,1/",0,...,0),
1B1<3
l<j<n+8So=n+@m—1)+@n—2) =3n-3} (5.1)

Applying Theorem 4.1 (1), we see that

span{LPFlo} = span{(0,...,0,1/",0,...,0), 1 < j <n+8S}. (5.2)
|B1<4
Hence
span{EﬁFk)} = span{EﬁFk)}. (5.3)
[Bl<4 [BI=3
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Now, we proceed in a similar way as in [18], though the situation in [18] is harder
for the maps there are only assumed to be twice differentiable. Notice that we have
assumed that ¢(3 0 (z) #0.

For any p € H,(~ 0), there exist 7, € Auto(Hy), 0p € Auto(H,) such that
G, = 1) o F), o 0 satisfies the normalization condition in Theorem 2.3. Moreover,
we can also have the CD(13’0) (z) coming from G, not identically zero, for we can
choose 1, 0 to depend smoothly on p. Hence, after applying U, a unitary matrix
transformation, to normalize the ®-part, we get the normalization as in Corollary 3.4
for the new map with the corresponding qbg’o) (z) # 0. Notice that for the new G,
we have

span{ﬁ’sG |0}—span{£ﬁGp|0} orspan{D G |0}—span{DﬁG lo}. (5.4)
|Bl=4 1BI= |Bl=4 1BI=

Also the dimension of the above space is n + 1So for any p ~0.
Still write 7, for U, o 7). Then F), = rp 0Gpoo, . Now, for any || = 4, we
claim that

D¢(t, 0 Gpoo, Mo € span{DF(r,' 0 G,oa, Mo},
IB1<3
or L%F,lo € span{LPF,o}. (5.5)
181<3

Here, as defined before, Dg‘ is the regular differentiation, with respect to z, of order
lex].
Indeed, write

(o2

,1_(Mz—aw 2 w )f‘—(ﬁz_awgﬁz )
b gz.w) " gz,w)/ P gz, w) T gz w)

with u, &t #0, A, gunitary matrices, ¢(0), g(0) = 1.
Write G, = (h(z, w), w). Then

n Kz =
Fpy(z,0) = h A,00A,0), 5.6

for a certain holomorphic function ¢*(z) with ¢*(0) = 1. Now to show that for any
le| =4, DY Fp(z,0)|0 € span“g‘fg{Dpr(z, 0) o}, it suffices to show that

D% A0 DER(—_4.0)] ).
z (C](Z O) )| G‘Téjligl{ b4 (q(Z,O) )|O}
Notice that
nz
D%h A0)] ) = Dh(z,0
fﬁi’z{ ; (q(z,O) )Mo} Tﬁi’z{ $h(z, 0),}
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and notice that [by (5.4)]

span{DZh(z,0)|o} = span{D?h(z, 0)|o}.

| <4 la|<3
We conclude that

span{DZ Fp(z,0)|o} = span{DZ Fy(z, 0)[o}.

lor|<4 lee] <3

We thus arrive at a proof for the claim. Moreover, we also conclude from (5.6) that

dim(span{Dg Foz. 0)|0}) - dim(span{DgG,,(z, 0)|0}) — 1+ 4S5

|| <3 lo|<3

Since L*(Fp)lo = L*(F)(p), we get that for |a| = 4, L*F(p) € spangj<3
(LPF(p))}. Since span|ﬁ|§3{£ﬂ F(p)} has a fixed dimension n + #S for p ~ 0, we
can write, for any «, L% F(p) as a smooth linear combination of a fixed (smoothly
varied) basis from span, /3|53{£ﬁ F(p)}. Successively applying £ j» Lx as in the proof
of [18, Lemma 4.3] to the so obtained expressions and using the bracket property for
such vector fields, we can obtain as in [18] that D¥ F(0) € span“g‘g{DﬁF(O)} for
any multiple index «. Here D is the regular total differentiation (not just along the z-
directions) of order |a|. Thus F(z, w) € spang<3 {DP F(0)} by the Taylor expansion
for (z, w) ~ 0. Now, write as before, ¢V (z)w = (eTz1 + €522)w. By Theorem 4.1
(2) (3), we see that spang|<3{ DPF(0)} stays in the span of the following vectors:

{(0,...,0, " 0,...,0),(0,..,0,1), (0,0,...,0,¢;,0),

(o,...,o,...,o,éz,O)},

where 1 < j < ((n—1)+ (n— 1)+ (n —2)) + 1. Hence F(H,) is contained in
a linear subspace with dimension equal to 3n — 3 + 2 + 1 = 3n. Hence, we see the
proof of Theorem 1.1 in this setting.

Now, if, for a certain pg ~ 0, the ¢g,0) (z) associated with F, is not a zero
polynomial, then we can consider F, instead of F* and apply the above argument to
conclude the proof of Theorem 5.2. Finally, if after the normalization of F), to the form

as in Corollary 3.4 for any p ~ 0, we have <I>(13’O) (z) = 0, then a similar method as
above shows that L* F(p) € span‘ﬂ‘fg{[ﬁF(p)} withdim (span|ﬁ|§2{£ﬁF(p)}) =
n + #So — 1. Hence, F(B") is contained in a complex linear subspace of dimension

n+m—1D+m—2)+2=3n—1,
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spanned by

[(0,-.-,0, 170, ...,0),(0,...0,1), (0,0,...,0,4,0),

(O,...,O,...,O,éz,O)],

where 1 < j<(m—1)+ (n— 1)+ (n — 2). The proof of Theorem 1.1 is complete
now.

Remark A Consider the map defined in (1.1):

F = (zl, e Zn2 AZn1> Zns V1 = X220 1 (205 e s Tl MZny V1 — ,uzznz)),
A, e (0,1).

The map is apparently a proper monomial map from B” into B3. Write F =
(f1s ..., f3n). Weclaimthat F is notequivalent to a map of the form (G, 0). Otherwise,
there are complex numbers {a; }j": 1» not all zeros, such that Zj’;l aj fj =0, whichis
obviously impossible just by comparing the coefficients of degree 3, 2, 1, respectively.

The map F is of degree three. It has geometric rank two just by observing that the
largest dimension of the affine subspaces where F is linear is of codimension two.
(By aresult in [19], this codimension is the same as the geometric rank of the map.)

As we discussed above, the span of the first and the second jets has dimension
3n — 1. That means we have one more independent element from the third jet.

Hence ¢£,0) # ( for such a map (after transforming to the Heisenberg hypersurface
and after the normalization) in a generic position.

Remark B We mention that even for N > 3n — 2, there are many rational proper
holomorphic map from B” into BY that are not equivalent to any polynomial maps
as shown in a paper by Faran—-Huang—Ji—Zhang [13]. The following is one of the
examples provided in [13]:

1—1q12+"
Let F (7', z4) = (Z’, 70, z%(& -2y ) with |a| < 1, which is a proper

l—-az, > l1-az,

rational holomorphic map from B” into B3 ~2. Then F has geometric rank 1 and is
linear along each hyperplane defined by z,, = constant. F is equivalent to a proper
polynomial map from B” into B>~ if and only if a = 0.

This example gives an indication that it is unpractical to achieve a precise classifi-
cation for proper rational proper maps from B” into BY with N € Z3 to get the gap
rigidity.

Remark C This paper is a simplified version of the authors’ early preprint. Theorem
1.1 was first announced in [24] (Theorem 2.9 in [24]).
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