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Abstract

We study complex geodesics and complex Monge—Ampere equations on bounded
strongly linearly convex domains in C". More specifically, we prove the uniqueness
of complex geodesics with prescribed boundary value and direction in such a domain,
when its boundary is of minimal regularity. The existence of such complex geodesics
was proved by the first author in the early 1990s, but the uniqueness was left open.
Based on the existence and the uniqueness proved here, as well as other previously
obtained results, we solve ahomogeneous complex Monge—Ampere equation with pre-
scribed boundary singularity, which was first considered by Bracci et al. on smoothly
bounded strongly convex domains in C”.

Mathematics Subject Classification 32F17 - 32F45 - 32H12 - 32U35 - 32W20 - 35J96

1 Introduction

Since the celebrated work of Bedford-Taylor [6,7] and Yau [45], complex Monge—
Ampere equations have been an important part in the study of pluripotential theory,
several complex variables and complex geometry. In this paper, we are interested
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in the theory of complex geodesics and its connections with homogeneous complex
Monge—Ampere equations with prescribed singularity. A first major breakthrough on
this subject was made by Lempert in his famous work [35]. We first prove a bound-
ary uniqueness result for complex geodesics of a bounded strongly linearly convex
domain with C3-smooth boundary. Using this result as a basic tool, we construct for
such a domain a foliation by complex geodesics initiated from a fixed boundary point.
Such a foliation is then used to construct a pluricomplex Poisson kernel which solves
a homogeneous complex Monge—Ampere equation with prescribed boundary singu-
larity. This kernel reduces to the classical Poisson kernel when the domain is the open
unit disc in the complex plane.

To start with, we recall that a domain Q C C" withn > 1 is called strongly linearly
convex if it has a C%-smooth boundary and admits a C>-defining function r: C* — R
whose real Hessian is positive definite on the complex tangent space of 92, i.e.,

n

b

(Mww> 2: 3700 (P

1 Jk=

for all p € 922 and non-zero v = (vy,...,V,) € T[}’OBSZ; see, e.g., [3,26]. Strong
linear convexity is a natural notion of convexity in several complex variables, which is
weaker than the usual strong convexity but stronger than strong pseudoconvexity. It is
also known that there are bounded strongly linearly convex domains with real analytic
boundary, which are not biholomorphic to convex ones; see [39] and also [30].

Next, we recall briefly the definitions of the Kobayashi-Royden metric and the
Kobayashi distance; see [2,30,32] and the references therein for a complete insight.
Let A C C be the open unit disc. The Kobayashi-Royden metric kg on a domain
Q C C" is the pseudo-Finsler metric defined by

ko(z,v) :=inf {A > 0|3 ¢ e OA, Q):¢0) =z, ¢'0) =1""v},

where (z, v) € Q x C", and O(A, 2) denotes the set of holomorphic mappings from
A to Q2. The Kobayashi distance on 2 is then defined by

1
ko (z, w) = lnf/ ko(y (@), y'(0)dt, (z,w) € 2 x Q,
0

where I is the set of piecewise C'-smooth curves y : [0, 1] — € such that y (0) = z
and y (1) = w. For the open unit disc A C C, ka coincides with the classical Poincaré
distance, i.e.,

1—&
1

ka(t1, &) = tanh™! , (@, 0)eAxA

— 182
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A holomorphic mapping ¢ : A — Q is called a complex geodesic of €2 in the sense
of Vesentini [44], if it is an isometry between ka and kg, i.e.,

ka(e(81), ¢(82)) = ka(81,82)

for all ¢, & € A.

The existence of complex geodesics with prescribed data is a very subtle problem.
In his two important papers [35,37], Lempert addressed this problem for strongly
(linearly) convex domains in C" by a rather involved deformation argument; see also
[40] for arelated work for extremal mappings on more general pseudoconvex domains.
Lempert proved that complex geodesics exist in great abundance on bounded strongly
linearly convex domains and enjoy certain nice properties. To be more specific, let
Q Cc C"(n > 1) be a bounded strongly linearly convex domain with C™“-smooth
boundary, where m > 2 and @ € (0, 1). Then every complex geodesic ¢ of 2 is a
proper holomorphic embedding of A into , and is C”"~ !> “-smooth up to the boundary.
And there exists a holomorphic mapping ¢* : A — C”, also C"~!%-smooth up to
the boundary, such that

9 l9a(6) = tu(@)v o e(Q),

where 0 < € C"~1(9A) and v denotes the unit outward normal vector field
of 9. Such a mapping ¢* is unique up to a positive constant multiple, and can be
normalized so that (¢’, ¢*) = 1 on A, where ( , ) denotes the standard Hermitian
inner product on C", i.e.,

n
(z,w) = ZZ;WJ'
j=1

forz = (z1,...,2n), w = (wy, ..., w,) € C". The mapping ¢* with such a normal-
ization condition is usually called the dual mapping of ¢. Lempert also proved, among
other things, that for every z € Q2 and v € C"\{0} there is a unique complex geodesic
@ of  such that ¢(0) = z and ¢’(0) = v/kq(z, v). Similar to this interior existence
and uniqueness result, we prove the following boundary analogue, which is the first
main result of this paper:

Theorem 1.1 Let Q@ C C" (n > 1) be a bounded strongly linearly convex domain
with C3-smooth boundary. Let p € 9 and v, be the unit outward normal to 92
at p. Then for every v € (C”\TI}’OBQ with (v, v,) > 0, there is a unique complex
geodesic ¢ of Q (up to a parabolic automorphism of A fixing 1) such that ¢(1) = p
and ¢'(1) = v. Moreover, ¢ is uniquely determined by the additional (and always
realizable) condition that

d *( i0

_— = 0’

0|, lp™ (e™)]
where ¢* is the dual mapping of ¢.
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Remark 1.2 The requirement in Theorem 1.1 that v € (C"\TI} 99Q and (v,vp) >0
is also a necessary condition for the existence of a complex geodesic ¢ of 2 with
prescribed value p and derivative v at 1. The reason is the following: Since each such
@ is proper and belongs to C'(A), it follows that @(0A) C 02 and thusdg((T10A) C
T,0Q,1.e.,iv € T,d$2. Note also that 2 is strongly pseudoconvex, we can take a Cc2-
defining function r for € which is strictly plurisubharmonic on some neighborhood
of Q. Then the classical Hopf lemma applied to r o ¢ yields that drp(¢'(1)) > 0,i.e.,
Re(v, vp) > 0. Therefore, we conclude that (v, v,) is a positive number, as required.

When Q has a C'#-smooth boundary, the first part of Theorem 1.1 was proved
by Chang-Hu-Lee [17] by generalizing Lempert’s deformation theory (see [35]) to
the boundary via the Chern—Moser—Vitushkin normal form theory. However, when
2 has only a C3-smooth boundary, the situation is much more subtle. In [28], the
first author established the existence part of Theorem 1.1 for bounded strongly convex
domains with C3-smooth boundary. His proof works equally well for the strongly
linearly convex case, in view of the work of Lempert [37] and Chang—-Hu-Lee [17].
In other words, the existence part of Theorem 1.1 was essentially known in [28]. This
was done by establishing a non-degeneracy property for extremal mappings (w.r.t.
the Kobayashi—-Royden metric) of bounded strongly pseudoconvex domains in C”
with C3-smooth boundary, whose proof also indicates that the uniqueness part of
Theorem 1.1 holds for complex geodesics with direction almost tangent to 92 (under
the slightly stronger assumption that 32 is C* *-smooth); see [28, Lemma 3] (and its
proof) for details. The main contribution of this paper to Theorem 1.1 is to provide a
proof of the uniqueness part in full generality, which has been left open since [28].

Theorem 1.1 has important applications in solving degenerate complex Monge—
Ampere equations with prescribed boundary singularity. Indeed, it can be applied to
construct for every bounded strongly linearly convex domain with C3-smooth bound-
ary a foliation with complex geodesic discs (namely, the image of complex geodesics)
initiated from a fixed boundary point as its holomorphic leaves, or equivalently, a
so-called boundary spherical representation. Roughly speaking, for every bounded
strongly linearly convex domain Q@  C"(n > 1) with C3-smooth boundary and
p € 3R, we can define a special homeomorphism between its closure Q and the
closed unit ball B" ¢ C”, which maps holomorphically each complex geodesic disc
of Q through p to a complex geodesic disc of B”" through v,,, and preserves the cor-
responding horospheres and non-tangential approach regions; see Sects. 3 and 4 for
more details. By means of such a boundary spherical representation, we can solve the
following homogeneous complex Monge—Ampere equation:

Theorem 1.3 Let 2 C C" (n > 1) be a bounded strongly linearly convex domain with
C3-smooth boundary, and let p € 3. Then the complex Monge—Ampére equation

u € Psh(Q) N LX.(),

loc

dd‘u)" =0 on €,

u<0 on 2, (1.1)
lim,,u(z) =0 for x € aQ\{p},

u(z) ~ —|z—p|~! as z — p nontangentially
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admits a solution Pq , € C (Q\{p}) whose sub-level sets are horospheres of Q2 with
center p. Here the last condition in (1.1) requires that for every B > 1, there exists a
constant Cg > 1 such that

Cs' < —u@lz— pl < Cp
for all z € T'g(p) sufficiently close to p, where
Tp(p) :={z € Q: |z — p| < Bdist(z, 0Q)}. (1.2)

Here, dist( -, d2) denotes the Euclidean distance to the boundary 92, and Psh(£2)
the set of plurisubharmonic functions on 2. The precise definition of horospheres
in the sense of Abate will be given in Sect. 4. Incidentally, Theorem 1.3 has been
generalized by Bracci-Saracco-Trapani to bounded strongly pseudoconvex domains
in C" (with C*°-smooth boundary); see [14] for details.

In his famous paper [35] and later work [36,38], Lempert solved the following
homogeneous complex Monge—Ampere equation on strongly linearly convex domains
Q C C" with C™ *-smooth boundary, where m > 2, & € (0, 1) and w € Q:

u € Psh(Q) N LE(Q\{w}),
(dd°u)" =0 on Q\{w},

. (1.3)
lim,,,u(z) =0 for x € 092,

u(z) —loglz—w|=0() as z—> w.

By establishing a singular foliation with complex geodesic discs passing through
w € 2 as its holomorphic leaves, Lempert obtained a solution to equation (1.3) that
is ¢~ 1-@=¢_smooth on Q\{w} for 0 < € << 1. Chang-Hu—Lee [17] generalized
Lempert’s work to obtain the holomorphic foliation by complex geodesic discs initiated
from a boundary point p € 92, when 9% is at least C'#-smooth. By means of this
foliation together with many new ideas, Bracci—Patrizio [12] first studied equation (1.1)
when €2 is strongly convex with C" *-smooth boundary for m > 14. They obtained
a solution that is C"~* ®-smooth on Q\{p}, though they only stated the result for
m = oo. To study such a foliation based on a boundary point when the boundary of
the domain has minimal regularity, one is led to the construction of complex geodesics
introduced in [28]. However, to make the construction there workable, one first needs
to solve the uniqueness problem of complex geodesics with prescribed boundary data,
which is a main content of Theorem 1.1.

We proceed by remarking that the C3-regularity of 3$2 seems to be the optimal
regularity in the theory of complex geodesics, cf. [17-19,28,34,35,37,38]. Also com-
pared with [12,13,17], our argument in this paper uses the boundary regularity of
complex geodesics and their dual mappings in a symmetric way, so that C3-regularity
of d€2 is enough; see Sects. 2 and 3 for details. Our solution Pg_, to Eq. (1.1) is the
pullback of the so-called pluricomplex Poisson kernel on the open unit ball in C” via
the aforementioned boundary spherical representation. It is desirable to get a better
relationship between the regularity of Pg , and that of 0€2, which will be left to a
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future investigation to avoid this paper being too long. Also, it is well worth answering
the following fairly natural and interesting question concerning Theorem 1.3:

Question Is there only one solution (up to a positive constant multiple) to equation
(1.1)?

When 2 is a bounded strongly convex domain in C" (n > 1) with C*°-smooth
boundary, Bracci-Patrizio-Trapani [13] proved that other solutions to equation (1.1)
must be the positive constant multiples of the one they constructed if they share some
common analytic or geometric features. However, it seems difficult to answer the
above question in full generality. In contrast, the uniqueness of solutions to Eq. (1.3)
is relatively easy and follows immediately from the well-known comparison principle
for the complex Monge—Ampere operator, proved by Bedford—Taylor [7]. A partial
answer to the above question will be observed in Sect. 4. We also refer the interested
reader to [13, Question 7.6] for a related but more general question posed for bounded
strongly convex domains in C" with C*°-smooth boundary.

This paper is organized as follows. In Sect. 2, we first prove a quantitative version
of the Burns—Krantz rigidity theorem. We then study the boundary regularity of the
Lempert left inverse of complex geodesics. Theorem 1.1 is eventually proved by
using these results together with some technical estimates. Section 3 is devoted to the
construction and the study of a new boundary spherical representation for bounded
strongly linearly convex domains in C" (n > 1) only with C3-smooth boundary.
Finally, Theorem 1.3 is proved in Sect. 4.

2 Uniqueness of complex geodesics with prescribed boundary data

This section is devoted to the proof of Theorem 1.1. We begin by presenting the
following version of the well-known Burns—Krantz rigidity theorem. For earlier and
very recent related work, see [5,11,16,17,29,43,46], etc.

Lemma 2.1 Let f be a holomorphic self-mapping of A such that
f@o) =&+ 05 — 1) @1
as k — oo, where {{}ren is a sequence in A converging non-tangentially to 1. Then
@)
Re<&_§) >0, ¢eA.
(Y]

(i1) f"" admits a non-tangential limit at 1, denoted by f'""(1), which is a non-positive
real number and satisfies the following inequality:

2 l " |1_§|6 f(é-)_g

In particular, f is the identity if and only if f"'(1) = 0.
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Burns—Krantz rigidity theorem was first proved and generalized in [16,29], respec-
tively. A version of the Burns—Krantz theorem with the notation ”O” in assumption
(2.1) replaced by 0" was first proved by Baracco—Zaitsev—Zampieri in [5]. With more
regularity assumptions about f at 1, Lemma 2.1 (i) was obtained earlier in [43]. A
version of Lemma 2.1 (ii) was also discussed in the same paper; see [43, Corollary 7].
However, the inequality obtained there is incorrect as the following example shows:

Let f be the holomorphic self-mapping of A given by

1 =2
o= B0
+d-90
Then it is easy to see that f satisfies the assumption in [43, Corollary 7]. Note also
that the function Re ((g“ — &) — 2)2) is negative, rather than positive as stated
there. Now if the estimate in [43, Corollary 7] would hold even after correcting the
sign, we would have the following inequality:

1 Re((f(2) — )1 —0)?)
—P<——f"a A.
@) =P <=2 /") e L te
Butevaluating both sides at { = —1/3, we see that the preceding inequality is incorrect.

We now move to the proof of Lemma 2.1, which is very short and self-contained.

Proofof Lemma 2.1 If f = Ida, then there is nothing to prove. So we next assume
that f # Ida. Note that

-1/,

k—oo 1 — |&k|

By the Julia—Wolff—Cararthéodory theorem (see, e.g., [2, Section 1.2.1], [42, Chapter
VI]), the quotient (f(¢) —1)/(¢ — 1) tends to 1 as { — 1 non-tangentially. Moreover,

L= f@OPF _[1-¢P
L= 1P = 1=1¢]

reA. 2.2)

Now we consider the holomorphic function g: A — C given by

_ I+ f@  1+¢
1= f@) 1-¢

g()

Then inequality (2.2) implies that g maps A into the closed right half-plane. Since
f # Ida, by the maximum principle applied to —Re g we have that g(A) is contained
in the right half-plane. In particular,

(1-0)g(t)+2+#0, ¢eA.
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On the other hand, since

f@)—¢ g(¢)
= = , 2.3
YO = T U 0s@ 12 @3
we see that
12(0)*Re (1 — £) +2Re g(2)
R = 0, A.
col©) ERIGEY
This completes the proof of (i).
Next, set |
-9
= — 2.4
4 Tt 2.4)
Then ¥ (A) C A, and
=P = N9 2.5)
4 '
Together with (2.1) and (2.3), this implies that
_ 2
lim inf M < 400

Asc—>1 1 —|¢|?

By applying the Julia—Wolff—Cararthéodory theorem again, we see that (¥ (&) —
1)/(¢ — 1) admits a non-tangential limit at 1, denoted by '(1), which is a posi-
tive real number and satisfies that

11—y @) Lo =¢?
—wor =V O £ @0
Furthermore, we can conclude that
fO=¢_ 9@ 1 y@-1 1.,
C=1D =1 1+y@) -1 2

as { — 1 non-tangentially. Together with a standard argument using the Cauchy
integral formula, this also implies that f”” has a non-tangential limit f"’(1) at 1, and

(1) = =3y/(1) < 0. 2.7)

Now the desired inequality follows immediately by substituting (2.3)—(2.5) and (2.7)
into (2.6). O

We next prove Proposition 2.2, which is crucial for our subsequent arguments.
This proposition might be known to experts. Since being unable to locate a good
reference for its proof, we will give a detailed argument for the reader’s convenience.
To this end, we need to recall some known results obtained by Lempert [35,37]. Let
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Q Cc C"(n > 1) be a bounded strongly linearly convex domain with C™“-smooth
boundary, where m > 2 and o € (0, 1). Let ¢ be a complex geodesic of €2, and ¢* be
its dual mapping. Then by [37, Theorem 2] (see also [34, Theorem 1.14]), the winding
number of the function

OA > ¢ > (z— (), p*(0))

is one for all z € Q. Hence for every z € €2, the equation

(z=9), () =0

admits a unique solution ¢ := p(z) € A. We denote by o : 2 — A the function
defined in such a way, which is uniquely determined by ¢ and is holomorphic such
that o o ¢ = Ida. If we set

pi=¢oo,

then p € O(R2, Q) is a holomorphic retraction of Q (i.e., p o p = p) with image
p(2) = ¢(A). In the rest of this paper, we will refer to ¢ and p as the Lempert left
inverse of ¢, and the Lempert retraction associated to ¢, respectively.

Proposition 2.2 Let Q2 € C" (n > 1) be a bounded strongly linearly convex domain
with C™-smooth boundary, where m > 3. Let ¢ be a complex geodesic of 2 and ¢ be
the Lempert left inverse of ¢. Then o € O(Q2, A)NC">*(Q) foralla € (0, 1), and

— vl
0(R2\@p(dA)) C A. Moreover, for every multi-index v € N" with |[v| = m — 1 e

) azl)
Hlvl
admits a non-tangential limit at every point p € ¢(dA), denoted by daTVQ(p); and for
every 0 < a < 1 and B > 1, there exists a constant Cp, o g > 0 such that

alvlp alvlp
(2) —
dazv dazV

(p)| < Cp, a,ﬁ|Z - p|ot, (2.8)

forall z € T'g(p), which is as in (1.2).

Proof Let ¢* be the dual mapping of ¢ as before. Then ¢, ¢* € C"~>%(A) for all
a € (0,1). Forevery z € 2, ¢ := 0(z) € A is by definition the only solution to the
equation

(z =9, ¢*(0)) =0. 2.9
More explicitly,

1
0(z) = 5— d¢, zeQ. (2.10)

2mi

[ (z =), (*)()) —1
aA (z =), *(0))

Obviously, o € O(L2, A). Note that ¢ is initially defined on €2. Now we show that ¢
can extend C™2-smoothly to 2. Indeed, we first see easily that there is an open set
U D Q\@(dA) such that for every z € U, the winding number of the function

A (z— (L), *(0))
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is one. Therefore, the right-hand side of (2.10) determines a C"~2-smooth function
from U to A, which assigns to every z € U the only solution to equation (2.9). This
means that o can extend C”~2-smoothly to Q\@(dA). To check the C"2-smooth
extendibility of o to ¢(dA), we first extend ¢ and ¢* C™~2-smoothly to C. We still
denote by ¢ and ¢* their extensions, and consider the function

F(z,8) == (z— @), ¢*(©)), (z.0) eC" xC.

Then for every ¢y € d A, itholds that F (¢(&p), ¢o) = 0 and %—?((p(;o), Zo) = —1. Thus
by the implicit function theorem, there exists a neighborhood Uy, x V¢, of (¢(£o), o)
and a function 09 € C"~2(Ug,, V¢,) such that

{2 0) € Ugy x Vi F(z,8) =0} = {(z, 00(2)): 2 € Ugy }.

Now by uniqueness of the solution to equation (2.9), we see that ¢ = gp on U, N
(Q\@(dA)) for all &y € dA. In other words, o can also extend C”~2-smoothly to
@(0A) as desired.

Now we assume that m = 3. Differentiating the equality

(z—¢@oo0(2), p*00(2)) =0

on  with respect to z j» and taking into account that (¢, ¢*) = 1, we see that

do oo = .. o0
52 @(1= = 000@. W o) = (e, o 0@)

forall z € Q. Since ¢* is nowhere vanishing on A, the preceding equality implies that

ing|1 —(z—¢o0(), (@) 00@)| >0, 2.11)
and thus
do {ej, * 0 0(2)) =
— (@)= — zeQ. (2.12)
02, 01— (z—po0@. @)V ooR)

In particular, this implies that

0 d
(p*:(—QO(p,.. € 0(/)). (2.13)
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Moreover, from (2.11), (2.12) and the regularity of ¢, ¢* it follows that o € C L@
for all @ € (0, 1). Differentiating equality (2.12) once again yields that

920 32 (2)(ej, (%) 00@) . (ej. 9" 00()
2) = — — .
9202k 1—(Id—goo, (9*)00)2) (1-(Id—goo, (9" 0 Q)(z))2

92 oo @ od)@) + 2@ -poo @00
(I = 5 ¢ 00 G 00l + 34~ g oo G o0)w)

(2.14)

forallz € Q,and 1 < j, k <n.Letp € p(0A),andtake 0 <o < 1,8 > 1. We
2

now need to show that 33—,§Zk admits a non-tangential limit at p and satisfies estimate

J

(2.8). In view of (2.11), (2.14), and the fact that ¢, ¢* € C»*(A) and o € C1¥(Q),
it suffices to prove that there exists a constant Cj, o g > 0 such that

[z — ¢ o0, (99 00@)| < Cp,aplz—pI*

for all z € I'g(p). To this end, it first follows from the Hopf lemma (see, e.g., [22,
Proposition 12.2]) that

1 —|o| = Cdist(-,9)

for some constant C > 0. Now the desired result follows immediately by applying the
classical Hardy-Littlewood theorem to (¢*)' € O(A) N C¥(A). This completes the
proof of the case when m = 3, and the general case follows in an analogous way. 0O

Remark 2.3 From the above proof it follows immediately that for every z € Q, the
equation (z — ¢(¢), ¢*(¢)) = 0 admits a unique solution on A, which is precisely

0(2)-

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1 As we mentioned in the Introduction, the existence part was
already known. So we need only prove the uniqueness part.

Suppose that ¢ and ¢ are two complex geodesics of € such that ¢ (1) = @(1) = p
and ¢’(1) = ¢’(1) = v. For every r € R, set

(1 —ing +it
0, (0) 1= Tk Aut(A). (2.15)

Then we need to prove that there exists a fo € R such that ¢ = ¢ o oy,.

We denote by ¢*, ¢* the dual mappings of ¢ and ¢, respectively. Then ¢, ¢, ¢*,
o* e CL-2(A) forall @ € (0, 1). Next, we show that there exists a fo € R such that

((poa)™)' (1) = (™) (1). (2.16)
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To this end, we first write

9 19a @) = cu@vop), @ laa(l) = SRV 0 9(0), 2.17)

and
(poo)lon() = tm(G)vogoar(4), (2.18)

where 11, p1;, 1i are C1%-smooth positive functions on dA, and v denotes the unit
outward normal vector field of 0€2. Now note that

(poa) (1) =¢'(1) =¢'(1),
and hence
i9)

vog(e
6=0

vogooo(eie) = i
6=0 ' do

for all + € R. Thus in view of (2.17) and (2.18), (2.16) is equivalent to

). (2.19)
6=0

: d
0\ _
9—0 /’Lto (e ) - d@

Now by the definition of dual mappings,

. . . . 1
1) = e (@ 0 0y) (), vogoa(e?)
et < / (%) ( ie))—l
=—(¢ o0(e'"), vopoo(e
at/(el@) (4 t (2 t
Ut(@ie) i
= Wﬂ oa(e'”)

for all 8 € R. Moreover, since oy(1) = /(1) = 1, it follows that

. d .
—|  poo(e®y=—| puE?.
df lg—o 6 lg—o
We then conclude by a direct calculation that
. d : 2t d ;
i i i0
— =2tu(l — = ey ,
70 Gzom(e ) p(l) + 70 020#(6 ) o vy) +t 75 gzou(e )

which implies that (2.19) (and hence (2.16)) holds provided

1

o= 5 (v, v)) () — pn(e).

0=0

do
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Now we come to show that § = ¢ o oy,. We first give a proof for the strongly
convex case as a warmup. We argue by contradiction, and suppose on the contrary that
@ # ¢ o oy,. Then we have

P(A) Ngooy(A) = (p},
since two different closed complex geodesic discs can have at most one point in

common; see [37, pp. 362-363]. Together with the strong convexity of €2, this further
implies that

Re(@(8) — @ 001,(0), ¢ 713 (0)) = L(DRe(F() — @ 0 07y (£), vo §(0)) > 0
and

Re(p 0 0, (0) — §(2), ¢~ (@ 001)*()) > 0

hold on d A\{1}. Taking summation yields that

Re(@(6) — ¢ 0 04, (), £HP* () — (9 0 01)*(£))) > 0 (2.20)

for all ¢ € dA\{1}. Note also that for every ¢ € dA\{1},

¢ 1 1+§21<1
] (R B

we therefore deduce from (2.20) that

2.21)

Re<<:(¢(c) —gpo ato(c))’ o) —(po oto)*(c>> -
(1-2¢)? (1-1¢)?

on A\ {1}. On the other hand, since @, ¢ 0 oy, 3%, (p 0 07,)* € CH¥(A) fora > 1/2,
and

(poo) () =g (D), ((poay)™'() =@ 1),

we see that the holomorphic function

&) —gpooy(§) ¢*() — (¢ 0%)*(O>

1= §< -2 (1-0)7?

belongs to the Hardy space H'!(A). Together with (2.21), this implies that
1 J(©) L[ i0
0=Ref(0) =Re| — —d¢ ) =— Ref(e'")do > 0.
2wi Joa € 27 Jo
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This is a contradiction. Therefore, we must have ¢ = ¢ o oy,.

We now turn to the strongly linearly convex case. The proof of this general case is
much more involved than that of the strongly convex case. We argue as follows. Let o be
the Lempert left inverse of ¢. Then in view of Proposition 2.2, 0 € O(2, A)NC LeQ)
foralla € (0, 1). We now consider the holomorphic function o, whichisin C!- % (A)
for all @ € (0, 1), and satisfies that

0o¢(l)=gop(l) =1
By differentiating, we obtain
—~ 80 o N T
o) =Y 2 oF()T) = (7). Gard) o p(2))

paried

forall ¢ € A, where
d d 0
(ard 0)(2) = “o(2) := (—Q<z>, o —Q<z>) .
0z 9071 0zZn

In what follows, to simplify the notation, we assume that the number 7y in (2.16) is
zero. Then
(™)' (1) = (@' (). (2.22)

Moreover, since ¢(1) = ¢(1) = p, it follows from (2.13) and the definition of dual
mappings that
(gard0) 0 (1) = " (1) = ¢*(1) (2.23)

and

(0o @) (1) =(@'(1), (gard @) o (1)) = (¢’ (1), @*(1)) = 1.
Let ¢ be the Lempert left inverse of ¢. We next claim that
(0o@+009)"(0)=0(¢ —1)) (2.24)

as { — 1 non-tangentially. This is the main part of the proof. First of all, we have

n 2
(0o <c>=jk2=1 0 POTORO + F©). add) o F0) (225

for all { € A. Now we try to estimate the second term. To this end, differentiating
both sides of the identity ¢* = (gard o) o ¢ (see (2.13)) yields that

@@ =Y mik o p@)pL (). ¢ € A. (2.26)

k=1
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For every B > 1, we set
Rp:={t e A:lt —1] < B - [N},

which is a non-tangential approach region in A with vertex 1 and aperture 8, called a
Stolz region. We show that for every o € (0, 1) and every 8 > 1,

|((gard ) 0 )" (¢) — @) ()| < Ca, pl¢ — 1| (2.27)

as { € Rpg. Here and in what follows, Cy (resp. Cy, g) always denotes a positive
constant depending only on « (resp. « and ), which could be different in different
contexts. Note that © is strongly pseudoconvex, we can take a C3-defining function
r for Q which is strictly plurisubharmonic on some neighborhood of Q. Then the
classical Hopf lemma applied to r o ¢ yields that

inf —ro—(p(;‘) < 0.
cen 1 —|¢|
Also, it is evident that
—r(2)

sup —————— < 00
ceo dist(z, 99)

We then see that there exists a constant C > 0 such that

dist(p(¢), 9Q) > C(1 —|¢))

for all ¢ € A. Consequently, we conclude that ¢ maps every non-tangential approach
region in A with vertex 1 to a non-tangential approach region in Q2 with vertex p, and
the same holds true for ¢. Note also that ¢’ (1) = ¢’(1), we then deduce from (2.8)
and (2.26) (as well as the fact that ¢’, &’ € C*(A)) that

[(eard0) 0 & = ¢%)'©)] = Carp(I0 (@) = PI* +15() = pI + 10 = ) (@)
< Ca,ﬂ|§ - 1|a
for all ¢ € Rg. Now (2.27) follows immediately, since (¢*)'(1) = (¢*)'(1) (see
(2.22)) and (¢*)', (¢*) € C*(A). Then in view of (2.23) and (2.27), we see that

1
|(gard 0) 0 §(¢) — §* ()] < ¢ — II/O |((gard @) 0 ¢ — ) (1L + (1 —1))|d1

< Cq pl¢ — 11!
(2.28)
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for all £ € Rg. Similarly, we also have

N7 @ =9 000d©)|| < Calg —117!
B (2.29)
for all ¢ € A. Now recall that ¢’ € O(A) N C*(A), the classical Hardy-Littlewood

theorem implies that

max {100 §(6) ~¢|. [#(6) —@o0o(©)

sup(1 — 12713 (©)] < oo.
CeA

Combining this with (2.28), we then deduce that for every @ € (0, 1) and every 8 > 1,
[(@"(0). (gard @) 0 §(0)) — (@"(0). §*(0))] < Ca, plt — 1 (2.30)

as { € Rg. Now we deal with the first term in equality (2.25). A straightforward
calculation using (2.14) shows that for every ¢ € A,

n 2 L ., 7. (o*) NG, d 7=,
S L G ope) = WL D@ Ede)od)
j’kzlaz.,azk 1—<g0—(pogo<p, ((p*)’ogogo)

b 00D (7, Tgud o) o P
(1-{@—9o0od (9 000d)

o000, (%) 0o+ <<7 — (@', (gard @) 0 )¢ 000 P,
(¢*) ogo <Z>> ) =1(@)+11(2).

Now in view of (2.11), (2.28) and (2.29), and also noticing the arbitrariness of o €
(0, 1), it holds that

1©) = @ @), WV =C(|#6) — 9000 7(0)] +|(arde) 0 §10) — ()]
+ @) 0005 — ")©)])
= Cap(Ie = 11 + 10 0 5(¢) — ¢1577)
< Co,ple — 11

2.31)

forall ¢ € Rg. We next estimate the function /. Indeed, a simple manipulation using
(2.11), (2.28) and (2.29) again yields that
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[11(0) = (@) = ¢" 000 9(2). (¢%) 000 p(0))
= (5@ =000 @@]Ig") 000 B(©)] + |(gard0) 0 F(0) - 7))
+CF @), 97000 @) — (1= F©) =9 000 F(0). W o00d))|
=C([#@) = 0000 F®)Iw™) 00 0 F(©)] + |(2ard 0) 0 F(0) = 70 )
+C(l¢* 000 #@) — 7O +[3) ~ w000 50

<Cop(IC =1 A =00 F@OD* " + 1t — 11°T)

< Co, plg — 1™
(2.32)
for all { € Rg. Here the penultimate inequality follows by applying the classical
Hardy-Littlewood theorem to (¢*)" € O(A) N C¥(A), and the last one follows by
noting that

1-100F®)] _

i (@o®) (1) =1,
Rpses1  1—[C] eoe

in view of the Julia—Wolff—Cararthéodory theorem. For every o € (0, 1), we also have

(@) — ¢ (@), @) () — (@) —¢ 0008(). (9%) 0003(1))]
<[@@) = ¢ ©). @V@) = (@) 00od©))]
+ (@' 0003() — ¢ (), (%) 000¢())]
< Calo 0 P(§) — g1
<Cqlt — 1

for all ¢ € A. Now combining this with (2.32) yields that

[11Q) = (7 (@) — ¢'(©), (@) ()] < Co, ple — 11 (2.33)

for all £ € Rg. On the other hand, taking into account that

=~

(@, @) +@", %) =@, ¢ =0
on A, we can rephrase (2.30) as
(@), Teard 0) 0 (D)) + (@ (©), @V )] < Caple — 1P (2.34)

for all ¢ € Rg. Putting (2.25), (2.31), (2.33), and (2.34) together, we then conclude
that for every o € (0, 1) and every § > 1,

(00 @) — (@ — ¢, @))Q) — (@, @) — @VNO)| < Cople — 1
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as { € Rg. By symmetry, we also have for every o € (0, 1) and every 8 > 1,

(@ o@) () — (¢ =&, @) — (¢, @) — (@))NO)| < Cople — 1

as ¢ € Rg. Now adding the preceding two inequalities together yields that

[(00F+309)" () +2(¢" () =7 (©). (¢*) () = @) ()] < Ca plc =11 (2.35)

for all £ € Rg. Also, it is evident that

(@' (@) =7 (@), @' @) — @) ()] < Calt =17

forall ¢ € A and o € (0, 1). Together with (2.35), this further implies that for every
o €(0,1)and every g > 1,

(0o@+009) (0] < Cq ple — 1™

as ¢ € Rg. Now the desired claim (2.24) follows immediately.
By using the Cauchy integral formula, we can conclude from (2.24) that

(0@ +009)"(t) —> 0

as { — 1 non-tangentially. Then by Theorem 2.1, we have
1 ~ o~
E(QOQD—FQO(p):IdA. (2.36)

We now prove that ¢ = ¢. Recall that (¢*)'(1) = (¢*)'(1) (see (2.22)), an argument
completely analogous to the one at the beginning of the proof indicates that it is
sufficient to show that $(A) = @(A). As usual, we argue by contradiction. If this
were not the case, it would follow that

D) Ne(A) = {p}. (2.37)

On_ the other hand, it follows from Proposition 2.2 that o(Q\@(dA)) C A and
0(Q2\@(dA)) C A. Now combining this with (2.37), we see that

1 o _
5(@°¢>+Qo<p)(A\{1})CA,

which contradicts (2.36). This completes the proof of the first statement part of the the-
orem. The second one follows easily from a similar argument as in the very beginning
of the proof. O
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Remark 2.4 Although the existence part of Theorem 1.1 requires d<2 to be at least C3-
smooth as indicated by [28], the preceding argument implies that for the uniqueness
part: when € is strongly convex, the C% “-regularity of 32 is enough whenever o €
(1/2, 1); when € is only strongly linearly convex, the C* ®-regularity for 4 is also
enough whenever o € (V5-=1) /2, 1). In the latter case, a slight modification of the
preceding argument is necessary.

Remark 2.5 The uniqueness result for complex geodesics of bounded strongly convex
domains in Q ¢ C” (n > 1) with C3-smooth boundary was also stated in [23, Lemma
2.7]. Howeyver, the proof given there seems to us to be incorrect. In fact, by carefully
checking that proof, one can see that what the authors of [23] claimed is essentially
the following (with notation fixed there): Let €2 be a bounded strongly convex domain
with C3-smooth boundary and let p € 3. Let ¢ be a complex geodesic of Q with
¢(1) = p and ¥ be a holomorphic mapping from A into Q2 such that (1) = p
and ¥'(1) = ¢'(1). Then ¥y = ¢, which is obviously not true. Even in the complex
geodesic case for both mappings, as we proved in this paper, they are only the same
after composing an automorphism. It seems to us that they overlooked the fact that the
constant C (in the proof of [23, Lemma 2.7]) goes to zero, instead of being uniformly
bounded below by a positive constant, as the parameter € A tends to 1. Indeed, just
simply taking 2 = A, one can compute directly this constant and find out it goes to
zeroasn — 1.

3 A new boundary spherical representation

Let © C C" (n > 1) be a bounded strongly linearly convex domain with C3-smooth
boundary. Let p € 92 and v, be the unit outward normal to €2 at p. Set

L,={veC":|v|=1, (v,vp) > 0}

and let v € L. Then by Theorem 1.1, we see that there exists a unique complex
geodesic ¢, of Q such that ¢, (1) = p, ¢, (1) = (v, vp)v and

d % 00
— = 0.
a0, lpy (e

Here as before, ¢} is the dual mapping of ¢,. In what follows, we will refer to such a
@y as the preferred complex geodesic of Q2 associated to v.
Up to a unitary transformation on C”, which does not change the strong linear
convexity of 2, we may assume that v, = e; = (1,0, ..., 0) and thus L is given by
L,= {v eC": v =1, (v,e]) > O}.
Now it is easy to verify that for every v € L, the mapping

Nu: A3C e+ (& —1){(v,er)v
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is the preferred complex geodesic of the open unit ball B” C C" associated to v, since
a straightforward calculation shows that

- e
nEC) = cep +( §)2<v er)v
(v, e1)

and thus |n}] = 1/(v, e1)? on dA. Also for every z € Q\{p}, there exists a unique
complex geodesic disc in €2 whose closure contains z and p; see [17, Theorem 1]. We
can then appropriately parameterize this complex geodesic disc such that it is given by
the image of the preferred complex geodesic ¢, of 2 associated to a unique v, € L,
in view of the proof of Theorem 1.1 and Remark 1.2. This leads us to consider the
mapping W,,: Q2 — B defined by setting W,(p) = e, and

U,(2) = e + (& — D{vg, e1)v,, z € Q\{p}

where ¢; := ¢, ! (2). Clearly, W, is a bijection with inverse W, ! given by W 1(e1) =
p,and

vl w) =gy, (Gw). we B \fer),
where (vy, {w) € L) X A is the unique data such that N, (Cw) = w; more explicitly,

1= (e1,w) w—e lw — ey

gw:l

Uy =

T (e app T

11— (er,w)| |w—ey|’
Moreover, we can prove the following

Theorem 3.1 Let @ C C" (n > 1) be a bounded strongly linearly convex domain with
C3-smooth boundary and let p € Q. Then

(i) Foreverya € (0,1/2), the mapping
L,3vrs g, € ChY(A)
is continuous, and so is
L,>vm ¢, € cl o).
(ii) Both ¥, and \I—’Ijl are continuous so that they are homeomorphisms.

For the proof of the above theorem, we need the following

Lemma3.2 Let Q@ C C" (n > 1) be a bounded strongly linearly convex domain with
C3-smooth boundary, and F C O(A, Q) a family of complex geodesics of Q such
that

{p0): ¢ € F} CC Q.
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Then

sup (”W”cl‘l/Z(Z) + ||€0*||C1.I/2(X)) < o0,
peF

where for every ¢, ¢* denotes its dual mapping as before.

Proof First of all, by [27, Lemma 4] (which is also valid for bounded strongly linearly
convex domains in C”, in view of [34,37]), we obtain that

sup llgller 2z < 0. 3.1
peF

So we are left to show that

sup l* [l 112 (xy < oo
peF

To this end, note that the standard proof of the Hardy—Littlewood theorem (see, e.g., [2,
Theorem 2.6.26]) implies that the norms || || -1, 12(7) and || [[¢1.1/2(5a) are equivalent

on O(A) N ch 1/2(Z) (and even on harm(A) N ch 1/2(K)), we therefore need only
show that

sup [l9*llcr 12y < 00
peF

Furthermore, since ¢*[5a(¢) = ¢|9™(¢)|v o (&), (3.1) can reduce the problem to

sup lle*[llcri2ay < 00. (3.2)
peF

We follow an idea of Lempert [35]. For every {p € dA and every ¢ € F, we can
first choose an integer 1 < ky,_r, < n such that

ek o+ v 0 0N = 1/,

and then by the equicontinuity of F (which follows easily from (3.1)) a small neigh-
borhood V;, C C (independent of ¢ € F) of o such that

{eky e V0 ()] = 1/2m

forall { € dA NV, and ¢ € F. We can further take for every ¢ € F a function
Xo, 2o € CV/2(3A) such that

eXp OXW, {'0 = <ek<ﬂ~§0’ Vo W)

on dA N Vg, and
X, collct12a) = Cn,gollv o @llct 12y, (3.3)
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where C, ;, > 0 is a constant depending only on n and &y. Also, we can extend
—Im x,, ¢, toaharmonic functionin harm(A)NC! 172 (A), still denoted by —Im Xo, ¢
and let py, 7, : A — R be its conjugate function such that py, ¢, (o) = 0. Then by the
classical Privalov theorem (see, e.g., [4, Proposition 6.2.10]), there exists a constant
C > 0 such that

0. collcr 12z = CliXe. ollcr12¢a) (3.4)
for all ¢ € F. Now note that for every ¢ € 0A N Vg,

l0* () (ex,. » v o o(0)) = er, o 9* (),

and

(€ky, > VO @(£))expol(py, gy — Re Xy, ) (§) = expo(py, ¢y + iIm xp, ¢,)(£).

This means that they can extend to holomorphic functions on A N V,, then so does
their quotient |¢*| exp o(Re xy, ¢y — Py, ¢,)> Which takes real values on d A N Vi, and
hence can extend holomorphically across 0 A. We denote by f;, ¢, its holomorphic
extension. Now taking into account that

sup HQD*HC(K) < o0
peF

(see [34,37]) and py, ¢, (¢0) = 0, we can assume that { fjy, ¢}y is uniformly bounded
by shrinking Vi, uniformly, in view of (3.1), (3.3) and (3.4). Moreover, by shrinking
Vi, again, the classical Cauchy estimate allows us to conclude that

sup ”f(P-, {0||C1v1/2(8AﬂV;0) < Q.
peF

Together with (3.1), (3.3) and (3.4), this further implies that

sup [llg*[llcr12panv,,) < o°,
peF

since

|¢*| = f(pv %o eXpO(,O(p,{() - Re XW)(O)

on d ANV;,. Now covering d A by finitely many open sets in C (like V;, ), the Lebesgue
number lemma gives (3.2). This completes the proof. O

We now can prove Theorem 3.1.

Proof of Theorem 3.1 Up to a unitary transformation on C", we may assume that v, =
er.

(i) Fix a € (0,1/2). Let vg € L, and {vi}ren C L be a sequence conver_ging to
vo. It suffices to show that {¢,, }ren converges to ¢y, in the topology of ch2(A), and
{}, Jken converges to ¢} in the same topology.
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First of all, since

gy, (1), e/ 1@y, (D] = (vk, e1) = (vo, e1) >0
as k — oo, it follows from [28, Theorem 2] that

inf diam ¢,, (A) > 0, 3.5)
keN

where diam ¢, (A) denotes the Euclidean diameter of ¢,, (A).
Claim : {¢,, (0): k e N} CC Q.

Seeking a contradiction, suppose not. Then by passing to a subsequence if necessary,
we may assume that
0y (0) = 0 as k — oo. (3.6)

For k € N, let ¢ € A be such that ¢,, o oy is a normalized complex geodesic of €2,
ie.,

dist(gy, 0 0x(0), 9€2) = max dist(¢y, o 0x({), 952),
CeA

where dist( -, €2) denotes the Euclidean distance to the boundary 92, and

= -
M) = e Aut(A). (3.7)

Then by [17, Proposition 4],

inf dist(¢,, o 0x(0), 022) > 0.
keN

Thus by Lemma 3.2, we conclude that both {¢,, o 0% }xen and {(¢y, 0 %) * }ren satisty
a uniform C /2 estimate. Now in light of the classical Ascoli-Arzela theorem, we
may assume, without loss of generality, that these two sequences converge to ¢o,
Poo € O(A) N CH1/2(A), respectively, in the topology of C1-*(A). Note that Q is
strongly pseudoconvex and

diam oo (A) > kingdiam Oy (A) >0
€

by (3.5), we see that ¢, (A) C €2 and then by the continuity of the Kobayashi distance,
¢o 18 a complex geodesic of 2. Clearly, (1) = p and

@Lo (1) = lim (@, oox) (1) = lim o} (1) (v, e1)vk.
k—00 k— o0
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Note also that (vg, ej)ve — (vo, e1)vo € C"\{0}, we deduce that limy_, o o (1)
exists. Moreover, since 0,2(1) > 0, it follows from the Hopf lemma (see, e.g., Remark
1.2) that

klillgoaé(l) = | (1)|/{vo, e1) € (0, 00). (3.8)

We now proceed to show that there exists an ¢ € (0, 1) such that

(3.9)

e
{Ek:kEN}C{{GA:8<|C Il 1 }

- =1
T g —1]>¢

In particular, this implies that the sequence {oy }xen 1s relatively compact in Aut(A)
with respect to the compact-open topology so that we may assume that it converges
to some 0, € Aut(A). Consequently, we see that

90, (0) = @y 001 0 0, ' (0) = oo 005! (0) € 2
as k — oo. This contradicts (3.6), and thus the preceding claim follows.

To show the existence of ¢ € (0, 1) satisfying (3.9), we make use of the fact that
all ¢,,’s are preferred. By the definition of dual mappings, we have

/
01 Py, 0 01)* = @y, 0 Ok

on A. It then follows that

d
do

e d
(o 001) (@) 4221 @

. d
. log () = —
=0 |C7k(1)| df

log ()]
0=0 do 6=0

@k ook (e')].
Note that |¢}, (1)] = 1/(vk, e1)?,

%’H 97 0 or(e®)] = lo{ (1) E‘H I (@) =0,

and recall also that {(¢y, o okx)*}xen converges to goo in C L(A) as k — oco. We then
conclude that

; d .
—1 o@D = =k, e)! ol (D —|  1(¢y, 0 01)*(€'?)]
deo =0 de 6=0
(3.10)
— —lgL(D]? 4 |Poo (')
*© de 0=0 > .

Now in view of (3.8), (3.10), and using the explicit formula (3.7), we can easily find
an ¢ € (0, 1) such that (3.9) holds.

Now we are ready to check the desired continuity. This part is very similar to
the proof of the preceding claim. Indeed, it follows first from Lemma 3.2 that both
{@u; Jken and {(pfjk }ren satisfy a uniform C L. 1/2_estimate so that the set of limit points
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of {¢y, }ken in the topology of C L.@(A) is non-empty, and the same is true for the
sequence {gojk}keN. Therefore, we need only show that (¢y,, <p;jo) is the only limit
pointof {(¢y,, ¢} )}kenin C*(A) x C1-#(A). Without loss of generality, we assume
that the sequence {(¢y,, §03k)}keN itself converges to (900, Po). Then as before, we
see that ¢ is a complex geodesic of 2 and @no = @, . Moreover, po(1) = p,
Poo (1) = (vo, e1)vo, and

d )
|¢ ()] = Jim — |<o::k(e19)|=0.

|(poo(e’9)| = " 0,

do |y d@
Now by uniqueness (see Theorem 1.1), we see that ¢ = ¢y, and then @ = @5, =
@y, as desired.

(ii) We only check the continuity of W, since the continuity of \IJ;I can be verified
in an analogous way, or alternatively follows immediately by using the well-known fact
that an injective continuous mapping from a compact topologlcal space to a Hausdorff
space is necessarily an embedding and noting that W), :Q — B"issucha mapping.

Let 7o € Q and {zx}xen be a sequence in Q\{p} converging to zo. For every k € N,
let (vz, ¢z) € Lp x (A\{1}) be the unique data such that P, (¢z,) = 2k, where Pu,,
is the preferred complex geodesic of €2 associated to v,,. We then need to consider
the following two cases:

Case 1: zp = p.
It suffices to show that

lim |(¢z, — D{vy, e1)| = 0.
k— 00

Suppose on the contrary that this is not the case. Then by passing to a subsequence,
we may assume that

(vz/u Czk) — (Voo, o) € Lp X (K\{l})

as k — oo. Then by (i), we have ¢, ({oc) = p. Thus by the injectivity of ¢, on A,
we see that £, = 1, giving a contradiction.

Case2: 70 € 2\ {p}.
By definition, it suffices to show that

lim (vzkv ;zk) = (UZO, {zO),
k—o00

where (v, {;)) € L) X A is the unique data such that P, (&z9) = 20, where Pu,
is the preferred complex geodesic of €2 associated to v,. In other words, (v, ¢z,) 1S
the only limit point of the sequence {(v;,, ¢z )}keN.

By the compactness of dB"” x A, we see that the set of limit points of
{(vy, &z ) ken 1s non-empty. Therefore, without loss of generality, we may assume
that {(v,, &z,)}ken itself converges to some (Voo, {oo) € 0B” x A. Then it remains to
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show that vo, = v, and s = &y, . To this end, note first that diam Pv, (A) > |z — pl
and z; — zo € Q\{p}, we see that

inf diam ¢, (A) > 0. (3.11)
keN k

Now we claim that v, € L. Indeed, if this were not the case, it would hold that
(Voo, €1) = 0, 1.e., Voo € T;’OBQ. Therefore,

(@), (1, enl/19], (D] = (v, e1) > 0

as k — oo. Thus by a preservation principle for extremal mappings (see Theorem 1
or Corollary 1 in [27]), it follows that diam Pv., (A) — 0as k — oo. This contradicts
inequality (3.11).

Now by (i) again, we see that ¢, ({oc) = 20 = Pu, (8z) and @y (1) = p =
¢uv,, (1). Then by uniqueness (see [37, pp. 362-363]), there exists a o € Aut(A) such
that ¢, = @v,, 00 . Moreover, by the injectivity of Pu,, ON A, itfollows that o (¢no) =
¢z and o (1) = 1 (and hence o’/(1) > 0). Note also that (pl’)oo(l) = d(l)gol’)zo(l) and

[voo| = |vg| = 1, we deduce that o/(1) = 1 and v, = vg,. Consequently, o is the
identity by uniqueness (see Theorem 1.1) and thus {o = &, as desired.
Now the proof is complete. O

Let 2 € C" (n > 1) be as described in Theorem 3.1. To indicate the definition of
W, depends on the base point p € 92, we rewrite W,(p) = vp, and

V() =vp + (& p — D{vz, p, vplvz p, Z € 5\{p}’

where ¢ p == ¢, le (z), and v, , € L, is the unique data such that the associated
preferred complex geodesic ¢y, , (Withbase point p, i.e., ¢y ,(1) = p) passes through
7,1.€.,2 € @y, » (A). Then we can prove the following

Theorem 3.3 Let 2 C C" (n > 1) be a bounded strongly linearly convex domain with
C3-smooth boundary. Then

(1) The mapping
> p> VU, € C(Q)

is continuous. o _
(ii) The mapping V: Q x 02 — B" given by

V(z, p) = ¥p(2)

s continuous.

Proof The proof is essentially the same as that of Theorem 3.1.

@ Springer



Complex geodesics and complex Monge-Ampére equations... 1851

(i) Suppose that this is not the case. Then we can find a sequence {(zk, Pr)}keN
converging to some point (zg, po) € 2 x 92 such that

lirellf\‘l |\IJ[7/( (zk) — \ijo(zk)| > 0.

By the continuity of W, we can find a ko € N such that

JF W (1) = Wy 20)] > 0. (3.12)

For every k € N, let (v, p;» o i) € Lp, % A be the unique data such that

Pz (&2, pk) = Zk,

where ¢, , is the preferred complex geodesic of €2 associated to vz, p, (with base
point pi). The remaining argument is divided into the following two cases:

Case 1: zp = po.
Since vy, — vy, with ko replaced by a larger integer, we may assume that

kél]fo |(Cer, e = Dz, pis V| > 0.

Then by passing to a subsequence, we may assume that

(Vzg, pics é‘zk,pk) — (Voo, $oo) € Lp, X (Z\{l})

as k — oo. Thus it follows that

@) D vpl/Ih (DI= (Ve s V) = (oo, Vo) > O

as k — oo. Together with [28, Theorem 2], this further implies that

Iilellgdiam (- (A) > 0.

Then a same argument as in the proof of Theorem 3.1 (i) shows that

(¢, , 0):k €N} cC @,

and consequently, it follows that {(p,,% " Jxen satisfies a uniform C!/2-estimate; see

[37, Proposition 8] and also [29, Proposition 1.6LTheref0re, we may further assume
that {¢, , }ken itself converges uniformly on A to a complex geodesic ¢oo Of £2.
Clearly, ¢oo (1) = po. On the other hand, taking into account that ¢y, (32, p) = 2k
and letting k — oo yield that ¢ ({so) = po. Then by the injectivity of g, on A, we
see that £, = 1, giving a contradiction.
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Case 2: 70 € 2\ {po}.

Obviously, we can assume that z; # pi for all k € N. Also, we may assume that
{(Wz, pi> Cax, i) Jken itself converges to some (Voo, {oo) € 0B" X ‘A. We shall show
that Voo = Vz, py and Lo = Lz, pos Where (Vzg, pos Czo, po) € Lpo X A is the unique
data such that Pz, o (&z0, po) = 20, Where Pozy o is the preferred complex geodesic
of Q associated to vy, ;, (With base point pg). Clearly, it will follow that the sequence
{W), (zx)Jken converges to W, (zo). This will contradict inequality (3.12).

Arguing as in Case 2 in the proof of Theorem 3.1 (ii), we see that

lilelgdiam - (A) > 0,

and thus v € L. Then, we can argue again as in the proof of Theorem 3.1 (i) to
conclude that

{ov, , (0):keNyccQ.

This in turn implies that both {(/)UZk,pk Heen and {(p;“Zk " }ren satisfy a uniform ch1/z2.
estimate. Consequently, we may assume that {((vak’ e (pl’jZk.pk
Cl(A) x CY(A) to (¢oo, @X.), where ¢o is a complex geodesic of 2 with ¢} as

its dual mapping. Clearly, oo (1) = po, ¥o0(8o0) = 20 and @5 (1) = (Voo, Vpy)Voos
as well as

)}ken converges in

d * i0
— =0.
a0, lpsc(e™)]

Then by uniqueness, ¢oo = Puzg. and Voo = Uy, pg» Soo = Lz, po as desired.

(i1) Follows immediately from (i) together with Theorem 3.1 (ii). O
4 Properties of the new boundary spherical representation
In this section we prove our second main result (Theorem 1.3). To this end, we further

investigate the properties of the boundary spherical representation that we constructed
in the preceding section.

4.1 Preservation of horospheres and non-tangential approach regions
Let @ € C”" (n > 1) be a bounded strongly linearly convex domain with C3-smooth

boundary, and let p € 9. Recall first that according to Abate [1], a horosphere
Eq(p, 20, R) of center p € 92, pole zp € 2 and radius R > 0 is defined as

1
Eq(p,z0, R) := {z € Q: lim (kg(z, w) — ko (2o, w)) < —logR} ,
w—p 2

where kg denotes the Kobayashi distance on 2. When 2 is strongly convex, the
existence of the limit in the definition of horospheres is well-known; see, e.g., [2,
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Theorem 2.6.47]. It is also the case when €2 is only strongly linearly convex, since
it follows from the work of Lempert [37,38], Guan [24], and Blocki [8,9] that the
pluricomplex Green function!

ga(-, w) = logtanh ko (-, w) € CH 1 Q\{w)) @.1)

for all w € €, so that the proof of [2, Theorem 2.6.47] can be easily modified and
thus applies. When Q2 = B”, the open unit ball in C”, an easy calculation using the
explicit formula for kg» shows that

1 —(z, p)|?
EBn(p,O,R):{z€B":%<R}; (4.2)
— |Z

see, e.g., [2, Section 2.2.2]. Geometrically, it is an ellipsoid of the Euclidean center
¢ := p/(14+R),itsintersection with the complex plane Cp is a Euclidean disc of radius
r := R/(1 + R), and its intersection with the affine subspace through ¢ orthogonal to
Cp is a Euclidean ball of the larger radius /7.

For our later purpose, we also need the following

Proposition 4.1 Let 2 C C" (n > 1) be a bounded strongly linearly convex domain
with C3-smooth boundary. Let ¢ be a complex geodesic of , and p € O(, Q) the
Lempert retract associated with ¢. Then

(i) Forevery (Z,v) € 0A x C", one has

(v, vo o))

dg~" o ~ W), vop@)
(@7 0 Plpe)(v) (@' (), vop())

where v denotes the unit outward normal vector field of 952.
(ii) Forevery p € ¢(A)N OS2 and every non-tangential continuous curve y : [0, 1) —
Q terminating at p, one has

tgr{l_ ka(y (1), poy(r) =0.

Proof (i) Set o := ¢! o p. Then g is the so-called Lempert left invErse of ¢ (see
the paragraph proceeding Proposition 2.2), and o € O(R2, A) N C'(K). Moreover,

equality (2.13) gives
0
¢* = (gardg)op = S oy
0z

on A. Note also that

Vo)

vhalO) = Vee@)

! That ga(-,w) e c! (Q\{w}) is enough for our purpose here.
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the desired result follows immediately.
(i1) First of all, we can argue as in the proof of [2, Lemma 2.7.12 (iii)] to conclude
that

i YO —poy®F _
im — =
t—1- dist(p o y (), 9€2)

The remaining argument is the same as the proof of the second part of [2, Proposition
2.7.11], and we leave the details to the interested reader. O

Now we prove the following result. The proof of the first part is analogous to that
of [12, Proposition 6.1]. We provide a detailed proof by modifying the argument given
there, with the help of Proposition 4.1. The proof of the second part relies heavily on
[28, Theorem 2] and Theorem 3.1.

Proposition 4.2 Let Q2 C C" (n > 1) be a bounded strongly linearly convex domain
with C3-smooth boundary. Let p € 32 and v, :Q — B be the boundary spherical
representation given in Sect. 3. Then

(1) Forevery zg € Q2 and every R > 0, one has
Y, (Eq(p, 20, R)) = Ep(vp, ¥,(20), R).
(ii) For every B > 1, there exists a constant Cg > 1 such that
V,[Tg(p)) C {w eB": |w—v,| <Cg(l - |w|)},

where I'g(p) is as in (1.2).

Proof Without loss of generality, we may assume that v, = e;. Then by Theorem 3.1,

we know that ¥, : Q—B'isa homeomorphism with ¥, (p) = e;.
(1) According to the definition of horospheres, it suffices to prove that

Qalggp (ka(z, w) — ka(z0, w)) = Bnalgllm (kB (W) (2), w) — kpr (¥ (20), w))

4.3)
for all z, zg € Q.
We use the notation introduced in Sect. 3, and first show that for every complex
geodesics ¢ of Q with ¢(1) = p, ¥, o ¢ is a complex geodesic of B" and

(Wy00) (1), e1) = (¢ (1), e1). 4.4)
Indeed, for every such ¢, we can rewrite it as the composition ¢ = ¢, o o, where @, is
the preferred complex geodesic of €2 associated to v := ¢'(1)/]¢'(1)| € L), and o is
a suitable element of Aut(A) with o (1) = 1. Now by the definition of ¥, it follows
that ¥, o ¢, = 1,. We then see that

\Dpowznvoae(Q(Z)
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is a complex geodesic of B” and particularly (¥, o ¢)’(1) makes sense. Moreover,

(W, 00) (1), e1) =0 (v, e1)> = (¢ (1), e1)

as desired.

Now fix a pair of distinct points z, zo € 2, and we come to prove equality (4.3).
Let ¢ be the unique complex geodesic of €2 such that ¢(0) = z9 and ¢ (1) = p. Then
from what we have proved it follows that the left-hand side of equality (4.3) is equal
to

lim (ka(z, 9(1) — ka(zo, 9(1)) = lim (ka(z, ¢(t)) — ka(0, 1))
Rar—1 Rar—1

:Ralgr (kpn (Wp(2), Wp 0 @(1)) — kpn (W), 0 (0), W), 0 (1))

+pim (ko @) — ke (Up (). ¥pop1)) 4.5)
:Bn;iwn’l)el (k]Bn (\pr(Z), 'LU) — k]B" (\IJP(ZO)5 w))

+ Jim (ko ¢() = ker (¥p(2), W) 0 9(1)).
The proof will be complete by showing that
Raltimr (ka(z, @(1) = kpn (W) (2), W) 0 @(1))) = 0. (4.6)

Let ¢ be the unique complex geodesic of €2 such that ¥(0) = z and ¥ (1) = p.
Let p € O(R2, ) and o € O(B", B") be the Lempert projections associated to
and V¥, o ¥, respectively. Note that in view of the Hopf lemma, the continuous curve
[0, 1) > t — ¢() is non-tangential, it follows from Proposition 4.1 (ii) that

lka(z, ¢(1)) —ka(z, po@)| < kalp(), poe)) =0

ast — 17. Similarly,

kg (W, (2), W) 0 0(1)) — kpn (¥ (2), 0 0 W) 0 0(1))|
< kg (W) 0 9(1), 00 W)y 0 9(1)) > 0

ast — 17. As aresult, we see that equality (4.6) is equivalent to

lim (kQ(z, po@(t)) — kg (V,(z), 0oW¥, o0 (p(t))) =0. 4.7

Rar—1
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Now using the explicit formula for ko and Proposition 4.1 (i), we deduce that

lim  (kq(z. po@(t) — ke (W,(2), 0 0 W, 0 9(1)))

Rar—1
= Jim (ka0 ™" 0 pogp(0) = ka0, (¥po )~ 000 Wy 0p(1)
1. 1= (¥, 09) toooW,op@)] 1—¢
= lim log .
Rar—1- 1 —1t 1— |y Llopop®)]

2

llog d((Wp o ¥) " 00)e, (W) 0 9)'(1))

2 d(=1o p)p(e'(1))

1 (((‘lfp o) (), er) (Y'(D), 61))
> )

((Wp o) (1), e1) (¢'(1), er)

which is equal to zero in view of equality (4.4). The penultimate equality follows from
a simple geometrical consideration together with the Hopf lemma, or alternatively
from the classical Julia—Wolff—Cararthéodory theorem (see, e.g., [2, Section 1.2.1],
[42, Chapter VI]).

Now equality (4.7) (and hence (4.6)) follows. The proof of (i) is complete.

(ii) For every B > 1, we set

Vg :={veLy g, (A)NTp(p) # 0} (4.8)

Then by using the continuity of \IJ;1 and [28, Theorem 2], we can argue as in the
proof of [13, Lemma 3.4] to conclude that for every 8 > 1, Vg is relatively compact
in L ,. Therefore,

{nv(0): v eVg}CccB” 4.9)

and
{u(0):v € Vg) =W ({n,(0): v € Vg}) CC Q. (4.10)

Together with the following simple estimate (see, e.g., [2, Theorem 2.3.51]):

1
sup  kq(z, w) + < logdist(z, 92) < 0o
(z, w)eRxK 2

for all compact sets K C €2, it follows that

dist , 082
ist(gy (), 0€2) @11
. 0)eVgxA L —¢|
On the other hand, in light of Theorem 3.1 (i) we see that the function

wu(¢)—p

1
= "t + (1 —t))dt
c—1 /O%(C ( )
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is continuous on L, x A, and nowhere vanishing there by the injectivity of ¢, on A.

Thus
wu(&) —p

-1
which, combined with (4.8) and (4.11), implies that

inf
(v, 0)eVgxA

‘>O,

U o' @sp)) c {c e A le =11 < Cpl = 2D}
veVg

for some sufficiently large c g > 1. Now to complete the proof, it suffices to simply
take Cg :=2Cg/ inf ey, (v, e1). O

4.2 Complex Monge-Ampeére equations with boundary singularity

Let 2 be a domain in C" (n > 1) and denote by Psh(€2) the real cone of plurisub-
harmonic functions on . Then according to Bedford-Taylor [7], the complex
Monge—Ampere operator (dd€)" (here d° = i (@ — 3)) can be defined for all
u € Psh(2) N Lfg’c(Q); see alternatively [10,20,21,25,31,33] for details. A very deep
theorem of Bedford—Taylor [6,7], which is in many ways central to pluripotential the-
ory, states that a function u € Psh(2) N Lloo‘;(Q) solves the homogeneous complex
Monge—Ampere equation (ddu)" = 0 on 2 if and only if it is maximal on €2, in
the sense of Sadullaev; namely, for every open set G CC 2 and every v € Psh(G)
satisfying that

limsupv(z) < u(x)
Goz—>x

for all x € G, it follows that v < u on G.
We are now in a position to prove Theorem 1.3.

Proof of Theorem 1.3 We first consider the special case when 2 = B". Set

1—|z?

Ppr ,(2) i = ——m—.
! 11— (2 p)P?

Then Pgn |, € COO(En\{p}). To prove that Pgn_, is a solution to equation (1.1), we

need only verify that Pg ,, is plurisubharmonic on B" and (dd®Pgn ;)" vanishes

identically there. Indeed, an easy calculation yields that

9% P p (= — Sk (= (2. p)Zjpk + (= (2, phPjz — (1 = 121D, i
9zj0z |1 —(z, p)I? 11— (z, p)*
forall j, k =1,...,n, where § j is the Kronecker delta. Note also that

2Re(l — (z, p)) — (1 — |z*) = |z — pI?,
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we then conclude that for every z € B” and v € C”,

i azPBn,p(Z)M 10 =@ phv+ (v, p)z=p)I*
ozjoz T 11—z p)I* ’

J k=1

which is obviously nonnegative and equal to 0 if and only if v = A(z — p) with 1 € C.
This means that Pg»_,, € Psh(B") and (dd‘ Pg» )" = 0onB", as desired. Moreover,
by equality (4.2), it holds that

Epi(p,0,R) = {z € B": P p(2) < —1/R)} (4.12)

for all R > 0. In other words, the sub-level sets of Pgx , are precisely horospheres of
B" with center p.

We now consider the general case and assume without loss of generality that v, =
e;. Let W) : Q — B be the boundary spherical representation given in Sect. 3, and
set

Pq p = Ppn ¢ o V).

Then Theorem 3.3 implies that Pg [, € C(Q\{p}) and Pq.p = 00on dQ\{p}. Also
by Proposition 4.2 (i) and equality (4.12), we see that the sub-level sets of Pq ,
are precisely horospheres of 2 with center p. Moreover, in light of the proof of
[13, Theorem 5.1] (with a slight modification) one has the following generalized
Phragmén-Lindelof property for Pq p:

Pq p =sup {u € Psh(€2): limsupu(z) < 0 for all x € 90Q2\{p},

=X

lim }nf lu(y ())(1 —1)| = 2Re (y'(1), el)_1 forall y € FP},
t—1-

where T, is the set of non-tangential C*°-curves y : [0, 1] — QU {p} terminating at
p and with y ([0, 1)) C €. Combining this with the (upper semi-) continuity of Pg
on 2, we then see that Pq_ , € Psh(2).

To show that (dd‘Pgq, ;)" = 0 on 2, we proceed as follows. For every z € Q,
we can find a v € L, such that the associated preferred complex geodesic ¢, passes
through z, i.e., 7 € ¢, (A). Then we see that

PQ,p oYy = PIB",@] o "Ilp oYy = PIB”,el onNy = _P/(U, el>27 (4.13)

where 5
P() = % (4.14)

[1—¢]

is the classical Poisson kernel on A, which is obviously harmonic there. This leads
us to conclude that Pg , is maximal on © by [15, Proposition 5.1.4], and hence
(ddPq, p)" = 0on L, in view of Bedford—Taylor [6,7].
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Now it remains to show that P ,(z) &~ —|z — pl~! as z — p non-tangentially.
First of all, by Proposition 4.2 (ii) we can find for every 8 > 1 a constant Cg > 1
such that

V,Ig(p)) C {we]B%”: lw — eq] <Cﬂ(1—|w|)}, (4.15)

where I'g(p) is as in (1.2). Next, we write

lz — pl
Po p(2)|z = pl = Ppn ey 0 Vp(2)|W)(2) —er] - W, (2) — e

and

19,7 [¥,(2) —el
n e OW v — = — .
Porey o Lp@IWp @) —all = = e T = (v, @), el

In view of (4.15), we see that for every z € I'g(p),

1 1—|9,)l 1= |W,(2)? 1—|V,(2)]

— =0+ |v _—
Cp = W) (2) — el S|1—<\pr(z>,e1>| (1l p(Z)DIl—(‘pr(z),e])I -
and

C W@—al o 1-16)
S = (W@ el - T = W@ -

We are left to examine the behavior of the quotient % as z in I'g(p). We

follow an argument in [12]. First of all, it follows from the definition of I'g(p) and
(4.15) that

|z — pl & dist(z, 32), |V,(z) — e1] ~ dist(¥,(z), 9B")

forall z € I'g(p). Here the implicit constants depend only on 8. On the other hand, by
the well-known boundary estimates of the Kobayashi distance on bounded strongly
pseudoconvex domains with C2-boundary (see, e.g., [2, Theorems 2.3.51 and 2.3.52]),
we know that

1
sup [ka(z, W, (0) + 3 log dist(z, 92)| < o0,
ZEQ

and the same is true for B". Therefore, passing to the logarithm, it remains to show
that for every g > 1,

sup [kpr (W) (2). 0) — ka(z, ¥, (0))] < oo. (4.16)
zelg(p)
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To this end, we first conclude from (4.9) and (4.10) that

Cp = sup kg (7,(0), 0) < o0,
velg

and

Ch = sup ka(py(0), ¥, (0)) < oo,
veVg

where Vg is as in (4.8). Now for every z € I'g(p), let v € Vg be such that z € ¢, (A).
Then

lka(z. W, 1 (0) — kale, ' (2). 0)] = [ka(z. ¥, ' (0) — ka(z. ¢, (0))]
< ka(p(0), ¥, (0)) < C,

and

kg (W,,(2), 0) — ka (@, ' (2), 0)| = |kgr (W,(2),0) — ka(n, ! 0 Wp(2), 0)]
= |kpn (W, (2), 0) — kpn (¥(2), 0,(0))]
< kg (,(0), 0) < Cj.

Combining these two estimates leads to

sup [k (W) (2). 0) — ka(z, W, (0)| < Cj + Cj < o0,
zel'g(p)

and (4.16) follows.
The proof is now complete. O

_Let Q, p and Pq , be as described in the above proof. Then the function Pg :
(2 x 02)\diag 902 — (—o0, 0] given by

Pqo(z, p) = Pg, p(2)
is continuous, where
diag 9 1= {(z,2) € C*": z € 3Q2}.
This follows immediately from Theorem 3.3 together with the fact that

- ,EP
= (W, ). )

Po(z, p) = (4.17)

The following result concerns the uniqueness of solutions to Eq. (1.1), which is a
slight refinement of [13, Theorem 7.1].
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Proposition 4.3 Let 2 C C" (n > 1) be a bounded strongly linearly convex domain
with C3-smooth boundary. Let p € 92 and v, be the unit outward normal to 0Q at
p- Then Pq_p is the unique solution to Eq. (1.1) with the additional property that

. 2
tgr?iuoy(t)(l —[) = —Rem (418)

forall y € T'p, the set of non-tangential C*°-curves y : [0, 1] — QU/{p} terminating
at p and with y ([0, 1)) C Q.

Proof Arguing exactly as in the proof of [13, Theorem 5.1], we can see that Pq_ , is
indeed a solution to equation (1.1) with the descried property as in (4.18). To show
the uniqueness, suppose that u is another such solution. Then by combining [37,
Proposition 11] with the proof of [13, Proposition 7.4], we conclude that for every
v € L), u o ¢y, is a negative harmonic function on A with

lim u o ¢, (¢) =0
{8

forall £ € dA\{1}, where ¢, denotes the preferred complex geodesic of €2 associated
to v (with base point p). Thus from the classical Herglotz representation theorem it
follows that u o ¢, = ¢, P for some constant ¢, < 0. Here as usual, P is the classical
Poisson kernel on A. By (4.18), we see that

1 1

€ = .
(@, (1), Vp) (v, Vp>2

¢y = —R

Now combining this with (4.13) (with e replaced by v,) yields that u = Pq ;. This
concludes the proof. O

We now conclude this paper by the following

Remark 4.4 Let Q@ C C" (n > 1) be a bounded strongly linearly convex domain with
C?3-smooth boundary.

(i) If further € is strongly convex and 92 is C°°-smooth, then for every p € 9Q
our solution Pg , to equation (1.1) constructed as above coincides with FQ, I'E
the one by Bracci—Patrizio in [12] (using the boundary spherical representation
of Chang—Hu—Lee [17], which is generally different from ours). To see this, one
may use Proposition 4.3 and [13, Corollary 5.3]. Another more direct way goes as
follows: By (4.13),

P pogy =—P/(v,vp)?

for all v € L), where ¢, is the preferred complex geodesic of §2 associated to v
and P is as in (4.14). Also, we have

Po, pody=—P/(v,v,)?
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(i)

(iii)

(see, e.g., [13, equality (1.2)]), where @, is the unique complex geodesic of 2 such
that ¢, (1) = p, ¢, (1) = (v, v,)v and Im(@}/ (1), v,) = 0. Now once noticing
that by Theorem 1.1 each ¢, coincides with ¢, after composing a parabolic auto-
morphism of A fixing 1, under which P is invariant, the desired result follows
immediately.

Analogous to [13, Theorem 6.1], we also have

9ga
Pqo(z, p) = —a—(z, p), (z,p)exi,
Vp

where gg is the pluricomplex Green function of €2 (see (4.1)). This follows easily
from two different ways of expressing the Busemann function of €2 at p € 9€2:

Bq, p(z,20) := u%i_r)np (ka(z, w) — ka(z0, w)), (z,20) € QL x Q.

Indeed, by [2, Theorem 2.6.47] (which is also valid for the strongly linearly convex
case, as we explained at the very beginning of Sect. 4.1) we have

1 0ga 9ga
o p(e. 0 = L1og (220, p) /220 ),
Q. p(2, 20) 7 Og(au,, (z0, p) o, (z, p)
On the other hand, combining (4.3) with (4.17) yields that

1 P b
B, (2. 20) = B, v, (¥p(2), ¥ (20) = 5 log <%05)))'

We then conclude that there exists a constant C > 0, depending only on p € €2,
such that

0ga
Pqo(z, p) = _CBT(Z’ p), (z,p) € L xIQ.
p

Now evaluating both sides at z = ¢, (0) gives C = 1, as desired.

Very recently, Poletsky [41] introduced a sort of pluripotential compactification for
a class of so-called locally uniformly pluri-Greenien complex manifolds, which
includes bounded domains in C". He also proved using results in [13] that the
boundary of the pluripotential compactification of a bounded strongly convex
domain € in C" (n > 1) with C°°-smooth boundary is homeomorphic to the
Euclidean boundary d€2; see [41, Example 7.3] for details. We remark here that a
similar argument using results in this paper shows that the same result is also true
when € is only strongly linearly convex with C3-smooth boundary.
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