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Chapter 1. Introduction and open problems

In the present Chapter, we give a description and overview of topics to be

treated in details in later chapters.

§1.1. Mapping problems for algebraic real hypersurfaces in complex
euclidean space:

The study of this topic goes back to Henri Poincaré. In 1907 [Po], he showed
that any biholomorphic mapping between parts of the sphere (boundary of the
ball) in C? is rational and extends to an automorphism of By, the ball in C2. This
striking result obviously fails in the setting of one complex variable and reveals
strong rigidity properties of mappings in several variables. In 1960’s, Poincaré’s
theorem was extended to the complex space C" with n > 2 by Tanaka and later
by Alexander [Al] in a more general setting. More recently, Webster [Wel] in-
vestigated biholomorphic mappings between strongly pseudoconvex real algebraic
hypersurfaces in the same complex space C" with n > 1. He successfully ap-
plied the so-called Segre surfaces and proved the algebraicity for such mappings
(a hypersurface is called algebraic if it is defined by a polynomial and a mapping
is said to be algebraic if its graph is an open subset of an irreducible algebraic
variety). Webster’s idea was extensively used in later research, especially in the
equi-dimensional case (see [DW], [DF1], etc). For the case of positive codimen-
sion, i.e, when the mapping is from a hypersurface in C" to another one in C"**
(n > 2,k > 0), the situation is much more subtle. In the spherical case, based on
the fact that the Segre surfaces of a sphere are just hyperplanes, Forstneric [Frl]
was able to obtain the rationality of holomorphic mappings from the sphere in C™
to the sphere in C"** (n > 1). We mention here that special cases of Forstneric’s
theorem were previously obtained by Alexander [Al], Webster [We2], Faran [Fal],
and Cima-Suffridge [CS1].

In the first part of this thesis (Chapter 2), we will study the algebraic map-
ping problem for any codimension and will prove the following general algebraic

mapping theorem (see §2.1 for relevant notation):
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Theorem 1: Let M; C C™ and M, C C™** be strongly pseudoconvex alge-
braic real hypersurfaces with m > 1 and k > 0. Suppose that f is a holomorphic
mapping from a neighborhood of M; to C™** such that f(M;) C M. Then f is

algebraic.

In many applications, it would be important to know the above mentioned
results for mappings which are only holomorphic on one side of the hypersur-
face and have only a certain regularity up to the hypersurface. Since rational-
ity and algebraicity are global properties, this leads one to the studies of re-
flection principles between pseudocoonvex real analytic hypersurfaces. In the
equi-dimensional case, the situation is relatively clear by the work of Fefferman
[Fe], Lewy [Le], Pinchuk [Pi], Diederich-Webster [DW], Baouendi-Bell-Rothschild
[BBR], Baouendi-Rothschild [BR1] [BR2], Diederich-Fornaess [DF1] [DF2], etc.
For positive codimension, the general question is open even in the spherical case.
For example, is any C'' smooth CR mapping from the sphere in C? to the sphere
in C? real analytic? Equivalently, is any proper holomorphic mapping from B, to
B3, which admits a C'! smooth extension up to the boundary, rational? Here we
call a function defined on a strongly pseudoconvex hypersurface a CR function if
it can be realized as the boundary value of some function holomorphic on one side
of the hypersurface. We notice that, by the recent work on the existence of inner
functions in several variables, one knows that there exists a proper holomorphic
mapping from By to Bs, which is continuous up to the boundary, but not C? at
any boundary point. Thus some minimal smoothness assumption in the above
question is necessary.

Indeed, with a little bit more regularity to begin, in the early 1980’s, Webster
[We2] already showed that any C3-CR mapping from a strongly pseudoconvex real
analytic hypersurface in C™ (n > 2) to the sphere in C"*! is real analytic almost
everywhere. Webster’s result was generalized in the subsequent work [Fal], [CS1],
[CKS], [Fa3], and [Frl]. In Chapter 2 of this thesis, we will prove the following
theorem by modifying the argument for the proof of Theorem 1:

Theorem 2: Every C¥*1-CR mapping from a strongly pseudoconvex real

analytic hypersurface M; C C™ (n > 1) into another strongly pseudoconvex real
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analytic hypersurface My C C"** is real analytic (C*) on a dense open subset.

We mention that, in case the f in the above result is C'*° smooth on M, then
Theorem 2 is one of the main of themes of [Frl]. However, reducing the infinite
smoothness assumption to the finite smoothness assumption in this result requires
new ideas and much more effort. Theorem 2 confirms a problem in [Frl] and
includes all previous results as special cases. Meanwhile, it also allows Theorem 1

to be formulated as follows:

Theorem 1: Let M; C C™ and My ¢ C™* be two strongly pseudocon-
vex real algebraic hypersurfaces (m > 1, k > 0). Then every C**1 smooth CR
mapping from M; to M is algebraic. That is, each component of the map can be

annihilated by an irreducible polynomial.

A natural question which arises here is to ask if one can further conclude
everywhere real analyticity in Theorem 2. As an application of Theorem 1’, we

can obtain a solution in some special cases; while the general question is still open:

Corollary 1: Let M; and M> be two strongly pseudoconvex real algebraic
hypersurfaces in (possibly different) complex spaces of dimension at least two.

Then every C'*° smooth CR mapping from M; to M, is real analytic on M;.

We mention that Theorem 1’ also holds if we replace M; and My by two
(Levi-) non degenerate algebraic hypersurfaces with the same signature under
the assumption that f is an embedding with the Hopf Lemma property (see the
remark in the end of §2.2.4). Moreover the degree of the maps can be bounded by
a constant depending only on M; and My (in fact, by the degree of M; and Ms).

When the CR mapping in the above result is only assumed to have certain

minimal smoothness, one has the following problem:

Question:: Let M; and M> be two strongly pseudoconvex algebraic real
hypersurfaces in (possibly different) complex spaces of dimension at least two. Is

every continuous algebraic CR mapping from M; to M real analytic on M;?.
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A theorem in this direction is due to Cima- Suffridge ([CS2]), who proved
that any C*T1-CR mapping from the sphere in C" to the sphere in C"** is C“.
In the last section of Chapter 2, we will present a partial solution to the above

question by proving the following:

Proposition 1: Let D C C? be a bounded smooth algebraic domain. Denote
by t, the type value of the type at p € 9D in the sense of Kohn [Kol] (or D’Angelo
[Da]). Let t = maxpgp tp, which is finite. Suppose that f is a proper holomorphic
mapping from D to Bz which admits a C* smooth extension up to the boundary.

Then f has a holomorphic extension across the boundary.

§1.2. Kobayashi extremal mappings and holomorphic self-mappings:

Let D be a bounded domain in complex euclidean space C”, and let f €
Hol(D, D) be a holomorphic self mapping of D. It is an old subject to investigate
the asymptotic behavior of the sequence {f*} of iterates of f, defined inductively
by f! = fand f* = f*~1o f. In 1926, Denjoy [De] and Wolff [Wo] showed that in
case D is the unit disk A in the complex plane, then the sequence {f*} converges
uniformly on compact sets to a boundary point p € 9D (which is viewed here as
a constant map h: D — C™ with h(D) = p) if and only if f has no fixed point
inside D. Since this pioneering work, much attention has been paid to extending
iteration theory to domains in higher dimensions. To name a few of the recent
results, we mention those on the ball in C™ [He] [Mac], on strongly convex domains
[Ab2] and on bounded contractible strongly pseudoconvex domains in C? [Ma].
For a very detailed account of the history and references, we refer the reader to
the excellent book of Abate [Abl].

One of the main themes of this thesis is to study holomorphic self mappings
by making use of Kobayashi extremal disks. In Chapter 3 we will be concerned
with iteration theory on strongly pseudoconvex domains in C” for any n > 1.
We will prove the following Theorem 3, which gives an exact description of the
Denjoy-Wolff phenomenon for a large class of non-convex domains in C™ with
n > 1 (see also [Ab3] for certain partial results in this regard). Theorem 3 answers

a problem raised in [Ab3]:



Theorem 3: Let D be a (topologically) contractible, bounded strongly pseu-
doconvex domain in any dimension with C® boundary, and let f € Hol(D, D)
be a holomorphic self-mapping of D. Then {f*} converges to a boundary point

uniformly on compact sets if and only if f has no fixed point in D.
As a corollary, we have the following:

Corollary 2: Let D CC C" be a C? bounded strongly pseudoconvex domain
(n > 1) that is homeomorphic to the unit ball in C”, and let f € Hol(D, D) be a
holomorphic self-mapping of D. Suppose that there exists z9 € D so that {f*(20)}

is a relatively compact subset of D. Then f fixes some point in D.

The key step toward proving Theorem 3 is to prove a fixed point theorem
on lower dimensional holomorphic retracts of D. (Here we recall that a subset
E C D is called a holomorphic retract if there exists a holomorphic retraction
h € Hol(D, D) so that h? = h and E = h(D)). In case D is strongly convex or
strongly pseudoconvex in C? with trivial topology, this can be achieved by making
use of the property that the Kobayashi ball of a bounded convex domain is also
convex in the euclidean metric [Ab2], or by using the Riemann mapping theorem
and the classical Denjoy-Wolff theorem [Ma]. Since we will deal with a non-convex
domain of any dimension, it does not seem that the aforementioned approaches
can be adapted to our situation. The method presented here is based on a very
careful investigation of the asymptotic behavior of Kobayashi extremal mappings
near a strongly pseudoconvex point. Here, we recall that an extremal mapping ¢ of
D is a holomorphic map from the unit disk A to D so that for any ¢ € Hol(A, D)
with 1(0) = ¢(0) and ¢'(0) = A¢’(0) (where, as usual, A denotes a real number),
it holds that |A| < 1. A holomorphic mapping from A to D is called a complex
geodesic in the sense of Vesentini if it realizes the Kobayashi distance between any
two points on its image (see [Ve]). We next present these technical results. Their
statements require some preliminary notation. (for more definitions, see § 3.1).

Let D be a bounded domain in C™ with p a C? smooth boundary point. For
any z € D, close enough to p, there is a unique point nearest to z in 9D, which

is denoted by m(z). For any complex vector £ € TAY D, in what follows, we will

6



use {7 and En to denote the complex tangential and complex normal components
of £ at 7(z), respectively.

We say that a bounded domain D C C" has a Stein neighborhood basis if
there exists a sequence of bounded domains {D,} in C" such that D CC ... CC
D3 cC Dy CC Dy and the interior of N, D, is D. A well known fact [Krl] is that
every bounded domain defined by a C! plurisubharmonic function (in particular,

every bounded C?2-strongly pseudoconvex domain) has a Stein neighborhood basis.

Theorem 4: Let D CC C” be either a pseudoconvex domain with a Stein
neighborhood basis or a pseudoconvex domain with C'*° boundary. Suppose that
p € 0D is a strongly pseudoconvex point of 9D with at least C® smoothness. Then,
for every open neighborhood U of p, there is a positive number € such that for each
extremal mapping ¢ of D, when [[¢(0) — p|| < € and [[(¢/(0))n]] < €ll(¢'(0))z],
then ¢ is the complex geodesic of D and ¢(A) C U.

Theorem 5: Let D be a bounded domain in C™ and p € 9D a C? strongly
pseudoconvex point. Then there is a small neighborhood U of p and a constant C
depending only on U so that for any extremal mapping ¢ € Hol(A, D) of D with
¢(A) c UnN D, it holds that ||(¢'(7))n]| < Cn(o)||(¢'(7))r||- Here || - || stands for
the Euclidean norm in C™ and n(¢) = max,  x (&) — p||-

Corollary 3: Let D be a bounded domain in C™ and p € D a C? strongly
pseudoconvex point. Let {¢x} be a sequence of extremal mappings of D and ¢
a positive number so that {¢5(0)} converges to p and [|(¢}(0))n || > €ol|(¢7(0))7||
for each k. Then the diameter of ¢ (A) is greater than a fixed positive constant

for every k.

Theorem 6: Let D C C” be a bounded strongly pseudoconvex domain with
C* (k > 3) smooth boundary and let f be a holomorphic self-mapping of D. Then
the following holds:

(1): Every holomorphic retract of D with complex dimension greater than 1
is actually a closed complex sub-manifold with C*~1)~ smooth boundary.

(2): Suppose that {f*} is a precompact family and does not converge to a

single point. Then there exists a unique holomorphic retract E, depending only
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on f, such that (a) f|g is an automorphism of E (moreover, when FE has at
least complex dimension 2 or it is a complex geodesic, then f|g admits a C (k=1)—
smooth extension up to the boundary of E); (b) for each point zy € D, the limit
points of {f*(2)} stay in E.

The proofs of Theorem 4 and Theorem 5 are complicated and will be carried
out in §3.2 and §3.3, respectively. However we remark that these two technical
results, which are also of interest in their own right, can be used for many other
purposes. For example, in §3.5, they will be used to prove the following two
theorems. The first one was previously obtained in [CHL] by using Lempert’s
deformation theory in case the boundary is of class C'*, while the second result

is an extension of the Burns-Krantz rigidity theorem (see [BK] [Hu2]).

Theorem 7: Let D be a bounded C? strongly convex domain in C". For any
given p € 9D and complex vector v € T(I’O)C”, but not in Tél’o)ﬁD, there exists
an extremal mapping ¢ so that ¢(1) = p and ¢'(1) = Av for some real number A
(this ¢ must then be uniquely determined up to an automorphism of A according

to Lempert [Lml]).

Theorem 8: Let D CC C" be either a simply connected smooth pseudo-
convex domain or a simply connected taut domain with Stein neighborhood basis.
Let p € D be a strongly pseudoconvex point with at least C2 smoothness. Sup-
pose that f € Hol(D, D) is a non-identical holomorphic self mapping of D so that
f(z) = z+o(||z — p||¥) as 2 — p. Then the following hold:

(1) k<2

(2) If £ = 1, then either f fixes a holomorphic retract with positive dimension
or f™ — p. In case D is not biholomorphic to the ball, then f cannot be an
automorphism.

(3) If £ = 2, then f cannot be an automorphism of D and the sequence {f™}

converges to p on compacta.

Corollary 4: Let D and p be as in Theorem 8. Suppose f is a holomorphic
self mapping of D such that f(z) = z + o(|]|z — p||?) and f fixes some point in D.
Then f(z) = z.



We now state some open questions related to this work. First, in the proofs
of Theorem 3, Theorem 4, Theorem 5, and Theorem 7 one can easily see that our
arguments actually work equally well (without any change) for the C*T® (o > 0)
smoothness assumption of the boundary 0D near the point p under study. However,
we do not know whether C? smoothness at p would be sufficient for them. A
similar question is to ask for the optimal mapping theorem for biholomorphic
maps between two strongly pseudoconvex domains with only C? boundaries. For

example, one has the following

Conjecture: Let Dy, D, C C" be two bounded strongly pseudoconvex
domains with C? boundaries and let f be a proper holomorphic mapping from D,

to Dy. Then f admits a C! smooth extension up to the boundary.

We remark that if Theorem 4 and Theorem 5 could be proved for C? smooth
domains, then the answer to the above question is yes.

Another possible development of the present work is to generalize the Denjoy-
Wollf theory to weakly pseudoconvex domains of finite type and then use it to

answer the following question (see [HP1] and [HP2] for some approaches):

Question : Let D C C™ (n > 1) be a bounded smooth pseudoconvex domain
of finite type and let f be a proper holomorphic self-mapping of D. Does it follow

that f is an automorphism?

The extension of the Burns-Krantz theorem and Theorem 8 to weakly pseu-
doconvex domains is essentially unknown (see [H2]) and might require some com-

pletely new ideas and efforts. We formulate here the following:

Question : Let D CcC C™ be a smooth pseudoconvex domains, and let
p € 0D. Find optimal integers m, and n, such that for any holomorphic self-
mapping f of D, if f(z) = z + o(||z — pl|™*); or if f(z) = z + o(||z — p[|"») and f

fixes some in D, one can then conclude that f(z) = z.

§ 3. Local hull of holomorphy of a surface in C?
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Given a subset E C C2, we let O(F) denote the collection of germs of holo-
morphic functions defined on E. By the hull of holomorphy of E, we mean the
spectrum (i.e, maximal ideal space) of O(F). A remarkable fact in several complex
variables is that a subset £ C C™ may have a non-trivial hull of holomorphy, i.e,
every holomorphic function defined on a small open neighborhood of E can be
holomorphically extended to a fixed set E which is larger than E. In full general-
ity, the determination of the holomorphic hull is a very hard problem and involves
some global difficulties. In 1963, Bishop [Bis] first proposed the study of the local
hull of a regular submanifold M in C™ by using analytic discs attached to M
(it is known in general, however—see [STOLZ]—that a set may have a large hull
of holomorphy that contains no analytic discs). In particular, when M is a two
dimensional real submanifold of C?, Bishop classified the local study of the hull
in terms of the local geometry of the base point zy € M. Now it is understood
that it is important to distinguish the case when the two dimensional tangent
space T,,M is a complex line from the case when T, M is totally real (that is,
T.,,M N /—1T,,M = 0). Points of the second type are of no interest for us be-
cause, by the work of Héormander/Wermer [HOM], the local hull of holomorphy
near such a point contains no new points. The situation in the first case is quite
different.

Bishop [BIS] showed that, in the case that zyp € M has a complex tangent
and satisfies a non-degeneracy condition, then a holomorphic change of variables
may be effected so that zyp = 0 and the manifold M may be described in complex

coordinates (z,w) by
w = h(z) = 22+ N2 +7%) + o(|2]®)

with 0 < A < +o00. Here the constant A is a biholomorphic invariant of the manifold
M. Now it is standard terminology to say that zy is an elliptic, parabolic, or
hyperbolic point of M according to whether A € [0,1/2), A = 1/2, or A > 1/2
respectively.

In the elliptic case, Bishop obtained a family of analytic discs attached to
M by using a Picard-style iteration scheme. In the later work of Bedford-Gaveau
[BG] and Kenig-Webster [KW], it was shown that the local hull M of M is foliated
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by a family of embedded, pairwise disjoint analytic discs. Bedford-Gaveau proved
that M is Lipschitz 1 continuous near zy provided that M itself is of class C° near
zo. Kenig-Webster proved that M is C* near zo when M is of class C'*° near 2.

The analytic structure of M was studied in the papers of Moser-Webster
[MOW] and Moser [MOS]. In [MOW], it was shown that M is real analytic up
to zp when the original manifold M itself is real analytic at zp, provided that
0 < A < 1/2. The case A = 0 is not treated in [MOW]. Instead, in [MOS], Moser
showed that a formal power series change of variables could be found in the case

A = 0 so that the manifold M is defined by an equation of the form

w=2Z+2°+72°+ ¢(2) + ¢(2).

Here zp <~ 0 and s is a biholomorphic invariant of the surface M at zy. Note also
that ¢ is a formal power series in z beginning with terms of order at least s + 1.

By using the rapidly convergent iteration technique, Moser was able to prove
that, when s = 400, this formal coordinate change is also a convergent analytic
coordinate change. However he left open the question of whether M is real analytic
near zo when s < oo.

In a very recent work with Krantz (see [HK2]), we settled the above open
question of Moser. In the last Chapter of this thesis (Chapter 4), we will further
develop the ideas which we used there and extend the results to a more general
setting. To state the main result of Chapter 4, we first give the following defini-
tions:

Let M be a smooth manifold in C? and let p be an isolated complex tangent
point of M. We call p a degenerate elliptic point of degree 2m if there exists a
holomorphic change of variables so that p is mapped to the origin 0 € C? and in

the new coordinates M is given by an equation of the form:
w = h(z) = po(z) + h*(2).

Here pg is a real valued homogeneous polynomial of degree 2m (m > 1) which is

82p0(z)
020z

constant C; h*(2) = o(|z]*™). We say that M can be flattened to order ¢ at p if,

positive in the sense that po(z) > C|z|*™ and > C|z|*™2 for some positive
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in the new coordinates mentioned above, one can make Im(h*(z)) = O(|z|*). We

remark that the degeneracy number 2m is a biholomorphic invariant.

Theorem 9: Let M C C? be a real surface of class C'*, where a = 0o or w.
Suppose that p is a degenerate elliptic point of M and suppose that M can be
flattened to any order at p. Then the local hull of holomorphy of M at p is a C'®
regular Levi flat hypersurface with C'* boundary M near p.

Notice that, in case m = 1, the above theorem reduces to the results of
Kenig-Webster, Moser-Webster, Moser, Huang-Krantz.

As an application of Theorem 9, we have the following:

Theorem 10: Let M and p as in Theorem 9. Assume that M is of class C*,
i.e, real analytic. Then there exists a biholomorphic mapping which sends M to a

submanifold of the standard R = {(z,w) : Imw = 0} in C2.

Contrary to the non-degenerate case, the assumption of arbitrary flatness of
M at p in the aforementioned results is necessary as the following proposition

shows:

Proposition 2: Let the real analytic surface M,, be defined by the equation
w = |2+ 272|272 + V-1,

Then the local hull of holomorphy of M at the degenerate elliptic point 0 € M,, is
only of class C3/2+n (at least when n > 3) and M,, can not be flattened to order

10 +4n at 0.

To finish off the introduction, we present several open questions related to
our work in Chapter 4. First, we notice that in the non-degenerate elliptic case,
Moser-Webster derived a normal form for a surface near the complex tangent
point, which in particular implies that any such surface is locally biholomorphic
to an algebraic one. The following two questions have been asked also by Moser

[IMOS] (see [Gol] for some partial solutions):
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Question: Let M be an analytic surface with a defining equation of the form

w = |z|? + o(]z|?). Find all local biholomorphic invariants of M near 0.

Question: Let M be as above. Is M locally biholomorphic to an algebraic

surface?

We say that a surface (Mg, pg) can be approximated by the surface (M, p)
(where pg € My and p € M) if for any positive integer ¢ there exists a biholomor-
phic mapping near p so that p is mapped to py and the image of M has an order
of contact ¢ with My at pyg.

Question: If (M, pg) can be approximated by (M, p), can one then conclude
that (Mo, po) is locally biholomorphic to (M, p)?

By [MOS], the answer to the last question is yes if pg an an elliptic point of
My with A = 0. In case pg is a non-degenerate hyperbolic point of M satisfying
a certain Diophantine condition, then the affirmative answer to the last question

can be found in the thesis of Gong [Go2].
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Chapter 2: Mapping problems for algebraic real hypersurfaces

in complex euclidean space

This chapter is devoted to the proofs of the theorems stated in §1.1. The
organization is as follows: In §2.1, we give some notation and preparation. We
prove Theorem 1 in §2.2 and Theorem 2 in §2.3. The proof of Proposition 1 can
be found in the last section §2.4 .

Before proceeding, we remark that Theorem 1 and also Theorem 2 are false
when m = 1. For example, Let A, = {7 € C! : |[7|> + €2|1 — ¢"|? < 1}. Obviously,
when € ~ 0, the domain A, is a strongly convex domain with analytic boundary.
Let ¢, be a conformal mapping from the unit disk A to A., which is analytic on
OA by the classical Schwarz reflection principle. Define f: A — Bs( the unit two
ball) by f(7)= (¢e(7), (1 —e®<(7))). Then f is proper and holomorphic on A, but

is not algebraic.

§ 2.1 Preliminaries:
The purpose of this section is to make some necessary preparations. In §2.1.1,
we recall some definitions. In §2.1.2, we reformulate an immersion result of Pinchuk

so that it can be easily applied to our situation (especially, to the proof of Theorem
2).

§ 2.1.1. Notation and an algebraic lemma: Let C(z) be the field of
rational functions in the variable z € C™. In this chapter, we call a function x(z)
holomorphic on an open subset U C C" algebraic if there is a non-zero polynomial
P with coefficients in C'(z) so that P(x) = 0, i.e., the field generated by adding x to
C'(z) is of finite extension. A mapping is called algebraic if each of its components
is. For convenience, we collect here some facts about algebraic functions which

will be used frequently in the later discussion:
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Lemma 2.1: Let y be a non trivial algebraic function in z € U C C". Then

the following holds:

(1): For any fixed (z,,,---,25), the function x(z1,---, 2k, Zps1,- > 20) Is
algebraic in (21, -, 2k).

(2): Let zj = g(21,---,%j,- -, 2n) be a holomorphic solution of x = 0 for some
fixed j. Then zj=g(z1," -, Zj, -, 2,) is algebraic in (21, -, 2, , 2,) € C" "L

(3): aizjx(z) is algebraic in (z1,-- -, z,,) for each j.

(4): If g(2) is also algebraic on U C C™, then so are x + g, xg, and x/g (in
its defining domain).

(5): Let z; = g;(s) be algebraic in s € V. C" for j = 1,---,n and let
g= (91, ,9n) map V into U. Then y o g = x(g1(s), -, gn(s)) is algebraic on
V.

(6): Let Ny € C™ and No C C™ be two open subsets. Suppose that
g(z™, 2(?) is a function on N; x Ny. Let g be (holomorphically) algebraic in
2 € Ny (respectively, in 2(2) € Ny) when holding 2(?) fixed (respectively, when
holding z(") fixed). Then g is algebraic.

(7): Let g(z1,- -, zn) be a (holomorphic) algebraic function at 0 with g(0) = 0
and ¢(0,...,0,2,) # 0. Then the Weierstrass polynomial ¢g* of g, with respect to

Zn, is also algebraic near O.

Proof: The proofs of (1)-(4) are standard. The argument for (6) can be found,
for example, in [BM] (pp. 199- 205). So we just say a few words about (5) and
(7):

To prove the statement in (5), we assume that x(g(s)) # 0 and x(z) is an-
nihilated by the irreducible polynomial P(z,w) = Z(J)V aj(z)w’. Let Q(s,w) =
P(g(s), w). Noting a;(g(s)) is algebraic in s by (4), we see the algebraicity of
Q(s,w) in (s,w). Hence, if it is not identically zero, then from (2) and the fact
that Q(s, x(g(s)) = 0 the algebraicity of x o g follows. When a;(g(s)) = 0 for each
j, welet D; = 8%1 and apply it to the equation P(z,x(z)) = 0. We then see that
>_;i(Diaj) o g(s)(x o g)’ = 0. Thus we may redefine @ to be > .(Dja;) o g(s)w’.
Arguing inductively, we then see the proof of (5).

Now, we turn to (7) For any 2/'(= (21,...,2n-1)) = 0, by a standard argu-
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ment (see [Krl], for example), we obtain exactly (counting multiplicity) n’ so-
lutions of the equation g(z’,z,) = 0: {a1(2'), -+, an (2')} (with n’ fixed). The
Weierstrass polynomial ¢* of ¢ is then expressed as ¢* = H?lzo(zn —a;(2) =
Zn + Z;ﬂ:}l sj(2')z), where s; = >.(=1)7ay, ---a;,. By (6), to check that g* is
algebraic we have only to show that the s,’s are. But this follows easily from (2),
(4), and the fact that for a generic point z{, =~ 0, the a;(z’)’s are holomorphic for

2~z 1

Now let M C C" be a real analytic hypersurface with (real analytic) r(z,%z) =
0 as its defining function. First, M is said to be strongly pseudoconvex if r(z, Z) is
a strongly plurisubharmonic function. We call M algebraic if the complexification
of r, i.e r(z,w), is algebraic in (z,w) for (z,0) ~ M x Conj(M ), where we write
Conj(M) ={z: 2z € M}. Fix p € M and a small open neighborhood 2 C C" of
p. When w & p then the Segre surface @), restricted to €2 is a complex manifold
of dimension n — 1. Here we recall that Q, = {z € Q : r(z,0) = 0} and the
complexification of M is defined to be M. = {(z,w) € Q@ x Q : r(z,w) = 0}, a

complex manifold of dimension 2n — 1.

§ 2.1.2 Reformulation of a lemma of Pinchuk: We now let My, M
and f be as in Theorems 1 and 2. Without loss of generality, we also let f be
non-constant. For a given point p € M7, after making use of a suitable polynomial
holomorphic change of variables (see [Fe|), we can assume that p = 0, f(0) = 0,

and My, M are locally defined by p; and ps, respectively:

m—1

(2.1.1) p1(2,2) = 2m + Zm + Y |2;[* + ho(2,2);
j=1
m+k—1
(2.1.2) p2(w, W) = Wik + Wt + D, > + h(w, ).
j=1

Here ho(z,%) = O(||z|*) and h(w,w) = O(]|Jw]||*).
From a result of Pinchuk ([Pi]), it follows that agzL:“(O) # 0 and

daf « T vy — 1V M,
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is injective. We write L, %a% — %&i for j=1,...,m—1. Since f(M;) C
m 7 g m

Mo and Lj e O)Ml, we see that

m+k—1

(2.1.3) fintw(2) + fnir(2) + Z [fi ()P +(f(2), f(2)) =0 for z € U C M.

Applying each L; to (2.1.3), we then obtain

m+k—1 m-+k
(214)  Lifi(z)+ > Lifi(z +Z Llfj ) =0, forzeU.
j=1

Now, by letting z = 0 in the formula (2.1.4), we see that L; fo,x(0) = 0 for each
j. On the other hand, since {Li,...,Ln_1} consists of a local basis of T/

near 0, we thus conclude that the rank of the matrix (f}jfl) 1<j<m—1 1ism—1.

1<I<m+k—1
Let S be the vector space spanned by
{L1£(0),..., Ln_1£(0)}
and let {T1,... T;,—1} be an orthonormal basis of S. Extend it to an orthonormal

basis of C"™+tF=1: {Ty, ... T, yr_1} and set

(froes i)' = (T, Tk 1) ' (f1, s frngie1)

It then follows easily that f/jfl(O) =0forl=m,...,m+k—1 and that (f, k)
still satisfies the equation (2.1.4) (up to a term that vanishes to 4% order). Now,
by choosing (L1, ..., Lm_1)t = (L; fi(0))"*(L1, ..., Lym_1)t and by making use of
the identity (2.1.4) with z = 0, we obtain

s JO, i #EL
(2.1.5) Ljfl_d._{l’ 51

Consequently, to simplify the notation, we assume in what follows that M,
My, f, and {Lq,... L,,,—1} already have the properties in (2.1.1), (2.1.2), and
(2.1.5).

§ 2.2 Proof of Theorem 1:

17



In this section, we present the proof of Theorem 1, which can be viewed as

the main result of the whole chapter.

Theorem 1: Let M; C C™ and M, C C™** be strongly pseudoconvex alge-
braic real hypersurfaces with m > 1 and k > 0. Suppose that f is a holomorphic
mapping from a neighborhood of M; to C™** such that f(M;) C M. Then f is

algebraic.

Our idea is to show that each component of the mapping f stays in the field
generated by adding some algebraic elements (which are obtained from suitable
operations on the defining functions of the hypersurfaces) to the rational functions
field. For this purpose, we start by complexifying the identity: pa(f(2), f(2)) =
A(z,Z)p1(z, Z) and differentiate it along each Segre surface. Then we will obtain the
algebraicity by a very careful case-by-case argument according to how degenerate
the map is. Since the proof is long, we shall, for clarity, split it into 4 subsections

and many small lemmas.

§ 2.2.1. In this subsection, we concentrate on two major cases which we will
study in detail in §2.2.3 and §2.2.4.

Let M7 and M5 be as in the main theorem. As we have discussed in the above
section, we may let My, Ms, and f have the properties (2.1.1), (2.1.2), and (2.1.5)
mentioned in §2.1.2. We first choose a small neighborhood €2 C C™ of 0 so that f
is holomorphic on this open subset and the Segre surfaces (), of M; restricted to
Q) are connected for any w ~ 0.

Now, since f(M;) C My, we have the equation po(f(2), f(2)) = A(z,Z)p1(z, %)
with A(z,Z) real analytic. By the standard complexification, we then see, for each
w =~ 0, that pa(f(2), f(w)) = Mz,@)p1(2,@). Thus f(Q.) C Qf(w) for w = 0.

Therefore we obtain the following identity:
m+k—1

(2.2.1) Frn(2) + Fmie@) + 3 () f5(@) + h(f(2), fw)) =0,

where, z € Q, i.e, (z,w) € Mj, the complexification of M;. By (2) of Lemma 2.1
and the implicit function theorem, the above h can be changed to an algebraic func-

tion not involving the f,,+x(w) term. (h also has no harmonic term). Therefore, we

18



can assume that h(f, f) = h(f, f1(w), ..., frmir_1(w)), where h(w, Y1, ..., Ymik—1)
is an algebraic holomorphic function on O,,(0) x Oy, (0) x ... x O, ., (0). Here
and in what follows, we use the symbol O, (**) to denote a small neighborhood of
x* in the *x variable, which may be different in different contexts.

Now we let L; (for j = 1,...,m — 1) be the polarization of the previously

defined operator L;, i.e, L; is a linear combination of the following operators

opi(z®) @ Ipi(z,@) 0 "
0z 0z 0z;  Ozm )

j=1

Then for any w fixed, {L;(z,w)}}" *~ ! consists of a basis for the holomorphic vector

fields of Q..
Applying each L; to (2.2.1), Il =1...,m — 1, we obtain

m—+k—1 m+k
(2.2.2) Llfm+k(z) -+ Z Llf] —I— Z Llfj = 0, for z € Qw.
=1

Let V(z,w) = (vij(2,w))1<i,j<m—1 With v;;(z,w) = L, f;. Moreover, define

£(27 w) = V_1(27 w)(Llfm-l-k? s 7Lm—1fm+k)t7
and

Lifm - L1 fomsk—1
n(z,w) = vyt
Lm—lfm o Lm—lfm—i—k—l

Equation (2.2.2) can then be written in the following matrix form:

£(z,w) + Fo(w) +n(z,w)F(w) + (id, n(z,w), £(2,w))Dh(z,w) = 0 for z € Q,,

where Dh(z,w) = (a‘% s g ) (f(2), F (W) = O(ll21® + [lw]?) nO(|=]lllwl)
as (Z7 ) (0 0) (fl,---,fm_l)t, and F' = (fmy-w 7fm+k—1)t'

Again, by maklng use of the implicit function theorem and by shrinking €2,

we have, for some holomorphic vector function g, that

(2.2.3) €(z,w)+Fo(w)+n(z,w)F(w)+9(f(2),&(z,w),n(z,w), F(w)) =0 on Q..
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Since the algebraic function field is closed under the application of the implicit
function theorem (see (2) of Lemma 2.1), it follows that the function g(w,a,b,y)

in (2.2.3) is also algebraic and holomorphic on

Ow(0) x 0a(£(0,0)) x Op(n(0,0)) x Oy, (0) x ... Oy, (0),

where we identify the variables &, n, F' with a,b,Y = (Ym, .-, Ym+k—1), respec-
tively. In fact, it is easy to see that g does not depend on f and is identically 0
when M5 is the sphere. Set

Ho(f,&,n) =& +g(f,§n,0),
0
Ho(f,&,n) = Nax + Wg*(f,&n,o), with ||| =1, and

H*(f,&n,F)
_ 0 .
:g(fvgvnvF)_(g(f7£7n7O)+ Z a—g(f7€77770)f0t*)f0r (27w)€Mlc-

lafi=1 7
Here and also in what follows, for a multi-index a with the j* element 1 and all
other components 0, we let a* = m + j — 1, and we let 7,+ denote the j** column

of the matrix 7. Then (2.2.2) can be written as
(2.2.4)

Ho(f(2),6m) + Fo(w) + Y far (W) Ha(f(2),6m) + H*(f(2).&n, F(w)) =0,

llofl=1

for (z,0) € M. Let H*(f,&,n, F) = >0 —g Ha(f, €, m)F*. We will carry our
discussion according to the following two possibilities:
(AA) L;,H, (20, Z0) # 0 for some Iy, g, and (29, 29) € M1, with zo =~ 0.
(BB) L;H,(2,z) =0 for all I, «, and (z,z) € M;. with z = 0.

§2.2.2: We present in this subsection two lemmas which will be useful in our

later discussions.

Lemma 2.2: Let {H,} be as above. If for some open subset U C M; of
p, it holds that L;H,(z,Z) = 0 for all z € U and [, «, then there is an algebraic
holomorphic function ¥ so that Fy(z) = ¥(z, F(2)) for z = p.
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We first observe that U x Conj(U) C M, is a totally real submanifold of
maximal dimension, where the notation Conj(U) is the same as that at the end
of §1.1. So U x Conj(U) is a set of uniqueness for the holomorphic functions on
Mj .. Thus, under the hypothesis of the lemma, it follows that L;H,(z,@) = 0 for
all [, a and (z,0)(C Mi.) = (p,p).

Proof of Lemma 2.2: Since {L1,...,L,_1} is a basis for the collection of
holomorphic vector fields on @, and since H,,(f(z),&(z,w),n(z,w)) is holomorphic

for any fixed w, it follows, from the just mentioned observation, that

Ha(f(2),8(z,w),n(2,w))

is constant along any Q..
Define

(2'2'5) \P*(Z,W,Y>:—H0(f(z),€,77)— Z ya*Ha(f(Z)f,??)—H*(faf’naV),

llell=1

for (z,w) € M;. and Y ~ 0. We then can conclude that, for any fixed

Y = (yma s 7ym+k’71) S Ck?

the function ¥* is constant on each @, (w = p). Moreover, it can be seen that
for any fixed (z,w), U* is algebraic in Y since H*(f,---,Y) is. For any given
z(€ Q) =~ pand Y = 0, we define ¥(z,Y) = ¥*(w,2,Y) with w € Q.. This
definition makes sense because ¥* is independent of the choice of w € @),. By
(2.2.4), it obviously holds that Fy(z) = ¥(z, F(2)) for z ~ 0. We are now going
to complete the proof of the lemma by showing that ¥ is algebraic in (z,Y).

First, we notice that, for any given z, W is algebraic in Y by the above
discussion. Thus, by (6) of Lemma 2.1, we have only to prove that ¥ is algebraic
in z when holding Y fixed.

Fix zg ~ 0 and let z € @,,. Since 2 is also contained in @, we see by (2.2.5)

that

\Il(z,Y) = _HO(f(Z0)7€(207z)777(Z0a Z))
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Therefore it can be seen that ¥(z,Y) is holomorphic and algebraic along @,
for any fixed Y, since H, and H™* are algebraic in their separate variables and
&(z0,2),m(z20, z) are holomorphically algebraic in Z (by the algebraicity of M; and
Ms). Now the algebraicity of ¥ follows clearly from the following

Lemma 2.3: Let M be a piece of algebraic strongly pseudoconvex hypersur-
face. If g is a function defined near p € M which is holomorphic and algebraic on

any Segre surface (), with z ~ p, then g(z) is algebraic in z.

Proof of Lemma 2.3 By an algebraic change of variables, we can assume that
p =0 and M is defined by an equation p(z,z) = 0 with a similar form to (2.1.1):

m—1
p(2,2) = z2m +Zm + > _ 7] + ho(2,%) = 0.

j=1
Moreover, we can assume that hg(z,Z) has no harmonic terms, i.e, ho(0,w) =
ho(z,0) = 0 (for otherwise, by noting that ho(z,0) is algebraic, we can use z,, +
ho(z,0) as our new z,,-variable to get the required form). Also we can always
assume hg contains no z,,.

Let e; = (0,...,1,...,0) with 1 in the j'! position , and let 7(# 0) € R
but close enough to 0. Obviously, we then have 7e; € Qo and thus 0 € Qre; for
j=1,...,m—1. Write S, = ﬁ;”:_llQTej. We see that 0 € S.. Define the map ¢
from S; x Qo to C™ by ¢(0,0) = 0 and

P(s,t) = Qs N {ﬂ;nzle(Tthj)ej}y
where we write t = (t1, -+, tm—1,0).

Claim 1: When 7(# 0) is close enough to 0, then S; is a regular algebraic
curve near 0 and ¢ is an algebraic holomorphic map near (0,0). Moreover, the

Jacobian of ¢ is not identically zero near (0,0) € S, X Qo.
Proof of Claim 1: Notice that S; is defined by the equations:
Zm + T2 +ho(2,7¢;) =0 forj=1,...,m—1.
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From the implicit function theorem and Lemma 2.1, it then follows easily that
for 7 &~ 0, S; is a regular algebraic manifold of complex dimension 1 near (0,0),

parametrized by:

z .
zj:—T—i-hj(Tm,zm,T) j=1,...,m—1,

where h;(-,-,-) is holomorphic and algebraic in its variables and
Zm, Zm \ ,
() =0 Y () Gl (D).
itjrk=2,itj>1

Now, let z = ¢(s,t) with s = (s1,...,8m,) and t = (¢t1,...,tm-1,0). Then, by

the above argument and the definition of ¢, we see that

. S S .
(1) sj:—Tm—i—hj(Tm,sm,T) j=1,....,m—1;
m—1
(12) G = 2m +5m + > 51z + ol||s[*[|2] + ||z[*[ls]) = 0; and

=1

(i) Gy = 2+ (G +7)z +ollr+ G2l + 2|2+ = 0 for j=1,...,m—1.

Notice that the Jacobian of G = (G, - - -, G,,) with respect to z at the origin (i.e,

z,8,t=0) takes the following form:

ror?) o(lrl) ol 1ol|rl)
o7y ollr?) .. ollr?) 1+ ollrl?)
0 00 1

So, its determinant is 7™~ ! + o(7™) and thus not equal to 0 when |7](# 0) <<
1. Applying the implicit function theorem to (ii) and (iii) and combining with
(1), we see that for a fixed small 7, there exist an open subset U, near 0 and a
(holomorphic) algebraic function x defined on U, such that when (s,,,t) € U, and

z~ 0 (i), (ii), and (iii) can be uniquely solved as

z=x(Sm,t) with x(0,0) =0.
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If we identify S, with a small neighborhood of 0 in s, € C! through (i), it holds
that ¢ = x. Now, we will show that the Jacobian determinant of x with respect
to 3,, and £ € C™~! does not vanish identically near (0,0). For this purpose, we
let 0 < § << |7| and P, = (72§,0). We will study the small solution z of (i), (ii),
and (iii) (when (s;,,t) = Ps ;).

Let s,, = 726. By (i), we then have

sj(7,0) = —STm + hj(STm,sm,T) =—70+ 0(5T2).

Returning to (ii), we see that

(iv) Zm + 720 + Z —76)z1 + o([[s|1?[|z[l + [Islll|z[|* + o7[12"[]) =
where 2/ = (21, -+, z;—1). Using the implicit function theorem and solving for z,,
in (iv), we get
m—1
(v) Zm = —T26 + 70 Z 21+ o(07|| 2 || + 072 ||2 + T262).
1

Substituting the right hand side for z,, in (iii), we obtain

m—1

—m25+76 Y m+ 1z +o(r|Z|? + 7| + 7°6) = 0.
1

Thus, it follows that

m—1

—T(H—(SZZH—ZJ- +o(IZ |12+ 7| +70) =0 j=1,---,m— 1.
1

From these equations, one can easily see that
—70+ (1+ (m—1)8)z; +o(|Z'||> + 7||Z'| + 70) =0, j=1,---,m— 1.

Now, we shrink 7 (and thus also ¢) so that the above equations can be solved near

0 for 2z’. Therefore, we have
zj=16+0(16), j=1,---,m—1.
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Returning to (v), we see that z, = —726 + o(726%). Denote by P* the uniquely
solved z as above We next consider the Jacobian of G with respect to (5,,,t) at

P = (Ps.,P*). First, we notice that at P, it holds that %%“ = zkéi + o(726),

where 5% = 11if k = 5 and 0 otherwise;

0Gy, IG,
=0: -
05m 0t ’
and oG 0 0
m 51 2 2
-1 il 7 -1
o T2t g5 szl + lisllli=") = 1+ 0(0),
where we need to use the fact that gg—i = —2 4 0(1). Hence, we see that
T + o(70) o(796) .. o(19) 0
7 G, .G | o(T6) 70+ o(t8) ... o(r6) 0
Sy tme1/)
0 0 0 1+ 0(6)

So, its determinant has the magnitude (76)™ (1 + o(1)) and thus does not
vanish when 7 and ¢ are smaller than certain number.

We are now ready to complete the proof of the claim by arguing as follows:
First, we let 7 be very small (but fixed) and then shrink § so that we can assume
that Ps, € U, and the Jacobian of G with respect to (Sp,,---,%) is not zero at
P. Thus by applying the implicit function theorem to (i), (ii), and (iii) again, we
have an algebraic holomorphic solution (5,,,) with respect to z near P, which
is obviously the inverse function of y. Hence the Jacobian of ¢ with respect to

(Sm,t) is not zero at Ps, and thus is not identically zero near 0. B

Now, by the way that ¢ was constructed and by the hypotheses of Lemma
2.2, we see that g o ¢(s,t) is holomorphic and algebraic on s (respectively, t)
when holding t (respectively, s) fixed. From (6) of Lemma 2.1, it thus follows
the algebraicity of g on an open subset of the defining domain (which is always
assumed to be connected). Notice that algebraicity is a global property, we see

that the proof of Lemma 2.3 is now complete. B

§2.2.3 : We now suppose that (AA) occurs. Then we will obtain the alge-
braicity of f when k£ = 1, or reduce the situation to a lower codimensional case

when k£ > 1.
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We first fix some notation. In what follows, we use the symbol %; to de-
note the tuple obtained by deleting the element with index [ from the vector
x. For example, according to this convention, F}, means the vector function
(frnats--s frnak—1)t, since F = (fun, -+, fmak—1)%; and Fm’m+1 is the vector func-

tion (fm—|—27 ey fm+k;_1)t.

Let us choose an integer n in the following way (the existence of such an
integer can be seen by the condition in (AA)):

(i) If for some py =~ 0, jo, and ly, it holds that L;,g;,(po,po) # 0, then we
let n = m. Here go(f(z),f(z,w),n(z,w),?m(w)) = Hy + Z||a||:1,a*7émEH
gl(f,é,n,ﬁm) = Hi,..0), and g; for j > 1 is determined by

H*(f,&n,F Zgjfs,n, ) Fo”

(ii) If (i) does not hold, we then let n be the smallest integer such that for

each 7, in the following expansion with respect to f,,..., f,_1:
gj = Z (bj,oc(fv fa nvfm,m,n—l)F cee fgﬁim_lﬂ
«

it holds that L;¢;4(2,Z) = 0 on (0 €)U" C M; for all [ and (n — m — 1)-degree
multi-index «. But, for the expansion of some ¢;, , With respect to fn, there
exist some [y and ip so that L, ¢, is.a0 (%, Z) #Z 0 on any small neighborhood of 0,
where

7

d)jo,ao (f? E? 777 ﬁm ,,,,, Z (b]o A ,OQ f f 777 ..... )?n

Lemma 2.4: Let n as above. There is an algebraic function ® and an open
neighborhood 2* of p € M7;N in C™ such that for any (z,w) € (2* x Conj(2*))N
M. it holds that

(2.2.6) Fa(w) = (f(2), fD(z,0), FO (2,0), Fu(w)).

Here the f(9)’s are certain type of derivatives of f. This notation will be explained

below.
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Proof of Lemma 2.4: We first assume that n = m. Then for some jg, o,

po =~ 0, and the et® element g5, of the vector function gj,, it holds that

Li, g5, (f(p0), €0, o) n(Po, o), Frm(po)) # 0.
We write
fY =(Lif1,Lifos oo s Lifontks s Lin—1 frntn),
f(2) — (Llf(1)7 L2f(1)7 oo 7Lm71f(1))7

f(3) - (Llf(Q)aLQf(Q)a s 7Lm—1f(2))>

By the way that £ and n were constructed, we see that they are rational functions
of f). Hence, it follows that H, and H* are algebraic in (f, fV), F,,) for each

a. Define

A(f, fOF) = HS(f.6m) + Y farHL(f. &0, F) + H*(f,¢,n, F),

llell=1

where HS and H* © are the ' elements of H, and H*, respectively. By (3) and
(4) of Lemma 2.1, we obtain the algebraicity of L;, A(f, f), F,,)( for simplicity,
we denote it by A (£, fO, f@ F))in (f, fO, f*) F). This is so because

A(l)(f7 f(1)7f(2)7F) = L]Of] +Z (1) ]0 L f])

73

where we identify the variable w( ) with L, :f; in f). Meanwhile, by (2.2.4) and

the definition of g;, we notice that
AO(f, fO O F) =57 Liygif
J

Thus, by the choice of py, we see that

A~

A(l)(f(p0)7 f(l) (p07p0)7 f(g) (pO,pO)am(pO)vym) 7‘é 0

for ym 2 f o (Po)-
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The proof of Lemma 2.4 in this case therefore follows from Claim 2 with
I=AW:

Claim 2: Let p € U and let I(E,w,w(l),---,w(i),Yj,yj) be holomorphi-
cally algebraic on O = Oz(p) x Ow(f(p)) x -+- x Oy, (f;(p)). Suppose that
(Z, f(2),- - ,ﬁj(z),f_j(z)) is a zero point of I for every z € N U and suppose
that I(p, f(p),--- ,F;j(p), y;) # 0 for y; = f_j(p) Then there exists an open subset
U’ of U so that, for (z,0)(~ U’) € My, it holds that

~

fiw) =®w, f(2), fD(z,0),..., fD(z,0), Fj(w))
for some algebraic holomorphic function ®.

Proof of Claim 2: From the given hypothesis, the Weierstrass preparation
theorem, and (7) of Lemma 2.1, it follows that the equation I(Z, w,w, - LYj) =

0 is locally equivalent to the following algebraic equation:

A

with yo = f;(p). Let D; be the variety associated with (2.2.7), defined by

n*—1

(2.2.8) n*(y; —yo)" L+ Z 3N (Zw,w® Y (y — o) T = 0.
j=1

If for z ~ p, the vector (%, f(2), fM(z,2),--- ,ﬁ](z),fj(z)) also satisfies (2.2.8),
whose degree, with respect to y;, is smaller than that of (2.2.7), we then pass to
the study of the variety associated with D;. Otherwise, by the implicit function
theorem, (2.7) tells us, for z = p/(~ p), that

(2.2.9) Fi() = 0z, f(2), fO, - Fy(2)),

N

for some algebraic, holomorphic function ®(z, w, w® ... ,Y;) on

O=(p) % Ou(f(1)) x -+ x Oy, (F(p))
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(here, we need to apply (6) of Lemma 2.1 to obtain the algebraicity of ®). Com-
plexifying (2.2.9) and noting again the maximal total reality of U’ x Conj(U’) in

M c, we thus obtain

F@) = ®(w, £(2), D (z,0), -, F; (),

for (z,w)(= (p/,p")) € Mi.. We now use an inductive argument with respect to n*
and notice that (2.2.8) will eventually reduce to the equation: n*(y;—yo)+Ap-—1 =
0. We then conclude the existence of the ® in the claim. This completes the proof
of Claim 1. W

Now let n > m. We then have, for each [ and «, that
Ll¢j,a(f7£7n7ﬁm,m,n—1) =0 on some U; C U,

where ¢; . is defined as before and

(2.2.10) Bjo = Y Giial &1 Fonoon) i
i=0
But for some p§ ~ 0, ag, %9 jo, and [y, it holds that

Llo ¢j0,io,ao (pg) 7£ 0

Let Liy®jo.a0 = Lig.on (Fr FY P Frits oo oy fnsk—1, fn)- We claim that 1, a, is
algebraic in (f, fV, f® .- f1k—1). In fact, since ¢j, 4, is the Taylor coefficient
of the algebraic function g;,, we can thus see the algebraicity of ¢, o,, by Taylor’s
formula and by inductively using (3) of Lemma 2.1. Again from Lemma 2.1,
we determine the algebraicity of 1, o, (see the argument for the algebraicity
of A(l)). Now it is easy to check that Claim 2 can be applied to the equation
wj(),ao(w,w(l),w@),ynﬂ,...,ym+k_1,yn) = 0 for solving f,. So the proof of

Lemma 2.4 is complete. B

An immediate consequence of Lemma 2.4 is that, in case the codimension
k =1, then f,, is algebraic. The reason for this is similar to the proof of Lemma

2.2. In fact, let zo =~ U’ and z € Q.,. Since 2y € @, we see by Lemma 2.4 that

falz) = @(20, £ (20), 1) (20, 2), f ) (20, 2)).-
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Notice that () (g, 2) is algebraic in Z and @ is algebraic in its variables. We thus
conclude the algebraicity of f,, along each (),,. From Lemma 2.3, we may then
conclude the global algebraicity of f,,.

Now, returning to (2.2.4) with o = 1, we get

Fo(w) = =Ho(f(2),(z,w),1(2,w))

_fm(w)Hl(f(z)’£(Z7W)7n(sz)) - H*(f(z)af,n, an(w))a

where z € Q. Notice the algebraicity of f,,(w), £(z,w), and n(z,w) with respect
to the variables w and the algebraicity of Hy, Hy, and H* with respect to their
own variables. From the above argument, we therefore also see the algebraicity of
Fy(z) along each @, (20 = U). Thus Fy(2) = (fi(2),..., fm-1(2)) is algebraic in
z. By the same token, we can prove the algebraicity of f,,11 by using the equality

(2.1.1) and the results just obtained. So we have
Lemma 2.5: When k = 1, then f is algebraic in case (AA).
For the general codimension k(> 1), we have

Lemma 2.6: Under the assumptions in Lemma 2.4, there exist a small open

subset U" of U’ and an algebraic holomorphic function ¥ so that

A

(2.2.11) fn(2) = ¥(z,F,(2)) for z € U”,
where n is as in Lemma 2.4.

The proof of Lemma 2.6 follows easily from the following slightly more general

assertion:

Claim 3: Let p € U C M; and ¥* an algebraic holomorphic function on

O=(p) X Ow(f () X .- X Oy, (f*)(p,p)) x Oy (Fj(p)) (j > m — 1) so that for
some ¢ > 1, it holds that

(2-2-12) fz(z) = \P*(Z’f(z)vf(l)(zaz)’ te '7f(k/)(z7z)7ﬁj(z))v Z(% p) eU.
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Then there is a holomorphically algebraic function ¥, defined on O, (p*) x O
with p*(= p) € U, such that

Fj(p*)

fi(2) = U(z, Fj(2)), for z(=~p*) e U.

Proof of Claim 3: We proceed by induction on the number of the variables
f1 's in the formula of W*. First, if ¥* involves no f; terms (I > m), then Claim
3 follows immediately from the argument presented to prove Lemma 2.5 ( in this

situation, the complexification of (2.2.12) is:

fl(w) = \D*(w,f(z)7f(1)(z>w)a T 7f(k/)(2>w))7 z e QUJ)

In the general case, to simplify the notation, we let j = m and expand ¥U* as

follows:

Uz, £(2), FO(2,2), . o Fon(2)) = 00, £(2),- .., f*)(2,2))

~

+ Y GG S SN ar (2) = far 0) + 67, Fo),

lel|=1,*#m
where

6 = 3 0@ froo o SN Fn(z) — Frnlp))™.

l|el|>2

(1): In case Ljpo(z) =0 for all «, [, and z(~ p) € U, we may complete the
proof of the claim by applying Lemma 2.2 in the following way:

Since Ly (@, f(2), P (z,w),..., f*)(z,w)) is holomorphic in (z,@), by the
observation which we made before the proof of Lemma 2.2, we know that the given

hypothesis implies that

0@, f(2), fP (z,0), ..., fF)(z,w))

is constant along each Segre surface (). Set

U(z,w, Ym) = ¢o(@, f(2), FD(z,0), ..., fFF)(z,w))

D 6@ (@) S (2,0) (Yar — far () + 4@, Vi),

[le||=1,a* #m
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where z € Q. Thus we similarly see that ¥(z,Y;,) = ¥(z*, z, Vy,) with 2* € Q,
is well defined. Moreover, the same argument as in Lemma 2.2 shows that W is
holomorphically algebraic in its variables. So, the proof of Claim 3 in this case is
complete; for it obviously holds that f;(z) = ¥(z, F},(2)).

(2): Now, we assume that (1) does not occur. We then define a natural
number n’ in a fashion similar to that used for n (the existence of such an n’ can
also be seen from the hypotheses):

(a): If for some p'(= p), ap, and Iy, it holds that L;, (¢4, (p’)) # 0, we then
let n = m + 1. Here

Yo = ¢o + Z ba (fa* (2) = far (p)) )

eell=1,0% #m,m+1

Y1 =H,,..0), and ¢; for j > 1 are determined by

G S Fon) = D 05(F o f0) (P ) = a0
Jj>2
(b): When (a) does not hold, we let n’ be the smallest integer such that: for
each j, in the expansion of 1; with respect to (fm11(2) —M), vy (fr—1(2)—
frr—1(p)), all coefficients are annihilated by the operators {L;}; but at least for
one coefficient of certain v,,, say b;,(Z, f, . .. ,ﬁm7...7n/_1), there exist some Iy, ig

with L;,bj, i, (2) # 0 on a small neighborhood p in U. Here

bis o S P 1) = ijo,i(z, Fooo Pt (T (2) = Fr ().

We now apply the argument in Lemma 2.4 with g; ’s there being replaced by
the ¢;” (in case (a)), or with ¢j, o, and ¢j, i «, being replaced by b;, and b;, ;,
respectively (in case (b)). We then obtain an algebraic holomorphic function ¥U**

so that

~

(2.2.12)' fur(2) = O (2, f(2), -+, [*)(2,2), F3(2)),

where 7 is in a small open subset U of p. Substitute (2.2.12)" into the f,,; variable
in the formula of ¥*. Since the number of f; ’s is now decreased by 1,we can thus

conclude the proof of Claim 3 by the induction hypothesis. B
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Replace f,(z) in (2.2.4) by ¥(z, F,(z)) obtained in Lemma 2.6. Then we

have, for each 1 < m — 1, that

(2.2.13) Fi(2) =g G £, fO,Fo) on U c U,

A

where g7 is holomorphic and algebraic on Oz(p”") x O, (f(p")) x - -+ x Oy, (F5(p"))
with p being some point in U”. From Claim 3, it follows that on some U®) ¢ U”,
there exist algebraic holomorphic functions {¥y,---,¥,, 1} so that it holds for
each 2 < m — 1 that

A

(2.2.14) fi(2) = Uiz, E,(2)) for z e UG,

Similarly, by substituting (2.2.11) and (2.2.14) to (2.2.1), we obtain

(2.2.15) Foit(2) = Goii (3 F(2), Ful2) on UW U,

with gy, ., holomorphic and algebraic in (f,Z, F,). Thus it can be seen, after

shrinking U™, that we have
(2.2.16) Fonak(2) = Ui (2, Fp(2)) on U@,

for some algebraic holomorphic function ¥, . Combining all these formulas, we

now obtain:

Lemma 2.7: There are a small neighborhood Q* ¢ C™ of some p € U®

and a nonsingular algebraic complex variety M* C C™*+* which contains f(p), so
that f(Q*) C M*.

Proof of Lemma 2.7 Let ¥ and n be as in Lemma 2.6. Consider the equation
wy, = YU (z,w}), where w = (w,, w*, W) With w, = (w1, ..., w,_1) and

w* = (wm7 SR 7wm+k—1)-

Set x1(z,w) = w, — ¥(z,w}). If x; does not involve any z terms, then we de-
fine M* C C™** by the equation w, = ¥(p,w). Obviously, M* is a regular
algebraic manifold near f(p) and f(U®)) C M,, where U®) c U® c U” is a
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small neighborhood of p in M; (see Lemma 2.6). Since U®) is a set of unique-
ness for the holomorphic function f, it follows that f(Q2*) C M™* for some small
neighborhood of U®) in C™. So, without loss of generality, we assume that the

A

Taylor expansion of ¥ at (p, F,,(p)) does have z terms. After a rotation around p

in C™ (if necessary), we may assume that %J; (p) # 0 for some j > 1. Notice that
1

x1(p, f(p)) = 0. By the Weierstrass preparation theorem, the equation y; = 0 is

therefore equivalent to

n*—1
(2.2.17) (1= p")" + Y aj(w 2, zm) (21— pt) =0

j=0
with n* > 1, where p = (p!,---,p™) and a; 's are algebraic. Arguing as in Claim
2, we can conclude that z; = x¥(22,. .., 2m, F(2)) for z2(€ U®)) = p* (here we may

have to shrink U®)). Now, substituting this into (2.2.14), we obtain, for i < m
that

(2.2.17) fi(z) = \IIZ(-l)(ZQ, e 2m, F(2)) for ze U®),
where \Ilgl) = W;(x% (22, Zm, W*), 22, -, Zn, W*y, ). Consider in particular the
equation:
X2(22, -y Zm, W) = Wy — \Ifgl)(zz, e Zm,w™) = 0.
By the same token, if the above equation is independent of (zs, ..., z,), then the

M* in the lemma can be defined by w; = \Ifgl)(pg, <y prw*), where (pi, -, pk)

is a fixed point in U®). Otherwise, after a rotation at (p,- - ,pr,) with respect
o)

81;;} (p) # 0 for some
2

j > 1. Then it follows similarly that there exists an algebraic holomorphic function

to the variables (za,---,2;,), we can also assume that
Xo(23, ) Zm, w1, w*) with 2o = x3(23, -+, 2m, f1(2), F(z)) for z in a small open
subset of U®). Now, substitute this again into (2.2.17)" and consider the equation:
(2.2.17)" wy — \II;Q)(zg,~~,zm,w1,w*) =0,

where \II;Q) = \I/él) (x3(2z3,+, Zm, w1, w*), z3,- - - ,w*). Repeating what we just did,
we see that either we complete the proof of the lemma, or we can solve (2.2.17)”

to determine that z3 = x% (24, -, 2m, w1, wa, w*) with

f3(2) = x3(24, -5 2ms [1(2), f2(2), F(2))
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for z in a small subset of U(®). Arguing inductively in this way, we then either come

up with the proof of Lemma 2.7, or we obtain algebraic holomorphic functions
X;(zj+17 c oty Bmy W1, W2, -t 7wj71;w*) (] = 1, e ,m)

so that z; = X7 (241, -+, f1(2), -+, fi—1(2), F(2)) for z on a small open subset of
U®) . Here we understand wy and Zm+1 as 0. In the latter case, we can easily
obtain an algebraic vector function y(w.,w*) with z = x(Fy(z), F(z)) for z in
a small open subset of U®). Meanwhile, combining this equality with (2.2.16),
we also see that the algebraic manifold M*, defined by the equation w1 =

Utk (X (Wi, w*), %), completes the proof of the lemma. R

Lemma 2.8: Let M™* be as in Lemma 2.7. Then M* N Ms is an algebraic

strongly pseudoconvex hypersurface of Ms.

Proof of Lemma 2.8 Through a linear change of variables, we may assume
that p = 0 and that the complex tangent space of M is defined by w,,+r = 0.
Since f(2*) C M* and since f(2*) is transversal to To(l’O)MQ (see §1.1.2), it follows
that Tél’O)M* # {wm+r = 0}. Thus, by the implicit function theorem, we see that
M* can be locally expressed by the equation: w; = ¢(w;) for some | # m+k. Now
it is easy to see that p3 = pa(wq,---,¢(w;),- ) is a non degenerate real algebraic
defining function of M* N Mj, which is obviously strongly plurisubharmonic at 0.
|

§2.2.4: We are now in a position to study the main theorem in case (BB).

We will either reduce to the situation (AA) or obtain the algebraicity of f.

By Lemma 2.2, we have an algebraic function ® so that
(2.2.18) Fo=®(z, F)

for z ~ 0 (we remark that g—%l(O, 0) = 0). Substituting this equation into (2.2.1)
(here we assume that the h in (2.2.1) does not contain any f,,+x(w) term), we

obtain
m+k—1

(2219)  forn(2) + frrn(w) Z £i(2) f;(w) + h* (@, f(2), F(w)) =0
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for 2 € Qu, or, (s,w) € My, with h*(@, f(2), F(@)) = h(f(2), B(w, F(@)), F(@)).
We now repeat what we did at the beginning of this section. Then we obtain also

an equation with a form similar to (2.2.2):
(2.2.20) E4+Fo+nF +g, f,&nF)=0, for (z,0) € My,

where g(@, f,&,n, F) = (id,n,£)Dh*. Define similarly the new H, functions in
terms of (2.2.20). We also consider the conditions (AA) and (BB), respectively.
By §2.2.3, in case (AA) occurs, then either we obtain the algebraicity (k = 1) or
we can transform the problem to the case of codimension k — 1.

Assume that we are still in case (BB). So the new H/ s are also constant along

each Segre surface. We note that

(2.2.21) Hy =&+ (id,n, &) Dh* |y —o
and
. 0
(2222) Ho = 1Na + (Zdﬂhf) ay . HaH =L

From (2.2.21) and the definition of n and &, it follows, for any [, that
m—1
Li() | HY(zw)f;) = Li(fmyr) + Lih",
71=1
where Hy = (H},---, H" 1), Thus if we set
(2.2.23) Ey = Z H)(z,w)f; — fsr — Lih*,
then Fy(z,w) is constant on @, for every w ~ 0. Similarly, (2.2.22) tells that

m—1

Z. on*

(2.2.24) By = Hiy..qgwy..o(zw)fi = f; - Y
=1

is also constant along Q,, for j =m,---,m+k—1. Notice H,(0,0) = 0. Applying
the implicit function theorem to (2.2.18), (2.2.23), and (2.2.24), we then obtain

f(Z) = G(va’EaHa)a (va) € Mlc;
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where E = (Eo, Epy -+, Emprk—1) and ||af| < 1. From Lemma 2.1, it follows that
G is also algebraic in its variables. By Lemma 2.3, to show that f is algebraic in
z, it suffices for us to prove that f(z) is algebraic along any @Q,. However, this
follows immediately from the fact that £ and H are constant along each Segre

surface.

§ 2.2.5. Summarizing all the above discussion, we can conclude the algebraic-
ity of the mapping when k£ = 1. In case k > 1, we either obtain the algebraicity
of f (see §2.2.4) or we may reduce to a problem with smaller codimension (see
§2.2.3 and §2.2.4). Thus, by a simple induction argument, the proof of our main

theorem follows.

Remark: From the proof, it is easy to see that when f is apriori assumed
to be an tmmersion from My to My with the Hopf Lemma being held, then M;
and Ms in the main theorem can be relazed to (Levi-) non-degenerate algebraic
hypersurfaces which have the same number ¢ of negative Levi eigenvalues, which
we call the signature of My and M,. Here, we arrange the number of negative
Levi eigenvalues to be no bigger than the number of positive Levi eigenvalues.
(However, the main theorem is obviously false if M; and Ms are allowed to be
Levi flat). In fact, the only difference from the strongly pseudoconvex case is
that when we use a nice coordinate system like (2.1.2) we might have -1 for the
eigenvalues of the Levi form. In this case, when we define Fjy and F as in §2.2.1, we
need to place a negative sign before a component if the corresponding eigenvalue
at that position is negative. Notice that after the complexification, the signs will
play no role at all. In our proof, the strong pseudo-convexity (instead of Levi
non-degeneracy) is only used to get two things: (a). The Hopf lemma property
for the map (the Pinchuk lemma), which is now stated as part of the assumption.
(b). The only other place where the strong pseudoconvexity is used is in the proof
of Lemma 2.8 which guarantees the induction process would go through. With
the assumption that the Hopf lemma holds and the signature of M; and M are
the same, we can also show that M* N My defined as in Lemma 2.8 is a Levi

non-degenerate hypersurface with the same signature ¢ as follows:
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Lemma 2.8": Assume that V' is a smooth complex analytic hypersurface in a
neighborhood of 0 in C"*!. Assume that M’ is a Levi non-degenerate hypersurface
of signature ¢ > 0 at 0 and Tél’O)M’ # To(l’o)V. Assume that M’ NV contains
a Levi non-degenerate submanifold of hypersurface type with signature ¢ near 0.
Then M'NV is a Levi non-degenerate hypersurface of signature ¢ in V near 0. (In
our application, M is simply taken to be the image of the source manifold under

the local (CR) transversal embedding).

Proof of Lemma 2.8: The case £ = 1 is easy. We assume that £ > 1. Choose
a holomorphic coordinate (z1,- -+, 2z, 2p+1) With 2,41 = u + iv such that M’ is

defined near 0 by an equation of the form:

J4 n
v==> Iz + Y |z +o(l21).
j=1

j=t+1

By the transversality of V' with M’, we can assume that M’ near 0 is defined by an

n ni1 @j%5 + O(zp+1) + o(z) with jo # n + 1.

equation of the form: z;, = ijl itio

We argue in two steps:

Step 1. We assume that jo < ¢. For simplicity of notation, we can assume
that jo = 1. We first find an (¢ — 1) x (¢ — 1) unitary matrix U; such that
(ag, - ,a0)Ur = (a,0,---,0) with o > 0. We also find an (n — £) x (n — ¢)
unitary matrix Uy such that (asy1,---,an)Urr = (3,0,---,0) with 3 > 0. Define
(o) = (s 22) U, (s oo 2) = (oo 2n) - U and 2y = 2.
Then M’ NV is defined in the (25---,2,,,)-coordinates by an equation of the

following form:

I4 n
v = —lazy + Bz P = D IR+ D0 17+ o(12)P).
=2 j=b+1

Now consider the quadric form: —|azy + Bz, 4]* — |25]® + |z)4,|?, whose

corresponding Hermitian metric is as follows:

A e e
A_< —af3 1—|82cr )
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Now. By the assumption, it should have exactly two negative eigenvalues. Hence
M'NV is a Levi non-degenerate hypersurface in the (23 - - -, 2;, 1 )-coordinates with
signature /¢, for it has exactly ¢-negative Levi eigenvalues and (n — ¢ — 1)-positive

Levi eigenvalues.

Step 2: jy > ¢. For simplicity, let us assume that jo = ¢ + 1.
We first find a ¢ x £ unitary matrix Uy such that (ay,---,a,)U; = (,0,---,0)
with & > 0. We also find a (n — ¢ — 1) X (n — £ — 1) unitary matrix Uy such that

(a€+27"'7an)U_H: (ﬁa()a?o)

with 8> 0. Define (), 24) = (21,1 26) - Uy (Zhrgn 1 20) = (50 4+ 21+ 20) -
U and z;,,; = zpt1. Then M’ NV is defined in the (2] ---,2), 2), 9, ", 241)-

coordinates by an equation of the following form:

J4 n
V= =) 1P+ a2t + B+ D 121+ o).
j=1 j=0+2

Now consider the quadric |az] + 8z, ,|* —|21|* 4|2}, 5 |*, whose corresponding

Hermitian metric is as follows:

_(laP=1  ap
A‘( af 1+|ﬂ|2)

By the assumption, we must have at least one negative eigenvalue from A.
Since Tr(A) = |a|? + |B)> > 0. It must also have a positive eigenvalue. Thus the
Levi form of M'NV at 0 has exactly f-negative eigenvalues and (n— ¢ —1)-positive
eigenvalues, namely, M’ NV is Levi non-degenerate. This completes the proof of

the Lemma. B

To see that the degree of the mapping is bounded by a constant depending
only on the degree of M; and M,, we just notice that the bound of the degree of
the resulting functions in the operations of Lemma 2.1 depends only on the degree
of the known functions. Here we recall that the degree of an algebraic function f is
defined as the degree of the irreducible polynomial which annihilates f. According
to these observations and the proof of Corollary 1 in the next section, we may state

the following;:
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Corollary: Let M; and M, be two algebraic hypesurfaces in (possibly dif-
ferent) complex spaces of dimension at least 2. Assume that M; is minimal (thus,
any CR function defined on M; can be extended to certain side of M; at each
point). Suppose that f is a smooth CR mapping from M; into M; so that at
least there is a non degenerate point p € M; with signature ¢ > 0 where f is
an immersion with the Hopf lemma property being held, and f(p) is also a non
degenerate point in Ms with the same signature. Then f is the restriction of some
holomorphic algebraic map to M;. Moreover, the vanishing order of each non-
zero component of f is bounded by a constant depending only on the degree of
M7 and M.

§ 2.3 Proof of Theorem 2:
The purpose of this section is to prove Theorem 2 by modifying the previous

argument.

Theorem 2: Every C**!-CR mapping from a strongly pseudoconvex real
analytic hypersurface M; C C™ (n > 1) into another strongly pseudoconvex real

analytic hypersurface My C C"** is real analytic (C“) on a dense open subset.

We first notice that, by Lewy’s extension result, we may assume that the map
f in Theorem 2 can be extended holomorphically to the pseudoconvex side. We
still start with the equation pa(f(2), f(2)) = A2, Z)p1(2,Z). Since we do not know
the existence of the complexification in the present setting, we will differentiate the
equation along M;. Then we will come up with a new equation similar to (2.2.3),
which also enables us to divide the discussions according to how degenerate the
map f is: In a sort of the totally degenerate case (analogous to (BB)), we will
reduce the analytic extendibility to the analytic hypoellipticity of a differential
equation by making use of the CR-extension results. In the other situations, we
will similarly obtain the analyticity of f (in case k=1) or get a reduction with
respect to the codimension.

For the sake of brevity, we retain most of the notation in §2.2.
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§2.3.1 We now let My, M>, and L; as in §1.2. To prove Theorem 2, we proceed
by seeking a point ¢ € U, where U is an arbitrarily fixed small neighborhood of 0

in M, so that f has an analytic extension at q.

By the properness of f (i.e., the fact: f(M;) C M), we see that

m+k—1
(23.0) fran(2) + fnii(2)+ D 1fi(2)P+h(f(2), f(2)) =0 for z € U C M.
j=1
As we did in §2.2.1, by using the implicit function theorem, we can assume

that h(f,f) = h(f, fi,.- fmsr_1), where h(w,y1,...,Ymix_1) is a holomorphic
function on Oy (0) x Oy, (0) x ... x O, ., (0).
Applying L; to (2.3.1) for each [, we obtain

m-+k—1 m-+k
(232)  Lifmix(z)+ Y Lifi(z Z—Llfj =0, forzeU.
j=1 j=1

Let V,&, and 7 as defined in §2.1, except replacing @ by z. Equation (2.3.2) can

then be written as

£(2) + Fo(z) +n(2)F(2) + (id,n(2),£(2))Dh(z) = 0 for z € U,

where Dh(z) = (22 ,..., 520 (2) = O(||z||?) as z — 0, Fy = (f1,..., fm-1)5,

w1y’ P QWi 4k
and F' = (fm, e ,fm+k_1)t.
Again, by making use of the implicit function theorem and by shrinking U,

we have that
(2.3.3) E+Fo+nF +g(f,&,nF)=0 on U.

Here ¢ is holomorphic in its variables and if
g(f.&n F Z 9o (f, &M F

then
99a 990 _
o¢ 7 on
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as z(€ U) — 0 for ||a|| <1 (by (2.1.2) and (2.1.3)).

We now expand g with respect to f,:

A~

g = Zgj(fvganva)f_g%
§=0

where g;(w,&, 1, Ym+1, "+, Ym+k—1) is holomorphic on
O1 = 04(0) x O¢(0) x Oy(0) x --- x Oy, .., (0)
and there exists a number R >> 1 so that
|gj(w7£7777 e ym—|—kz—1)| S R]
for each j and for every (w,&,m, *, Ymik—1) € O1.
Set
HO = f + f]m?m + gO(f7£7n7Fm)7

Hl = Nm + gl(f?é.an?Fm)?

and
Hj = gj(faganvﬁm) fOI‘j = 27"'7-

Here, as we defined before, we write n = (9, ..., Ym+k—1) and

Nm = (Mmt1s s Mmtk—1)-
Now (2.3.3) reads as
(2.3.4) H0+F0 +f_mH1+Zf_]y.nHj:0 on U()CU,

j=2

where Uj is a small neighborhood of 0 € Mj.

§2.3.2: In this subsection, we study a situation similar to (BB) in §2.2.2. We
will obtain the analyticity by using CR~extension and partial differential equations

results.
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From (2.3.4), we now define Ind(1) = 0 if, for each k and j, L;(H;) = 0 on
a small neighborhood Uy C U of 0. Otherwise, we define Ind(1) = 1. In case
Ind(1) = 0, we then let, for each jo,

(235) Hjo (Z) = Zgbjo’j(f?ganaﬁm,m-l-l)?{n—&—l'
7=0

Applying L; to (2.3.5) for each [, we see that

(2.3.6) > Lio s (f: 61 Frnms1) Fonsr = 0, on Uy
J

Define Ind(2) = 0 if L;(¢;,,;) = 0 for all [, jo, and j in a small neighborhood
Us(C Uy) of 0; otherwise let Ind(2) = 1.

If it still happens that Ind(2) = 0, we expand ¢,, j,, for every jo and j;, with
respect to f,,.». Then we can similarly define the value of Ind(3)---. Arguing
inductively, if it always happens that Ind(j) = 0 for j = 1,---,k, we then easily

see, for any index i, that
Hi(f,f,n,ﬁm) = Z hi,a(f,f,n)ﬁm for z € Uy( a small neighborhood of 0),
lerl|=0

where Lih; o(f,&,n) = 0 for all indices 4,[, o, and h; o(w, a,b) is holomorphic on
O2 = 04(0) x Oy x Op(0) with |h; o(w,a,b)| < Rlell for each (k-1)-multi-index «
and for some R >> 1. Returning to (2.3.4), we then obtain the expansion:

(2.3.7) Fo+ Y HIF*=0,
e[ =0

with L;H} = 0, for all [ and k-multi-index «, on U’ (a neighborhood of 0). By the
uniqueness of the power series of a holomorphic function and by combining the

upper bound (Cauchy) estimates of h; o, with those of g;, it therefore follows that
(2.3.7) [H (w, &, m)| < R
for some R >> 1 and that

Hf)k :€+go<f7§7n70>7
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szl,O,...,O) = Nm + gl(fvfﬂ% 0)7
and

. 0
(2.3.8) HY = 0 + ng(f, £,1,0)

where the notation a* is the same as before.

Lemma 2.9: Under the above circumstances, we have, for each «, a holomor-
phic extension A, (z) of H,, on Q* ( a small neighborhood of U’ in C™). Moreover,
Ay (2)| < R™.

it holds that max,cq«

Proof of Lemma 2.9: First, we note that H}(z) is a CR-function on U}, for
each a, since L;(H*)(z) = 0 for all I. Consequently, by the Lewy extension
theorem, we have, for each H*, a holomorphic extension A7 (z) defined on some
open subset '(C ) whose size depends only on U’. Since the analytic discs with
their boundaries attached to Uy sweep out an open subset of €2, so after shrinking
(Y, the maximal principle then implies that maxgq: |AL| = maxy |[Hz| < R* (by
(2.3.7)).

Now, let ¢: V C C! — C™ be an embedding such that ¢(V N A) C &,
o(1) = 0, p(O(ANV)) C My, and p(A°NV) C C™ — Q' (where A denotes the
unit disk in C!). Since M; is real analytic, we can extend f o ¢(7), £ o ¢(7), and
1 o ¢(7) holomorphically into ANV’ (where V' C V is a small neighborhood of
OA NV and symmetric with respect the unit circle). For 7 € AN V', we define

Ay (1) = HE(f 0 ¢(1/7),§ 0 ¢(1/7),m 0 ¢(1/7)).

Then A, is holomorphic on A°NV’ and A (1) = AL (1) for 7 € DANV’. Tt thus
follows from the Hartogs theorem that A' has a holomorphic extension A, on an
open subset 2* near 0, which does not depend on a. By the construction of A,

and (2.3.7)’, it obviously holds that maxq-

Ayl < R™ (we may have to shrink Q*
here). This completes the proof of Lemma 2.9. B

Now by (2.3.7), we have that

(2.3.9) Fo(z) + Y Aa(2)F*(2) = 0.

44



Let J(z,w*) = = >0 12 Aa(2)w*®. For (2,w*) € Q% x O, (0), since
max |Aq(2)| < R
for some R >> 1,we see that J(z,w*) is holomorphic on Q* x O« (0) (where
we may have to shrink the domains). On the other hand, by making use of the

formulas in (2.3.8) and the implicit function theorem, we have that
é = HE)k +G0(f7H(>)k?H;)

and
Nax = H; + Ga(fa ngH:;)

Here Gy and G, (||a]| = 1)) are holomorphic in their variables and have no linear
terms. Applying L = (Ly, -, L,,,—1) to (2.3.9), we obtain

oJ

V=L, J+Vx(H+G H: +G,) x 0’
w

where ||af| < 1 and L,J is the partial differential operator L applied to J while

holding w* fixed. So it follows easily that

oJ
V = (LI)Gd — (Hj + G, H; + Ga)52)7" = Gilz, ),

where G7(z,w) is real analytic on O,(0) x O,(0) for Hj and H} are real analytic
on Uy by Lemma 2.9. Combining this with the formulas for £ and 7, we therefore
conclude that L;f; = G77 (2, f) with G}/ real analytic in 2z and f (when z ~ 0).

-— an T *ok 8G*;W 1
Let T = [Ll,Ll]. Then Tfj == Ll(Llfj) == le(Glj) + Z aw_ll Gll’ which
is also real analytic on z and f for j = 1,---, m + k. Since {L,L,T} consists

of a local analytic basis of T'M7, we can conclude that f € C°°(Uy). Now, from
Lemma 2.10 or Theorem 1 of [Frl], we thus have the real analyticity of f on Uj.

Lemma 2.10: Let f € C*°(B,,, R™) be such that f(0) =0 and

of
or
Here B,, stands for the ball in R™ and G(z, f) is real analytic in = and f . Then

Gz, f).

f is real analytic at 0.
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Proof of Lemma 2.10: Th proof is a straightforward application of the Cauchy-
Kovalevsky theorem. In fact, when n = 1, it follows immediately from the unique-
ness of the solution near the origin and the Cauchy-Kovalevsky theorem. Suppose

the lemma is proved for n < p — 1 and assume n = p. Write

(xla"'vzp—hxp) = (yvt)

with ¢ = z,. By the induction, we see that g(y) = f(y,0) (g(0) = 0) is real

analytic for y ~ 0. Consider now the following Cauchy problem:

% = G(y,t, f) with f(y,0) = g(y).

Notice that the above equation also has a unique solution for (y,t) ~ 0. Again by

the Cauchy-Kovalevsky theorem, we see the real analyticity of f near 0. B

§2.3.3 This subsection is very similar to §2.2.3. We will directly show the

analyticity of f in case £ = 1 and obtain a reduction in case k > 1.

By the argument in § 2.3.2, to complete the proof of Theorem 2 it now suffices
for us to assume that there is an n > m so that Ind(j) = 0 for j < n — m, but

Ind(n —m + 1) = 1. This similarly implies the following:

Lemma 2.11: There exist an open subset U’ C U and a holomorphic function
® so that it holds that f,,(2) = ®(f(2), fV(2), fP(2), Fn(z)) for z € U'.

Proof of Lemma 2.11: We first assume that n = m. Then for some jy, o,

Pi = po, and the €' element H 5, of the vector function Hj,, it holds that

09

LigHS, (f, 6.0, Fon) (9) # 0.

Then it is easy to see that for each j, LiHf = wj(f,f(l), FP fits s k1)
for some 1); that is holomorphic in its variables and satisfies the corresponding

Cauchy estimates.
Define

Il(w7 w(1)7w(2)a Ym+1, sy Ym+k—1, 'LL)
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= i (w, ™ w® g Y1) (= ug)?
with ug = fu(p§). Obviously, by (2.3.4), I is holomorphic on
Ou(f(15)) X Owiry(fM (p5)) -+ x 0u(0).

We note that (f(2), f7(2), f®(2), fs1(2) -+, Frnrw—1(2), fn(2) + uo) sat-
isfies the equation Iy = 0 and I1(f(p5), -, fmyr—1(p5),u) # 0 for u ~ 0. The
proof in this case thus follows from Claim 2 of §2.2.

Now let n > m. We then have, for each [ and «, that
Llﬁba(faf,??,ﬁm,...,n_l) =0 on some U; C U,

where « is an (n — 1)-multi-index, ¢, is defined as in §3.2.2, and
(2.3.10) So = Gai(f:&:10 Fonein) fi:
§=0

But for some p§ ~ 0, ag, jo, and [y, it holds that

Llo¢ao,j0 (pg) 7£ 0.
Let Lidayj = Yao,i (fi fN, [P+, frnyr—1) and define
IZ(w7 w(l)a w(2)7ym+17 sy Ym4k—1, U) = an,ao,j (’LU, w(l)a e 7ym—|—k—1)(u - UIO)J

with ug = f.(po). Then it is easy to see that Claim 2 can be applied to the

equation I, = 0 for solving for f,. So the proof of Lemma 2.2.11 is complete. B

When the codimension k = 1, Lemma 2.11 tells that f,,, admits a holomorphic
extension to U’; for the formula of ® involves no conjugate holomorphic terms (see
the proof of Lemma 2.9 or [Pi] for details on this matter). Returning to (2.3.3)
with £ = 1, we see that

Fo(2) = A(2,€(2),n(2), f(2)) for 2(= po) € U,

where

A(nyﬂ% f) =—{— nfm(z) - g(fvganvfm(z))'
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We claim that this also implies the analyticity of Fy(z) = (fi(2), -+, fm(2))
near pg. In fact, from the analyticity of f,,(z), it follows that A is holomor-
phic in (Z,&,7n, f). So, let ¢ and V be as constructed in Lemma 2.9. Then
A(o(7),€(p(1)),n(o(7)), f(¢(7))) admits a (uniform) holomorphic extension to A
near 1 € A (see the proof of Lemma 2.9 for more details concerning this matter).
Notice that Fy(¢(7)) allows a uniform holomorphic extension to the outside of A
near 1 and coincides with A(¢(7),£(o(7)),n(é(7)), f(¢(7))) on part of the circle
OA near 1. So, by using the Hartogs theorem, we can conclude the claim (see the
proof of Lemma 2.9). By the same token, with these results at our disposal and
returning to (2.3.1), we obtain the analyticity of f,,11. For general codimension,

we have

Lemma 2.12: Under the assumptions of Lemma 2.11, there exist a small

open subset U” of U’ and a holomorphic function ¥ so that

A

(2.3.11) fn(2) = 9(z, F,(2)) for 2 € U”,

where n is as in Lemma 2.11.

Proof of Lemma 2.12: Make use of the assumption that f is of class C*+!
and copy the proof for Lemma 2.6 (Claim 3). i

§2.3.4: Now we replace f, in (2.3.4) by ¥(z, F},). Then we have, for each
1 <m — 1, that

(2.3.12) Fi= 0 £V F) on U cU”,

where g is holomorphic on O, (p") X O (f(p")) x - -+ X Oy, (F;(p")) with p” being
some point in U”. By a slight modification of Lemma 2.12, it follows that on some
U®) ¢ U@ there exist holomorphic functions {¥y,---,¥,,_;} so that it holds for
each 7 that

(2.3.13) fi(2) = Uiz, E,(2)) for z € UG,
Similarly, by substituting (2.3.12) and (2.3.13) to (2.3.1), we obtain

(2.3.14) Fonak = Imar (%, £, ﬁn) on UM cU®,
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with g ., holomorphic in ( f,z,FAn). Thus it can be seen, after shrinking U®),

that we have
(2.3.15) Fare = Upin(z, F) on UW,
for some holomorphic function ¥,, ;. Combining all these formulas, we have

Lemma 2.13: There are a small neighborhood Q* C C™ of some p € U®

and a nonsingular complex variety M* C C™** which contains f(p), so that
F(Q) € M.

Proof of Lemma 2.13: Copy that for Lemma 2.7. B

Lemma 2.14: The mapping f admits a holomorphic extension on some point

near p. Thus the proof of Theorem 2 is complete.

Proof of Lemma 2.14: First, summarizing the argument in §2.3.2 and the
argument following Lemma 2.11, we note that Lemma 2.14 is true in case k = 1.
For k > 1, we also see that either f has a holomorphic extension at some point on
U™ or f has no analytic extension at any point on U® but Lemma 2.13 holds.
In the latter case, similar to Lemma 2.8, we conclude that there is a complex
manifold M* of dimension m + k — 1 so that f(Q) C M* and f(U®) is contained
in some strongly pseudoconvex real analytic hypersurface of M* (here we may
have to shrink U®)). By making use of a local coordinates chart of M*, we then
see that Theorem 2 is false in the case of codimension k£ — 1. Inductively, this

would result in a contradiction with the situation of K = 1. i

§2.4 Proof of Proposition 1 : In this section, we present the proofs of
Proposition 1 and Corollary 1. In fact, we will first prove the following slightly
stronger local result:

Proposition 1’: Let M C C? be an algebraic pseudoconvex hypersurface
which bounds D on its pseudoconvex side. Let f be a non-trivial holomorphic

mapping from D into C3 that is continuous up to M and maps M to dBj3 (the
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boundary of the unit 3-ball). For any point p € M, denote by t(p) the type value
of M at p (in the sense of Kohn [Kol] or D’Angelo [Dal). If f is of class C*(®) at
p with £(p) < oo, then f admits a holomorphic extension at p.

Proof of Proposition 1': We first note that the set of all strongly pseudoconvex
points of M is dense in M; for M is of finite type. Thus, from Theorem 1,
the algebraicity of f follows easily. After making a suitable algebraic change of
variables, we assume that p =0, f(p) = 0, M is locally defined by

p(z2) =n+m+ Y cyziz] +0(al" + |znal) =0
i+j=m

with m = t(p), and S is defined by

ws + w3z + Z |w]|2
=1

Let

be the (conjugate) Cauchy-Riemann operator of M.
Lemma 2.15: Y ;" (|ka1| + |L* £5])(0) # 0.

Proof of Lemma 2.15: Seeking a contradiction, suppose that L’ f;(0) = 0 for
all ) <m —1and [ = 1,2. Notice that

(2.4.1) f3(2) + f3(z) +Z|f7 =0, forze M(=D0).

Applying the operator L*F1 L¥> to Equation (2.4.1) and letting z = 0, we then see
that

2 k1
2 Lsz Z Z k1 Lszz ))Lkl_ifj (0).

7=11=0

Thus, by the assumption, it holds that

(2.4.1) Lk L2 £5(0) = 0,
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whenever kq or ks is less than m.

Now, since 0 is a point of type m of M, we can conclude that, for some choice
of the operator N: N = [---,[L, L], L(or L)] (where the Lie bracket length is
m), {L,L, N} consists of a basis of TyM (see [Kol]). Meanwhile, it is easy to see
that (2.4.1)" implies N(f3)(0) = 0. Consequently, we obtain 7'f3(0) = 0 for any
T € TyM. In particular, it follows that

0 0
(8_22 - 8_,2_2) f3(0) =0.

Hence, 8%2 f3(0) = 0. This is a contradiction, because by the pseudoconvexity of

M and a standard application of the Hopf lemma, we have that f = 0. B

From now on, we let, without loss of generality, L¥f;(0) # 0 for some k <

to — 1. Applying L* to (3.4.1), we obtain
(2.4.2) LF f3 + Z LFf;f; =0 for z(= 0) € M.
Similar to what we did before, we consider the following two cases:

(AAA): L(H;) =0 for z(~ 0) € M, and j =1, 2.

(BBB): L(H;) # 0 on any small neighborhood of 0 in M.

Here H; = Lz,{;—jéz(')z) for j =1,2.

§2.4.1: We first assume (AAA). Then by Lemma 2.9, we know that H; is
holomorphic near 0, in particular H; is real analytic on M near 0. In the meantime,
we also see that L*(f;411 — fi1(2)H,;(z)) = 0. Again by Lemma 2.9, we therefore
have some analytic H;; such that L*=1(f;41 — fi(2)H;(2)) = H;1 and LH;; =
0. Notice that LF=1(2F~1/(k — 1)!) = 1. Tt follows that L*~'(f;41 — filH; —
H;12¢71/(k —1)!) = 0. Hence, by inductively using Lemma 2.9 and by noting
that L!(z}/I!) =1 for all [, we obtain

(2.4.3) fis1 = f1(2)H;(z) + Hj (2),
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where z(€ M) = 0 and HJ(2) is real analytic for j = 1,2. On the other hand,
(2.4.2) tells us that

(2.4.3) fi=—Hy —Hifs.

So, by combining (2.4.3) with (2.4.3)’, we easily deduce the real analyticity of f
at 0.

§2.4.2: We now study the case (BBB). Applying L to Equation (2.4.2), we

then see that fo(z) = —igigzg for 2(~0) € M.

Claim 4: LH,(z) cannot vanish on any open subset of M near 0.

Proof of Claim 4: Denote by g(z,w) the complexification of LH;(z), i.e,
9(2,z) = LH1(z). By Lemma 2.1, Theorem 1 and the algebraicity of M, we know
that ¢g(z,w) is also algebraic. Since Condition (BBB) indicates that g(z,w) # 0,
we therefore have a polynomial P(§) = Y ¢;(z,w)& with co(z,w) # 0 so that
P(g(z,w)) = 0. Now if g(z,%) vanishes on an open subset of M, it then follows
easily that co(z,Z) = 0 on that same set. Notice that any open subset on M is a

set of uniqueness. We see that cy(z,w) = 0 and thus obtain a contradiction. B

We now prove Proposition 1’ in case (BBB). By Claim 4, we can find two
transversal complex lines, denoted by C7 and Cs, which pass through 0 so that
L(H;) is not identically zero on C; N M (j = 1,2) and C; N M divides C; N§2 into
two parts: the one inside D N € and the one in D¢ N . Here Q C C? is a small
neighborhood of 0 (see §3.1 of [HK1] for more details on this matter). Translating
C, or Cy, we then obtain an algebraic coordinates system in C? near 0. In terms
of the continuity of LH1, it is easy to see that when C. is parallel and close to C}
or Cy, then LH; is also not identical zero on C, N M.

Now, we will extend f2(z) holomorphically to each of such C. (N2)’s. We let
¢ be an algebraic embedding from A to C? so that ¢(AT) C QN C,, ¢(A7) C
QND°NC,, and ¢(—1,1) € M NC.. Here AT = {7 € A : Im(r) > 0} and
A7 ={r € A:Im(r) < 0}. After shrinking Q, we may assume that LH; o ¢(7)

has a holomorphic extension to A* (by Theorem 1 and Lemma 2.1, the extension is
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_ LHy0¢(7)
~ LHi0¢(7)"

on A™. Define a(7) by fo¢(7)if r € A—A~ and by a™ (7) when 7 € A~. We then
see by the above argument, that a(7) is meromorphic on A— E, where E = {7 €

(—1,1) : LHy o ¢(7) = 0}. We will show that a(7) is actually holomorphic near

also algebraic). Let a™ (7) Then @~ (7) is meromorphic and algebraic

(—1,1) and hence meromorphic on A. For this purpose, we let a(7) = LH; o ¢(T).
Claim 5: F is a removable singular set of a(7).

Proof: As we noted above, a(7) is algebraic and holomorphic on A~. Thus
there is a polynomial P(§) = > ¢;(7)&? with ¢o # 0 so that P(a(r)) = 0. Obvi-
ously, it holds that ¢o(E) = 0. Therefore, it follows that E can only be a finite set
for ¢o(7) is a nonzero polynomial in 7.

On the other hand, from the equation 3" ¢;(7)(a(7))’ = 0, we easily see that
for any 79 € F, it holds that |a(7) — a(79)| > const|T — 79|™ for some big n. Thus
every point in E can at most be a pole of a(r). However, since a(7) is bounded

on AT, we can thus conclude the claim. R

Now we can verify the analyticity of fo at 0 by making use of the Hartogs
theorem and by noting that we can make C¢ close enough to C; so that the
extension a(7) of fa 0 ¢(7) is holomorphic on a fixed small open subset of (—1,1).
(We can also obtain the analyticity of f5 at 0 in the following way: First, we prove
by using algebraicity of f that f3 is meromorphic. Then we prove the meromorphic
property of f; and f. Finally, we see the holomorphic property of f by using the
result of [Ch]. A much more general argument in this aspect will appear in a
future work.)

Whenever we know the analyticity of fo at 0, returning to (2.4.2) and (2.4.1),
we then can conclude the holomorphic extension of f at 0.

The proof of Proposition 1’ is complete. B
We conclude this chapter by presenting a discussion of Corollary 1.

Corollary 1: Let M; and M, be two strongly pseudoconvex real algebraic
hypersurfaces in (possibly different) complex spaces of dimension at least two.

Then every C'*° smooth CR mapping from M; to M is real analytic on M.
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§ 2.4.3: Proof of Corollary 1: The proof follows from Theorem 1, the fact
that M, is a uniqueness set of holomorphic functions defined on the pseudoconvex
side of M7, and the following known result (see [BR3] or [BJT]).

Lemma 2.16: Let u(s) be a C*° function defined on the unit ball B in R".

Suppose that there exists a polynomial
h(s,z) = ay(s)z? +aj_1(s)z7 71 + - +ag(s)

with coefficients real analytic in B and a;(s) # 0 so that h(s,u(s)) = 0. Then u

is real analytic in B.

Proof of Lemma 2.16: This lemma follows from the arguments in [BK3].
However, we present the following details for completeness.

Let v(s) = as(s)u(s) and h(s,z) = 27 + ay_1(s)z/ "1 + ay_o(s)ays(s)z’ 2 +
-+ a7 (s)ap(s). Then by the given hypothesis, we see that h(s,v(s)) = 0.
From Theorem 6.8.20, it thus follows that v(s) is real analytic on B. Now, to
conclude the real analyticity of u(s), we first notice that for certain open dense
subset S’ C 0B, it holds that aj(wt) # 0 for any given w € S’, where t € (—1,1).
Since u(s) is smooth, we therefore see that u(wt) = v(wt)/ay(wt) is real analytic
int € (—1,1) for any given w € S’. By Theorem 6.8.18, we thus get that the
Taylor series of u(s) at the origin is actually a convergent series. Noting the fact
that this power series must coincide with u(s) when restricted in each line tw with
w € 5" and noticing that S’ is dense in 9B, we thus see that the Taylor series of
u(s) at the origin converges to u(s) everywhere; for u is continuous in B. This

completes the proof of Lemma 2.16 B
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Chapter 3: Kobayashi extremal mappings and

holomorphic self-mappings

The purpose of the present chapter is to give the proofs of the results which
we described in §1.2. In §3.1 and §3.2, we will prove Theorem 4 and Theorem
5 (Theorem 6), respectively. The discussions of Theorem 7 and Theorem 3 can
be found in §3.3. In the last section of this chapter (§3.4), we study further

applications of previously obtained results, including the proof of Theorem 8.

§3.1 A preservation principle of extremal mappings—Proof of The-
orem 4:
In this section, we give the proof of Theorem 4 and some of its immediate

corollaries.

Theorem 4: Let D CC C" be either a pseudoconvex domain with a Stein
neighborhood basis or a pseudoconvex domain with C'*° boundary. Suppose that
p € dD is a strongly pseudoconvex point of D with at least C® smoothness. Then
for every open neighborhood U of p, there is a positive number € such that for each
extremal mapping ¢ of D, when [[¢(0) — p|| < € and [[(¢'(0))n]| < €ll(¢'(0))z],
then ¢ is the complex geodesic of D and ¢(A) C U.

Our idea is to make use of the C*-version of the reflection principle to get
the uniform Hoélder continuity of the differentials of a sort of ‘normalized’ com-
plex geodesics on strongly convex domains. We then apply it with the Fornaess
embedding theorem and the Graham estimates of the Kobayashi metric to obtain

our results.

We first fix some notation. In what follows, we fix the symbol (,) for the
standard Hermitian inner product in C™ and the symbol ||-|| for the corresponding

euclidean norm. For two domains D; and Dy, Hol(Dq,D2) stands for the set of all
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holomorphic mappings from D; to Do. When f € Hol(D1, D2) with D1 = D, we
denote by f™ the mt"-iterate of f defined inductively by f' = f, .-, f™ = fofm 1.

For a bounded domain D in C™, denote by K the Kobayashi distance and
by kp the Kobayashi metric of D (see [Krl] for the definitions). For any z € D,
we use d(z) to stand for the euclidean distance of z to D. We recall that ¢ €
Hol(A, D) is said to be a complex geodesic (respectively, an extremal mapping)
of D if Kp(¢p(m), ¢(12)) = Ka(11,72) for every pair 7,7 € A [Ve] (respectively,
kp(9(0),9'(0)) = £a(0,1) = 1).

In what follows, we will also use the notation C*~ to denote the function

space Na<1C* 119 in case k is an integer, and the space C* otherwise.

Lemma 3.1: Let D; C D5 be two bounded domains in C™. If ¢ is a complex
geodesic (respectively, an extremal mapping) of Do such that ¢(A) C Dy, then ¢

is also a complex geodesic (respectively, an extremal mapping) of D;.

Proof. This follows immediately from the monotonicity properties of the

Kobayashi metric and the Kobayashi distance [Krl]. B

Let D be a C'-smoothly bounded domain in C". Then, for every p € 9D,
we may define the outward unit normal vector of 9D at p, denoted by v(p).
When D CC C" is a bounded C*-strongly convex domain (k > 2), Lempert in
[Lm1] [Lem 2] showed that a holomorphic mapping ¢ from A to D is an extremal
mapping (or complex geodesic) of D if and only if it is proper and there exists a
(unique) C*~1D~- smooth function P, : 9A — R7T so that the vector function
§P¢(£)V(¢—(£)), initially defined on 0A, can be extended to a holomorphic vector
function $ on A (which is called the dual mapping of ¢) with (¢, 5} = 1. The

following lemma is an obvious consequence of this characterization:

Lemma 3.2: Let D; C D, be two bounded C3-strongly convex domains in
C™. Suppose that 9D N dD5 is a piece of hypersurface. If ¢ € Hol(A, D;) is a
complex geodesic of Dy so that ¢(0A) C ID,, then ¢ is also a complex geodesic
of Dy. I
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In the next two lemmas, we assume D CC C™ to be a C3-strongly convex
domain.

For each a >0, let F, denote the set of all complex geodesics ¢ of D which
satisfy 6(¢(0)) > a. From §7 of [Lm1], we see that there exist two positive constants
Cp and Cj, depending only on D and a, so that for every ¢ € F,, it holds that:

(3.0.8) [l6(r1) = ()| < Collrs — a2, 1(r1) = (r2) < Colry = 7ol V/2 for
any 71, 7o € A;

(3 1b) 06 < P¢ < Cy.
Starting with these properties, we now prove the following:

Lemma 3.3: There exist two positive constants R; and Ry, depending only

on D and a, so that for every ¢ € F,, it holds that R; < H&H < Ro.

Proof of Lemma 3.3: We note that % = §P¢(§)m for £ € OA. Thus by
applying the maximal principle to ||$||, we see that Ry can be chosen to be Cy
in (3.1.b). To obtain the other inequality, we suppose not and seek a contradic-
tion. Then there exist a sequence {¢} C F, and a sequence {7} C A which
approaches some & € A so that ¢p(7,) — 0. By (3.1.a) and the Arzela-Ascoli
theorem we can assume, without loss of generality, that {¢y} converges uniformly
to some ¢ € F, and {51@} converges uniformly to some ¢* € Hol(A, C™). Hence
Py, = (& _1$ky(gz§k (£))) converges uniformly to some positive continuous function
P* defined on dA. Since now ¢*(£) = EP*(€)v(¢(€)) and ¢(&) = P (E)v(6(€))
we see that pr_

¢ = P_¢¢
on 0A. From the fact that 5 # 0, it follows easily that % is the boundary value
of some holomorphic function defined on A. This implies that P* = CPy and
thus that ¢* and ¢ differ by a positive constant. That is a contradiction, for

¢*(€0) = limg o0 d1 (%) = 0 but ¢(&y) £ 0. B

Lemma 3.4: There exists a positive constant C;, depending only on D and a,
such that for every ¢ € F, and for any 71, 7o € A, it holds that ||¢'(71) — ¢'(12)|| <

Cl|7'1 — 7’2|1/2.
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Proof of Lemma 3.4: The argument is based on a careful examination of what
is called the C* version of the Schwarz reflection principle.

Let S = {(p, Tz()l’o)aD) : p € 0D} and let CP,_; be the complex pro-
jective space of hyperplanes in C™. Then by a result of Webster (see [Abl]),
S ¢ C" x CP,,_; is a compact totally real submanifold of maximal dimension .
Let B(R1,R2) = {2z € C" : Ry < ||z]| < Ra}, and denote by 7 : C" x B(R1,R2) —
C" x CP,,_1 the natural projection, where Ry, Ry are as in Lemma 2.3.

We first find two open coverings {E;}™, and {E;}™, of S such that the
following assertions hold for each i:

(3.1.c) E; cC E; cc C™ x CP,,_;

(3.1.d): There exists a C?-diffeomorphism ; : E — V; cc C?! 50 that
U, (E;nS) c R2-1 ¢ ¢22~1 and DY(GY;) = 0 on E; NS for all multi-indices a
with ||| < 1;

(3.1.¢) Let O; = {z € C" : There exists w € B(R1, R») so that m(z,w) € E;}.
Then max__q dist(z,0D) << 1.

For every ¢ € F,, from Lemma 3.3, we can define a holomorphic mapping
¢ € Hol(A, C™ x B(Ry, Ry)) by letting ¢(7) = (6(7), ¢(7)). Let

by = miin{dist (8(7T_I(Ei), 3(7T_1(Ei)))

and let U; = (w0 )~ *(E;). We notice that the boundaries defined here are taken
in the space C™ x B(Ry, R2) and the ‘dist’ is inherited from the standard one.
From (3.1.c), we see that by >0. Furthermore the following properties are easy to
verify:

(3.1.f) Let U; = {r € A : dist(r,U;) < (6—‘2)2} , where Cy is chosen as in
Lemma 3.3. Then w(¢(U;)) C E; (whenever U; # ().

(3.1.g): There exists a constant b; > 0, independent of the choice of ¢, so
that for any 7,7 € A, if 1 — |71| < by and |1 — T»| < b1, we may find some Uj,
defined as above, which contains 71 and 75.

(3.1.h): There exists a constant by >0, independent of the choice of ¢, so that
for every T € A with |7| < by, we have 7 ¢ U;Us.

In fact, (3.1.f) follows easily from (3.1.a) and the definition of by, (3.1.h)

follows from (3.1.a) and (3.1.e), while (3.1.g) is a simple application of the Lebesgue
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number lemma and (3.1.a).

Welet Uf = {r e C' : 7L e U;nA}, Vi = {z e C":%cV}
and Q; = U; U [72* Define g; : Q — ViU V¥ by W,omo é(T) when 7 € (7,-,
and by U, oong(?_l) when 7 € (71* Consider f;, defined by %. By the ar-

gument on Page 438 of [Lml], we can conclude, from (3.1.a), (3.1.d), and the

Hardy-Littlewood theorem, that f; is uniformly bounded and uniformly Holder —%
continuous on ﬁl with respect to F, (i.e, there is a constant C, independent of the
choice of ¢, so that for every ¢ € F, and 11, 70 € A, the corresponding f; satisfies
1fi(71) = filr2)|l < Clri — 72|'/?)

Let
1 fi(€)

T/ Lg g7
We then have the following facts:

(3.1.0): 2 = fy;

(3.1.j): v; is uniformly bounded on §2; with respect F, ( by (3.1.h) and the

uniform boundedness of f;);

Yi(T) dé A dé.

(3.1.k): % is uniformly Hélder-1 continuous on €2; (by (3.1.a) and Propo-
sition 2.6.40 of [Abl]). Here Uf = {r € C! : 77! € U;} and Q; = U; U U}

Since 1; — g; is holomorphic and uniformly bounded on ﬁi, it follows, from
(3.1.f) and the Cauchy estimates, that (i; — g;)’ is uniformly bounded on Uj;.
Hence, by (3.1.k), %9;' is uniformly Hélder-1 continuous on U;. So by (3.1.a),
(3.1.d), (3.1.g), and the Cauchy estimates, we can now find a constant C;, de-

pending only on D and a, so that for every ¢ € F, and for any 7, 75 € A, we

have
¢/ (11) — &' (r2)|| < Ca|m1 — 7ol2.

This completes the proof. B
Remark: Let F be the set of all complex geodesics ¢ satisfying

0(¢(0)) = max{d(4(7))}-

By making use of the uniform Hoélder-1/4 continuity of F [CHL], the above argu-

ment can furthermore be modified to prove the following:
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Proposition 3.1: Let D cC C" be a C*-strongly convex domain (k > 2).
If k¥ = w, then there exists an open neighborhood U of A so that all elements
in F can be extended holomorphically to U; if £ < w, then for any 7 < k — 2
there exists a constant C; so that for every ¢ € F and 71,7 € A, it holds that
199 (1) = 619 (m2)|| < Cjlma — 7| '/2.

Another key lemma which we need is the following version of the Fornaess

embedding theorem:

Lemma 3.5: Let D be a bounded pseudoconvex domain in C™ and let p € 9D
be a strongly pseudoconvex point with at least C?-smoothness. Suppose that
either D has a Stein neighborhood basis or D has a " boundary. Then there
exist a neighborhood U of p, a bounded C?-strongly convex domain €2 in C", and
a holomorphic mapping ® from D to €2 such that

(a): ® can be extended holomorphically to U with ®~*(®(U N D)) = U N D;

(b): @(UND) CQ, (UNN) C O and (U NIN) = D(U) N OLD.

Proof of Lemma 3.5: When D has a Stein neighborhood basis, the lemma
is Proposition 1 of [Fn]. So it suffices for us to prove the lemma in case D is a
smooth pseudoconvex domain with p being a strongly pseudoconvex point. The
argument in this situation is also a slight modification of that in [Fn]. In fact, the
only difference is that we now have to make use of Kohn’s global regularity result
for the d-equations [Ko2] on smooth pseudoconvex domains to construct a nice
bounded supporting function appearing in line 1 —5 of page 533 of [Fn] (this is the
only place we need the global boundary smoothness of D). For the convenience of
the reader, we present the following details:

First, let {wy(z), -, w,(2)} be a local coordinates system on a neighborhood
U of p so that w(p) = 0 and U NID is defined by p(w) = Rew; + Z?Zl |w; ||* +
o(||lw||?). Let V .CC U be a very small neighborhood of p (or w = 0). Choose x to
be a positive cut-off function with Suppxy CC V and x(0) = x(w(p)) = 1. For a
positive number ¢, define D, = {z € C" : either z € D or z € V with p(w(z)) <
ex(w)}. By the above discussions and (3.4.2.2) of Theorem 3.4.2 in [Kr1], it is easy
to check that when e is small enough then D.(D D) is also a smoothly bounded
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pseudoconvex domain. Now when [|w| < Ao with A\g << 1, we may assume that
x(w) < 2 and p(w) > Rewy +1/2 Z?:1 |w;|%. Thus for w € DN {||w]| < Ao} , we
have that

Rew; < p(w) — 1/2Y  |w;]? < ex(w) — 1/2w|* < 2e — 1/2]|w]|?,
j=1

where |w|? = Z?:l |wj||>. Hence, for A << 1, if we let e = 1)2, then the

following claim holds (see also Lemma 5.2.8 of [Krl]):

Claim: Let €, A, and )¢ as above. Then, when 1 >> A\g > A\, A < ||w]| < Ao,
and when w € D, it holds that Re(w;) < 0.

Now, define a cut-off function £(¢) : Rt — [0, 1] with £(t) =1 for [t| < ) and
0 for [t| > A). Here A < X < A) < Ag. It thus follows that w = 9, (&(||w||)logw is
a well-defined C™ (0, 1)-form on D,; for in case 9, (¢||w||) # 0, Rew; < 0 and thus
log(wy) is well defined (see page 186-187 of [Krl] for more details on this matter).
Furthermore, it is easy to verify that dw =0. Therefore, by a theorem of Kohn
[Ko2], there is a g € C*°(D,) so that 0,9 = w.

Define f(z) with f(2) = exp(g + £(||w||)logw) for w € D, N {||lw| < Ay}
and f(z) = exp(g) for w € D. N {[Jw|| > A{}. By the way these objects were
constructed, we can conclude that

(i): f(z) € Hol(D.) N C(D,) (see also page 186 of [Kr1]);

(ii): for w close to 0, f(w(z)) = wy f*(w) with f*(0) # 0.

We now shrink \gp and A (thus also €) so that
(iid): [[f*(w) = f*(0) | <1/2[f*(0)] for [lw] < Ao and w € D
(iv): Rew; < 0 for w C (D — {p}) N {w : [[w]] < Ao}
Therefore, we can also define the smooth (0, 1)-closed form w* = 9(&(||w||)logf-f 2
on the closure of D.. Consider the similar equation 0,¢* = w*. By Kohn’s
theorem, we obtain again a solution g* which is continuous on D, (actually smooth,
but for our purposes here, all we need is the existence of a bounded solution).
Now, define n*(z) = exp(g*f3 + &(||w|)logf) for w € D. N {||lw| < A} and
n*(z) = exp(g*f3) for w € D. N {w : ||w| > Ay}. Then we similarly see that
n*(z) € Hol(D,.) N C(D,). Moreover, it holds, for w ~ 0 (or z ~ p), that 1 (w) =
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n*(2)f* Hw(p)) = wi + O(JJw|]*). As was done in [Fn], we now change the
coordinates {wi,- - -,w,} to the globally defined functions {n,- - -,n,} on D¢
which also serve as the local coordinates near p, where 7; is as above and 7); is
the linear term of the Taylor expansion of w;(z) at z = p(j > 1). Notice that, for
z € D, it still holds that p(w(n)) = Rem +>_7_, In;1%+o(]|n]|?) < 0. We therefore
see that Renp(z) < 0 for z(~ p) € D — p. Since n1(2) # 0 for z € D — p (by
the construction of 7; and the property (iv)), and since 7; is continuous on D, we
therefore conclude that there is a small positive €y so that |n;(z) — eg] > € for
z € D — p. Also, notice that n; € Hol(D,) N C(D,) and 7, is holomorphic near p.
Thus starting from such a supporting function, we can now obtain the ® in our
lemma by copying the argument of [Fn] from line 6 of page 533 to line 11 of page
536. |

We now are ready to prove Theorem 4.

Proof of Theorem /j: Seeking a contradiction, we suppose that there is a
sequence of extremal mappings {¢x} of D so that ¢ (0) — p, % — 00, but
for each k, ¢r(A) NV # ) for some fixed neighborhood V of p.

Let ), U, ® be as in Lemma 3.5 and let ¢ = ® o ¢,. It is then easy to see
that ¢5(0) — ®(p)(2q) and W% — 00. Construct another strongly convex
domain g, which is contained in ®(U), so that 0y N OP(D)(C IN N IP(D)) is
a piece of strongly convex hypersurface, and find a sequence of complex geodesics
{r} of @ with ¥, (0) = ¢;(0) and 9;.(0) = Aedy/(0)(A\x > 0) for each k. We
claim that ¥y (A) — p as k — oo, thus ¢ (A) C Qo for £k >>1. In fact, let
{01} C Aut(A) be such that ¢} 24y 0 0 € F and (1) = 1x(0) for some
{7} € (0,1). If ¥(A) does not reduce to ¢ as k — oo, it then follows easily
from the assumptions that, for infinitely many k, 7, — 1 and {¢;} C F, for some
a > 0. By a normal family argument, we may assume, without loss of generality,
that ¢} — ¢ € F, (see Proposition 4 of [CHL]). Hence, from Lemma 3.4 and the
above hypotheses, we obtain ¢'(1) € Tél’o)(?Q. This is a contradiction [Lml].

By Lemma 3.1, we see that v is also a complex geodesic of both 2y and

®(D) when k >> 1. Hence, by making use of the monotonicity property of the
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Kobayashi metric and this fact, we have for k>>1 that

ka(p)(05(0), 97 (0)) < k(1 (0), ¢ (0)) = 1

and

k(D) (91(0), 8(0)) = Ko, (6%(0), ¢;'(0))
= Ka-1(00)(¢%(0), 61(0)) = £p(6r(0), ¢,(0)) = L.

Thus,
ra()(6%(0), ¢3'(0)) = 1.

On the other hand, since ke (p)(¢}(0), Ax@}'(0)) = 1 (because ¥y, is a complex
geodesic of (D)), we obtain A\, = 1. So we can conclude that ¢} is a complex
geodesic of (2 when k>>1. By the uniqueness property of complex geodesics on
strongly convex domains [Lml], we therefore have ¢; = 1y for k>>1. However,
from the above argument this implies that ¢} (A) — ¢ as k — oco. That is a con-
tradiction and hence completes the proof for the second assertion of our theorem.

To conclude the proof, we let € be small enough so that we can choose V' in
the theorem to be ®71(Qy). Suppose that ¢ is an extremal mapping of D with
¢(A) C V. Then by Lemma 3.1, it is also an extremal mapping for V, thus a
complex geodesic of V for V' is biholomorphic to the strongly convex domain €.
By making use of Lemma 3.2, we see that ®o¢ is a complex geodesic of 2. Now, by
the monotonicity property for the Kobayashi distance, we have, for any 71,7 C A,

that
Ka(11,72) = Kv(¢(11),6(12)) = Ko(® 0 ¢(71), P 0 ¢(72))

< Kgp)(Pod(r1), 20 d(12)) < Kp(d(m1),d(12)) < Ka(r1,72).

Therefore ¢ is a complex geodesic of D. The proof of Theorem 4 is complete. B
We conclude this section by presenting several corollaries of Theorem 4.

Corollary 3.1: Let D and p as in Theorem 4. Suppose that ¢ is a complex
geodesic of D. If there is a sequence {7} C A converging to 1, such that ¢(7x) — p,
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then ¢’ is bounded near 1 € 9A. Thus ¢ admits a Lipschitz-1 continuous extension

near 1.

Proof of Corollary 3.1: Let ¢ be as in the corollary. Then from the argument
in Theorem 1 of [FR], we easily see that ¢ is continuous at 1.

By well-known estimates of the Kobayashi metric near a strongly pseudo-
convex point (see [Ala], for example), we may find a neighborhood U of p and
a constant C so that for every z € UN D and X € THYD, it holds that
kp(z,X) > C||X||n/d(z). Meanwhile, we recall that ¢ is also an infinitesimal com-
plex geodesic (see [Abl]), i.e., kp(¢(7),d' (7)) = ka(1,1) = 1/(1 — |7|?). Hence,
from the fact that 6(¢(7)) ~ 1—|7]? ([Ab1]), it follows easily that ||(¢'(7)) x| < C
near 1. To finish the proof, it now suffices to show that ||(¢'(7))r| is bounded
near 1. Suppose this is not the case. Then there exists a sequence {74} converging
to 1, so that ||(¢' (7)) r||/||(¢'(Tk)n || goes to the infinity as k — oo. Let ¢ be a
reparametrization of ¢ so that ¢ (0) = ¢(7) for each k. From Theorem 4, it then
follows that ¢x(A)(= ¢(A)) — p. This is obviously a contradiction. W

We recall that a subset E of a bounded domain D is called a holomorphic
retract if there is a h € Hol(D, D) with h? = h so that h(D) = E. An obvious ob-
servation is that, for a holomorphic retract E, it holds that Kg(z1, 22) = Kp(21, 22)

for any 21,20 € E. Combining this fact with Corollary 3.1 , we have the following

Corollary 3.2: Let D and p be as in Theorem 1. Suppose that E is a simply
connected one dimensional holomorphic retract of D with p € E, and suppose
that ¢ is a biholomorphic mapping from A to E with ¢(7;) — p for some 7, — 1.

Then ¢ is Lipschitz-1 continuous near 1.

Remark : From the proof, we can actually see that Theorem 4, Corollary 3.1,
and Corollary 3.2 hold for all bounded domains which possess the local embedding
property in Lemma 3.5. In particular, we can replace D by the bounded domain

of the form D — K, where D is as in Theorem 1 and K is a compact subset of D.
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3.2. A non-degeneracy property of extremal mappings—Proof of
Theorem 5:
The purpose of this section is to prove Theorem 5. The immediate application

to the proof of Theorem 6 is also presented.

Theorem 5: Let D be a bounded domain in C"*! and p € 9D a C? (a > 0)
strongly pseudoconvex point. Then there is a small neighborhood U of p and a
constant C depending only on U so that for any extremal mapping ¢ € Hol(A, D)
of D with ¢(A) C U N D, it holds that [[(¢'(7))n]] < Cn(®)||(¢'(7))r]|]. Here, as
before, || - || stands for the euclidean norm in C" and 7(¢) = max, 5 [|#(§) — pl|-

Our point of departure is the characterization of extremal mappings in terms
of their Euler-Lagrange equations (see [Lml] or [P]), which leads to the study
of their corresponding meromorphic disks attached to a totally real submanifold.
Since we are only interested in the extremes near a boundary point, the poles
of the meromorphic disks can be easily controlled. Using the technique of the
Riemann-Hilbert problem, we then obtain a family of non-linear (but compact)
operators, whose fixed points are exactly the boundary values of our meromorphic
disks. Finally, a careful analysis of those operators completes the proof of Theorem
5.

Before proceeding, we recall again that an extremal mapping ¢ of D is a
holomorphic map from the unit disk A to D so that for any ¢ € Hol(A, D) with
¥(0) = ¢(0) and ¥'(0) = A¢’(0) (where, as usual, A\ denotes a real number), it
holds that |[A\| < 1. A holomorphic mapping from A to D is called a complex
geodesic in the sense of Vesentini if it realizes the Kobayashi distance between
any two points on its image (see [Ve]). For a bounded convex domain, extremal

mappings coincide with complex geodesics by a result of Lempert ([Lml]).

Proof of Theorem 5: We let D cC C"*! and p € 0D a O3 strongly pseu-
doconvex point. We then need to show that for any extremal mapping ¢ of D,
when ¢(A) is close enough to p, it holds that ||(¢'(0))n]| = On())||(¢'(0))rl.
For this purpose, we start by constructing a C* strongly convex domain Q C D

with 02N 0D being a piece of hypersurface near p. More precisely, here we should
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say that € is the biholomorphic image of a C? strongly convex domain. However,
we will not make this distinction in what follows; for all objects involved in this
section are biholomorphically invariant. Let us assume that ¢(A) C Q. It then
follows from the monotonicity of the Kobayashi metric that ¢ is also an extremal
mapping of Q (thus a complex geodesic of 2). Now we recall a result of Lempert
[Lm1], which asserts that ¢ is proper and has a C?~ (a € (0, 1)) smooth extension
up to OA. Write v(q) for the unit outward normal vector of Q2 at q. The key fact
(see [Lml] or [P]) for our later discussion is that ¢ satisfies the Euler-Lagrange

equation in the sense that there exists a C2~ positive function P on OA so that

d(&) = P&v(p(§)), initially defined on 0A, can be holomorphically extended to A
(this 5 is called the dual mapping of ¢).

Since extremal maps are preserved under holomorphic changes of variables,
we can assume, without loss of generality, that p = 0 and 2 is locally defined by
an equation: p(z) = Zpt1 + zn41 + h(2,2) with h(z,2) = 377 |2]* + o(||2]]?).

Moreover, a simple application of the implicit function theorem tells that we can

make h(z, z) depending only on 2z’ = (21, -, 2,) and Y41 = Imz,41.
Write v = (v1,...,v,41) and define
W —

{w =(z,w) €C™M 200, 2~0, w= (Ul(z)/vn+1(z), e ,vn(z)vn+1(z)> } .

Then, by an easy calculation, it can be seen that W is defined near 0 by the
equation: w = (2, iyn11,2") +O(]|z||?). Thus it follows that W is totally real near
0 (this is called the Webster lemma). In fact, the real tangent space of W at 0 is
spanned by {11, ..., Tnr, Tnt1, 1y, - - -, Ini}, where, for j <n,

and
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and let W* = WA;' = {wA;"' : w € W}. Then we have that ToW* = R?"*! C
C?7*1, From the implicit function theorem, W* can thus be defined by an equa-
tion: Y = H(X) with X +4iY € C?>"*! and H(0) = dH(0) = 0.
We now return to the extremal mapping ¢ (of D and ). Assume that ¢(A)
is close enough to 0 so that (&) = (¢(£), ¢*(£)), defined by

(#(6), V1@ /vns1(3O)); - - v (6 /01 (S(E) ) -

stays on W for £ € OA. Write ®*(&) = ®(£)A;". Then we have that ®*(0A) C
W=,

Lemma 3.6: There exists a o € Aut(A) so that ®* o o has a holomorphic
extension to A\ {0}. Furthermore, 0 € A is a simple pole of ®* o 0.

Proof of Lemma 3.6: Write ¢, the dual mapping of ¢, as (E, e 7¢:1). We
then see that (bnj:l/(f) = EP(&)Ung1(0(€)) for € € OD and some positive function
P. Since vy, 41(¢(§)) = 1, we can conclude that the winding number of ¢/n:1 is 1.
So it just has a simple zero on A, say a. Take 0 € Aut(A) with ¢(0) = a. Then

¢/n:1 o o has a simple zero at 0 € A. Thus ® o o can be extended to A as

(qf)oa EOU .. ?zoa>

et
¢n—|—l o0 ¢n—|—l o0

which is obviously meromorphic on A with a simple pole at 0. Since ®* differs
from ® only by a linear transformation, we see that the proof of Lemma 3.6 is

complete. B
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For simplicity, let us still write ®*(§) = X (&) + Y (§) (£ € 0A)for * oo
in what follows. Note that ®*(0A) C M*. It follows that Y (§) = H(X(E))
(€ € OA). Let ¢ = € and take the derivative with respect to #. We then see that

dY _ dX 0H OH . .
o = Sy 9x» where g5 is the Jacobian of H. So,

d* _dX | dY dX(I . 8H)
0~ a0 Tl = qp L Tigx)

or

dX ,dY OH  _

Here I5,,41 denotes the identical (2n+1) x (2n+1) matrix and ||g|| = maxeecaa [g(€)|
for each function g in the Banach space L>=(9A). An easy fact is that | X (e”?)|| <<
1 when n(¢) ~ 0.

Consider the Riemann-Hilbert problem

oH

(3.2.2) Im (Q(X ) Lzns1 + iz

)" 1)20, £ € dA,

with Q(X, &) holomorphic on ¢ € A, L? integrable on A, and Re(Q(X,0)) =

Iopy1.

Lemma 3.7: When [ X| << 1, then (3.2.2) has a unique solution Q).
Moreover, Q™' (X, €) exists and [|Q(X, €") — Lontill2, Q71 (X,e™) = Lopia ]2 =
O(||X||). Here, we write || o ||o for the L? norm of the Hilbert space L?(9A).

Proof of Lemma 3.7: Write (12,41 + zaH(X)) = e1 +iep and Q(X,§&) =
q1(X,€) +iga(X, €). Then we see that q;(X,0) = Ioni1, |lea(X, )|z = O(]| X)),
and (3.2.2) is equivalent to

(323) qi1€2 + g2€1 = 0.

Since q1 = —H(qg2) + I2n+1, where H is the standard Hilbert transform on 0A,

(3.2.3) can therefore be written as

—H(g2)eaer ! + g2 = —eae; .
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So, when || X|| << 1, it follows that go = (—H(0) x (—eze] ") + Ippi1) " (—egel )

and
1

(1~ llezer [l2)
Thus @ is uniquely determined and ||Q(X,&) — Iopt1ll2 < |l@2ll2 + |[H(g2)|l2 =
2[|g2ll2 = O(IX1])-

We now consider the following equation with respect to QQ*:

O0H(X
Im <(Ign_|_1 +1 8;{ )

lgzll2 < lezer |2 = O(JI X))

ouse 5)) 0, with Re(Q*(X,0)) = Lons1.

Similarly, we can obtain a unique solution with ||Q*(X,&) — Iont+1ll2 = O(|| X])).
Since the holomorphic matrix Q) x Q* has real values on 0A, it thus follows from the
Schwarz reflection principle that Q(X,§) x Q*(X,§) = C(X), some real constant
matrix. Here, we remark that, to apply the Schwarz reflection principle, we need
obtain Q(X,&)Q*(X,¢) € LY(OA) for some £ > 1. But this can be easily seen
by solving the equation (3.2.2) in the space L‘(OA) with £ >> 1. We now notice
that [|Q(X,0) — Iops1|| < & [ya [FEEL21de ) = O X)) and [|Q*(X,0) —
L1l = O(|X]]) as || X]] — 0 (by the Holder inequality). We see, especially,
that C(X) = Q(X,0)Q*(X,0) = Iz,+1 + O(|X||) as || X]| — 0. Hence C(X)
is invertible in case | X|| << 1. This completes the proof of Lemma 3.7; for

QX =CTHX)Q (X, ¢). m

Now, by making use of Lemma 3.7, (3.2.1) becomes

dX  dv\ .,
Im (%—{-ZE)Q (X,g) —O, forfe@A,
i.e,
ad*
(X = 0.
Re (%5 Qg ) =0
Note that %Q‘l(X ,€) is holomorphic on A\ {0} and has at most a simple pole

at 0. We can conclude that

do*
dg

QN(X,6) = = —ac+iB,

: ¢

69



where « is a constant complex vector and [ is a constant real vector (with respect
to &, but depending only on X). In fact, since ®(§) = &* x Ag = (¢, %*) with
¢** = £¢* holomorphic on A by Lemma 3.6, it follows that:

*

(3.2.4) o = lim €2 de

lim 27 Q7 (X,6) = (0, —¢™ ()4, Q7 (X, 0).

Write R(X,¢) = Q(X, &) (Iant1 + iagg(x))_l for £ € OA (we note that R is
real). By Lemma 3.7, it then holds that ||R — I3,+1||2 = O(]|X]||). Therefore, the
Holder inequality implies that fozw R(X,&)df = 2nly,+1 + O(]| X||) is invertible
when || X|| << 1. On the other hand, we have

dX  do* OH(X)

B dd* OH(X)
G = ag i

)Tt =i dé (Iopy1 + i X )t

)7 =i(2 — at +iB)R(X, ).

(2~ G+ IB)QUX, ) (Tar + i) ¢

3 0X

Integrating both sides with respect to 8, we obtain

27ra ~ -
0—A<g—@+wmw@w.

Thus,

—1

(3.2.5) B=+v—-1 (/0%(% — G6)R(X, §)d0) (/027r R(X, §)d0)

Here, as usual, we identify ¢ € OA with €. In particular, we easily see that
a, 0 = O(||X]); for by the Cauchy formula and the Holder inequality, it holds
that ¢**(0) = O(||X]|) (since ||[¢* x (§)|| with & € OA is of quantity O(||X||))-

Consider now the following differential equation with parameters v € C" and
X, € R?HL:

(3.2.6)
dX(ﬁc,lg,Xo) _ Z-(a()g ) —a(X, 7)€ +iB(X,7))R(X,€), with X(1) = X,
0
(3.2.6)  X(&7,Xo) :Z-/O (oz()gﬁ) ST + iB(X. ) R(X, £)d6 + Xo,
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_ b
where £ = €',

(3.2.7) a(X,7) = (0,7)4;'Q (X, 0),
and [(X,) is given by (3.2.5).

Lemma 3.8: For any extremal mapping ¢ with ¢(A) = 0, there correspond
an automorphism o of A, a v~ 0, and an Xy ~ 0 so that the previously defined
X is a solution of (3.2.6). Conversely, for any v, Xy~ 0, (3.2.6) can be uniquely
solved, and each of its solutions gives an extremal mapping ¢ of Q with ¢(A) ~ 0
and the last component of its dual mapping having a simple pole at 0. Moreover,
the solutions of (3.2.6) are uniformly Hélder-1 continuous with respect to the

parameters o and 7. In fact, denoting by | o1 the Hélder-1 norm in the Banach
space C2 (DA), defined by

loly =gl + sup 'g(é” - ;’T?)’, with g € C* (0A),
1,62 1 — 622

then for each solution X of (1.5), we have || X[ = O(||X]}).

Proof of Lemma 3.8: The first part of the lemma follows from the above
arguments.

We now present the proof of the last part of the lemma. To this aim,
let X (&,7,X0) be a solution of (3.2.6) with || X| << 1 and let ®*(&,v,Xo) =
X (&, Xo) +iH(X(&,7,X0)). Then we know from (3.2.6) that

de*(§,7, Xo) _ (aX,y) —=—s 1
W) ((0) S gt ) 0,9,

So (3.2.4) still holds. Notice that ®* must have a meromorphic extension to A
(with at most a simple pole at the origin ). Using the Cauchy formula and the
Holder inequality, we know from (3.2.4) that « and thus 8 (by (3.2.5)) are of
O(||X]|).- Now we note that ||R||s = O(1) and

02 L
X (7 X0) = X (7 X < ] [ <$ —a0E +iB()R(X, €)d0)
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02
< C(llall+ ||6||)/9 IR(X,&)1d0 < C(lled| + IBIDIRI= 1161 — 62|/

= O(||X )16+ — 62|*/2.
It therefore follows that

HX(£17 e XO) B X(§27 e XO)”
sup %
£1,82 ‘51 - 52‘

= O([X1)-

Thus, the Holder —% norm of X,

X = 1] + sup K07 X0) = X(6, 7, Xo)]|
2 €1,62 €1 — &]1/2 ,

is bounded by C|| X || with some constant C' independent of v and Xj.

It remains to prove the existence of the solutions of (3.2.6)and study their
behavior. For this purpose, we first notice that, by making use of the just
obtained result and by solving (3.2.2) in the Hélder—% space C'2, we see that
the holomorphic matrix Q(X,€&) is also uniformly Hélder—% continuous up to
the boundary. Moreover it can be similarly seen that [|Q — Izp41[/2 and thus
[R(X, &) — Iant1ly = O(]|X]]). Now consider the operator

F: C2(8A) x C" x R*t! — 03 (A);

0
, a(X, —_— _
POt X0) = [ (P GO + 89X, 2) ROX. )00 + X
0
From the above discussions, it follows that in case v, and Xy =~ 0, we then have
dx F(0) =~ 0. Hence, by the implicit function theorem in the Banach space, (3.2.6)
and thus (3.2.6)" can be uniquely solved for small v and X(. Now, for each solution
X (&7, Xo), let U*(&) = X (&, 7, Xo) +iH(X(&,7v,X0)). Then

Denote by (¢, 9*) = U* Ay, where ¢ maps A to C*FL. It follows easily that

(3.2.7) o= (M5 SR +isx )

e JQ(X,&)B.

|
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Here we write B for the (2n + 1) x (n + 1) matrix, formed by the first (n+41)
columns of Ag. Noting that a(X,7)Q(X,0)B = (0,7)A;'B = 0, we see that
p = 0 can be at most a simple pole of 1)’. Since 1) is well-defined on dA, we can
conclude that 1) has a holomorphic extension to A. Meanwhile, it can be verified
that ¥ (0A) C 9D and 1) satisfies the Euler-Lagrange equation. We thus conclude
that 1 is an extremal map of Q (and of D, in fact)([Lm1l], Theorem 4 of the last
section) with the property described in the lemma. The proof of Lemma 3.8 is

complete. W

We now are in a position to finish the proof of Theorem 5. For the sake
of brevity, we retain the above notation and assume that ¢ in Lemma 3.6 is the
identity.

Let ¢ be an extremal map of D with ¢(A) close to 0. First, we notice that
both sides in (3.2.7)", with ¢ being replaced by ¢, are holomorphic on A \ {0}.

We therefore have

¢'(¢) = (O‘(” —@Hﬂ(v)%) Q(X,¢)B,

for £ € A\{0}. Writing Q1 (X, §) = Q(X,§) - Q(X,0) and Q2(X, &) = Q1 (X, §) -
Qé(X, 0)¢, we then obtain

(3.2.8) ol = (%ﬁm —aMQ(X.€) +iBQu (X, &)%) B,

for ¢ is holomorphic on A.

Lemma 3.9: We have the estimates Ql(?’g) = O(||X]]) and % =
O(IX1)) as [[X]| — 0.

Proof of Lemma 3.9: From the definition, we see that Ql(?’g) and Qz(;;,f)

are holomorphic on A. So, by the maximal principle, we have only to show that

they converge uniformly to the O-matrix at the rate of || X||, when £ € 0A and
| X|| — 0. But this follows obviously from the facts that Q(X, &) = I2,+1+0(]| X]||)
and Q¢(X,0) = O(||X]|) (by the Cauchy formula and Holder inequality). B
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Note that o = (0,7)4; ' Q(X,0) = (0,7)A5" + O(|[[1X[]) and 8 = O(|])
by (3.2.5). It can be verified that (3.2.8) may be written as

1 / (077) —1
_ =——-""A B o(|| X

as || X|| — 0. Now a direct computation shows that

1 0 0 —
0 1 —i 0
Agt=1/2| ... ... —2i
0 1 1 0
1 0 1
So, writing ﬁ = (a1,...,a,), we then have

1 0.~ .
m@(f) — _(H,vﬁ) At x B+ O(|| X)) = —(an, @n-1,...,a1,0) + O(| X|)),

when || X|| — 0. Hence, we obtain

B0 (E)] _
. [CAGTAG)
wer - LHouxD:
o [ E)x]] _ 1 ()
NIl n+1
@@~ Teen oD
and

(@' ENrll _ [(¢1(8), .-, ¢n(E))]
19" (€] 1" ()]

we finally conclude that

+O(1X1) = 1+ o(X1),

I(¢" )l = OUXIDIG (E)zll, for & €A,

as || X|| — 0. This completes the proof of Theorem 5; for || X|| ~ n(¢). 1
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We conclude this section by proving Theorem 7.

Theorem 7: Let D be a bounded C? strongly convex domain in C™ with a >
0. For any given p € 0D and complex vector v € T(l’O)C”, but not in Tz()l’o)aD,
there exists an extremal mapping ¢ so that ¢(1) = p and ¢'(1) = Av for some real
number A (this ¢ then must be uniquely determined up to an automorphism of A

according to Lempert [Lm1]).

Proof of Theorem 6: Let D CC C" be a C? strongly convex domain and
p € 0D. For any complex vector v, which is not contained in Tél’o)aD, we then
need to find an extremal mapping of D so that ¢(1) = p and ¢(1) is different from
v by a complex number. To this end, we choose a sequence {z;} C D converging
to p and choose a sequence of normalized extremal mappings {¢;} C F(D) so that
for each j, it holds that ¢;(7;) = z; with some 7; € (0,1) and ¢(7;) = Ajv with
Aj € C. Since v is independent of j and is not contained in the complex tangent
space of 0D at p, it follows from Corollary 3, that inf; ¢;(A) > 0. In light of
Lemma 3.4, we therefore see that there is a subsequence of {¢;}, which converges
to an extremal mapping ¢ in the topology of C*(A). Noting that 7; — 1, we can
thus conclude that ¢'(1) = Av for some A € C. The proof is complete. B

§ 3.3 Regularity of holomorphic retracts and iterates of holomorphic
mappings—Proof of Theorem 3:

In this section, we will focus on the proof of Theorem 3. We will make
decisive use of Theorems 4 and 5. The key step, as mentioned in §1.2, is to prove

the following fixed point theorem:

Theorem 3.1: Let D CC C" be a contractible strongly pseudoconvex do-
main with C® boundary and let M be a holomorphic retract of D. Suppose that
f € Hol(M, M) is elliptic, i.e, no subsequence of {f¥} diverges to the boundary of
M. Then f has a fixed point in M.

The main idea of the proof of this theorem is to obtain certain regularity

results concerning holomorphic retracts so that the Lefschetz fixed point theorem
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can be applied. The argument will be carried out through several propositions,
which are of interest in their own right.

Let M C D be a holomorphic retract.We first recall that the Kobayashi
metric and the Kobayashi distance of M are the same as those inherited from D.
Another useful result regarding holomorphic retracts is a theorem of Rossi (see
[Abl] for example), which states that all holomorphic retracts of D are closed
complex sub-manifolds of D.

We now start with Proposition 3.2, which will play a crucial role in the whole

discussion.

Proposition 3.2: Let D CC C" be either a smooth pseudoconvex domain
or a taut domain with a Stein neighborhood basis. Let p € 9D be a strongly
pseudoconvex point with at least C® smoothness. Suppose that M C D is a
holomorphic retract with complex dimension greater than 1 and suppose that
p € OM. Then for any neighborhood U of p, there is a C?~ complex geodesic ¢
of D with ¢(A) CUNM and ¢(1) = p.

Proof of Proposition 3.2: Choose a sequence {z;} C M converging to p and

define
un]|

t; = .
T sertoy llorl

J
Then we first claim that inf;(¢;) > 0, i.e, M intersects 0D transversally at p. If

that is not the case, we may just assume that ¢; — 0. Then we let
M;
= U{¢(A) : ¢ is extremal with respect to D, ¢(0) = z;, and ¢'(0) € TZ(J_l’O)M}.

We first note that M is a non-empty set by the tautness of D. In light of the
preservation principle (Theorem 4), we see that, for every C® strongly convex
domain 2 C D with 02 N 9D being a piece of hypersurface near p, when j >> 1,
it holds that ¢; << 1 and each ¢ in the definition of M; stays in 2 and thus
M; C Q. Therefore each ¢, described in the definition of Mj, is also an extremal

mapping of 2. Now, we notice the tautness of M and the uniqueness property

76



of extremal mappings in 2. We see, by the fact that each extremal map of M is
also extremal with respect to D, that M is also a subset of M. We now need to
use Lempert’s spherical representation W;(z;,0) of Q with the base point z;, i.e,
we define the map ¥,(z;,0) from the closed unit ball B,, to Q by ¥;(z;,0) = z;
and W;(z;,b) = ., (b, ||b||) for each b € B". Here 1., (b,&) stands for the unique
extremal mapping of 2 with ¢, (b,0) = z; and ¢ (b,0) = Ab for some positive .
Writing F = {v € TZ(],I’O)M :|lv]] £ 1}, we then get M; = ¥;(E). Notice that
is a homeomorphism (in fact, it is a C?~ diffeomorphism on B,, \ {0}, as showed in
[Lm2]) and notice that F is a closed submanifold of B,, with real dimension equal
to 2 dimc M. We therefore see that M is a closed open subset of M. From the
connectedness of M (since all domains in this thesis are automatically assumed to
be connected), it hence follows that M = M;. That is a contradiction; for © can
be made arbitrarily small.

So, there is an €y > 0 such that t; > € for every j >> 1. Pick two independent
unit vectors v; and vy in the complex tangent space of M at z;. By the above claim
and by passing to a simple linear combination, we may assume that (vi)y = 0

and ||(v2)n|| > €ol|(v2)r]|. Let v(t) = H:iﬁ:z\l' Then it is easy to see that

(@)l ltv2)n]l
@)zl (01)r + tv)r ]’

can be made to be any number between 0 and €y by just varying ¢.

To finish the proof of the proposition, we let U be a small neighborhood of p
and construct a C? strongly convex domain Q@ C DNU with 9QNOD being a piece
of hypersurfaces near p. Again, by making use of Theorem 4, for j >> 1 and some
€ << 1, we can find a complex geodesic ¢; of D with ¢(0) = z;, ¢/(0) € TZ(J,I’O)M,
$;(A) C Q, and ||(¢5(0))r]l = €l[(¢5(0))n|. As argued in Theorem 6, since ¢ is
independent of j, after a normalization, Theorem 5 indicates that a subsequence
of {¢;} will converge to a complex geodesic ¢ of D (and also €2) in the topology of
C'. Noting that ¢;(A) C M for each j, we thus conclude that ¢(A) C M N and
¢(1) = p. Finally, the regularity of ¢ follows from the reflection principle [Lm1]. B

We now turn to the regularity result for holomorphic retracts.
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Proposition 3.3: Let D CC C" be either a smooth pseudoconvex domain
or a taut domain with a Stein neighborhood basis. Suppose that p € 9D is a
strongly pseudoconvex point with C* smoothness (k > 2) and suppose that M is
a holomorphic retract of D with complex dimension greater than 1. If p € M,

(k—1)—

then M is a complex submanifold with a C smooth boundary near p.

Proof of Proposition 3.3: As before, we first construct a small C* strongly
convex domain 2 with 0D N0 being an open subset of 0§2 near p. By Proposition
3.2, we have a complex geodesic ¢ of D, M, and (), staying close to p , and
with ¢(1) = p. Let z = ¢(0) and vy = ”:Z:%. By Theorem 5, it holds that
1(¢'(0)n]| << [[(¢'(0))r|. Hence, from Theorem 4, it follows that all extremal
mappings of D starting from z and with the initial velocity close to vy should also
stay in 2. To be more precise, by shrinking ¢ if necessary, there exists a small
€ > 0 so that, for each extremal mapping ¢ with ¢(0) = z and ”Hi:%gﬂ — gl <,
then (A) C Q. Write E* = {v € B,, : v € T8O M, e — voll < €l} and still
denote by W(z,0) the spherical representation of {2 with the base point z. Since
E* is a submanifold of B,, with smooth boundary near vg, hence, by a theorem of
Lempert, M* = ¥(z, E*) is a submanifold with C*~1~ boundary near p, whose
real dimension is obviously 2 dimc M. As we have argued before, by noting the
fact that all extremal mappings of M are also extremal with respect to D and the
uniqueness of extremal mappings in strongly convex domains, we can conclude
that M* C M. Now, to complete the proof of the proposition, we need only show
that for some small neighborhood U* of p, it holds that U* "M = U* N M*.

For this purpose, we proceed by seeking a contradiction if there is no such U*.
Then we can find a sequence {z;} C M \ M*, which converges to p. Choose Uy,
a small neighborhood of p, with Uy N M* being a simply connected submanifold
with smooth boundary, and choose a sequence {w;} C M*, converging to p.

From an estimate of the Kobayashi distance Kp(-,:) of D (see [Abl], for
example), we know that
(3.3.1)

Kp(zj, w;) < —% log 6(z;) — % log 6(w;) + % log(|z; — w;| + d(z;) + 0(w;)) + C,

with C' independent of j. On the other hand, since M is connected, there is a
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curve y(t) on M, connecting z; to w;, so that

1
Kp(zj.w) = Kz > [ wp(a(®).7/(0)dt =1

Here kp(z,v) denotes the Kobayashi metric of D at z and in the direction v. We
remark that such a curve must intersect the boundary Uy N M™ if we choose Uy
small enough. Let ty be such that v(tg) € dUyNM™* but v(t) ¢ UyNM* for t < t.

Then we see that

/0 sp((8), 7 (1)) dt

to 1
(332) = / ki (7(8), 7 (£))dt + / kp (1) (D)t > K(z) + K(w;),

to

where K(z) = infyecov,nm+ Kp(z,w). Now, from the strong pseudoconvexity of
D at p, it follows that (see [Abl], for example) K(z) > —4logd(z) + C. Thus,
combining (3.3.1) with (3.3.2), we arrive at

log(|z; — w;| +d(z;) + 6(wy)) = C.

Since C is independent of j and |z; — w;| + d(2;) + 6(w;) — 0, we obtain a

contradiction. Therefore the proof of Proposition 3.3 is complete. B

Proposition 3.4: Let D cC C” be a C* strongly pseudoconvex domain with
k > 3. Suppose that M is a holomorphic retract of D with complex dimension
greater than 1. Then the following holds:

(1) Every automorphism of M has C (k=1)= smooth extension up to M.

(2) Let {f;};, f C Aut(M) with {f;} converging to f uniformly on compacta.
Then it follows that f; — f in the topology of C*~1~(M).

Proof of Proposition 3.4: First of all, Proposition 3.3 tells that M is a complex
submanifold with C*~Y~ boundary. Thus, it makes sense to talk about the reg-
ularity (less than C'*~1)~ ) extension up to the boundary for its automorphisms.

Choose p € OM. By using Proposition 3.2, we can find a sequence of complex

geodesics {¢;} of M with ¢;(A) shrinking to p as j — oo and with ¢;(1) = p.
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Let f be an automorphism of M. Then we claim that the diameter of f o ¢;(A)
goes to 0 as j — oo. If that is not the case, then since {f o ¢;} are also complex
geodesics, we may assume, without loss of generality, that f o ¢; € Fp for each
J. Thus the f o ¢;’s can be easily shown to be uniformly Hélder—% continuous on
A (see [CHL], for example). Hence, by passing to a subsequence, we may assume
that f o ¢; converges uniformly to certain complex geodesic ¢ of D. This implies
that there is a sequence {z;} — p with f(z;) — 2z € M, and this contradicts the
properness of f.

The rest of the argument for (1) is now similar to that in [Lm1]. For simplicity,
we assume that ¢; (A) converges to ¢ € dD. As we did before, construct two small
C* strongly convex domains §; and Qs near p and g, respectively. Choose j >> 1
so that ¢; and fo¢; are, respectively, complex geodesics of €2 and {23. Denote by
WU, the spherical representation of 2; based at z; = ¢;(0), and by W5 the spherical
representation of (3 based at 27 = f o0 ¢;(0). Then

o (e TGO (5 2)
fe = ( T (65(0)W; (25, 2)]

for z ~ p. Since ¥; and W, give the local coordinate charts of M at p and gq,

LTReT)

respectively, we see that f has the same regularity at p as M does at p and q.
Because p is arbitrary, we have obtained the proof for (1).

To prove (2), we still pick an arbitrary boundary point p of M, and write
q = f(p). Define similarly 5, Q2, ¢, U1 and V,. Using the fact that f; converges
uniformly to f on a small neighborhood of zy = ¢(0), we know, by Theorem 4,
that f; o ¢ is also a complex geodesic of {2y for j >> 1. Denote by U3(z;,0) the

spherical representation of 2y at z; = f;(z0) when j >> 1. Then we see that
df;(20)¥; " (¢(0), 2)
1

2 11df; (2005 T (6(0), 2)]

) = 7 (@(0).)])

for z near p € M. Thus we can conclude that f; converges to f in the topology
of C*~1=(p); for the matrix sequence {df;(20)} converges to df(z9) and ¥5(z;,0)
converges to Wa(z*,-) (2* = lim; 2;) in C*~1~-topology near p by the fact that
¥ (z,w) depends C*~D~ on the base point z when w ~ 6B,,. Let p vary, we then
complete the proof of Proposition 3.4. i
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Remark: In case M has the top dimension (i.e, M = D), result (2) of
Proposition 3.4 can also be obtained by using the asymptotic expansion of the
Bergman kernel function (see [GK]). However, we do not know whether there is a
similar Bergman kernel functions argument if M is a holomorphic retract of lower

dimension.

Now with all these Propositions at our disposal, the proof of Theorem 3.1 can

be easily achieved by using an idea in [GK].

Proof of Theorem 3.1: Since a holomorphic retract of M is also a holomor-
phic retract of D, by results of Bedford [Bel] and Abate [Abl] we may simply
assume that f €Aut(M) and dimcM > 0. In case M is a Riemann surface, then
the theorem follows easily from the Riemann mapping theorem and the classical
Denjoy-Wolff theorem. So we assume that dimcM > 2. Let p be a C? defining
function of D. Then, when restricted to M, it also gives a C?~ defining function
of M by using the fact that M intersects 0D transversally (see the Claim in the
proof of Proposition 3.2). Let H be the closed subgroup of Aut(M) generated
by f. Then by the Cartan theorem and the given condition, H is a compact Lie
group. It thus possesses a regular Haar measure p. Define py = | 7 Pogdu(g). By
(2) of Proposition 3.4 and a lemma in [Hul], it follows that py is also C*~ up to
M and moreover it is easy to check that ps serves a new defining function of M
(an easy application of Hopf’s lemma). We now let M, ={z € M : p; < —¢}, for
e << 1. Then Morse theory tells that M, has the same topology type as M does;
for py has no critical values between —e and 0 (including the end points). Since
f(M.) C M., we conclude, by using the hypothesis and the Lefschetz fixed point
theorem, that f has a fixed point on M., which is obviously an interior point of
M. 1

We now are ready to complete the proof of Theorem 3.

Proof of Theorem 3: We keep the previous notation and consider the sequence
{f*}. First, by making use of results of Bedford [Bel] and Abate [Abl], we see
that either {f*} diverges to the boundary or there is a holomorphic retract M of
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D so that f|pr is an elliptic element of Aut(M). In the latter case, Theorem 3.1
tells that f has an interior fixed point.

So it only remains to explain why the sequence {f*} converges on compacta
to a boundary point in case it diverges to the boundary. This part has actually
been argued in [Ma] and [Ab3]. However, for completeness, we include here a proof
which is slightly different but much simpler. First, the strong pseudoconvexity of
D indicates that there is no non-trivial complex sub-variety in dD. Hence, if a
subsequence of { f*¥} converges on compacta, the limit has to be a boundary point.
Pick zg € D, and choose, by induction, a subsequence {m; < mg < ---,mj,---}
so that Kp(zo, f/(20)) > Kp(z0, f™ (20)) for each j > 1, ..., Kp(zo, f/(20) >
Kp(zo, f™(z0)) for every j > m;_;. By passing to a subsequence, we assume
that {f™} converges on compacta to p € dD. We will complete the proof by
showing that {f*} converges on compacta to p. In fact, if that is not the case,
there would be a subsequence f*:, which goes to g(€ D) # p. Since f™itFi(z)) =
fmi(f* (2)) — p as j — 00), for each fixed k;, we therefore are able to find a
subsequence {my,} of {m;} so that f™ii*i(z) — p as i — oo. Noting the length
decreasing property for the Kobayashi distance and the way we chose {m;}, we

have

(3.3.3)  Kp(fFi(z0), fFF™i(20)) < Kp(z0, f™ (20)) < Kp(z0, fF 7™ (2)).
On the other hand, by making use of the fact that f™i % (z)) — p and
f¥i(20) — q(# p), it follows from the estimates for the Kobayashi distance that
Ep(f*(z0), [T (20)) = Kp(z0, f*7™i (20))

> _% log 0(f*(20)) — % log 0(f%Fit (20)) + %log S(fF M (z9)) + C

> —%logé(fki(zo)) +C — 400, (as i — o0),

where C' is a constant independent of 7. This contradicts (3.3.3) and thus finishes

the proof of Theorem 3. B

Remark: The boundary point in Theorem 3 is the so-called Wolff point of
f, which is a fixed point of f when we understand the value of f there as the non-

tangential boundary limit. Meanwhile, it is worth mentioning that the assumption
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of the triviality of the topology of D can be weakened to the condition where the
Lefschetz fixed point theorem can be applied.

Theorem 6: Let D C C” be a bounded strongly pseudoconvex domain with
C* smooth boundary and let f be a holomorphic self-mapping of D. Then the
following holds:
(1): Every holomorphic retract of complex dimension greater than 1 of D is actu-

ally a closed complex sub-manifold with C'*=1)—

smooth boundary.

(2): Suppose that {f*} is a precompact family, but does not converge to a single
point. Then there exists a unique holomorphic retract E, depending only on f,
such that (a) in case the dimension of F is greater than 1, f|g is an automorphism
of F and admits a C*~1)~ smooth extension up to the boundary of E (b) for each

point zg € D, the limit points of {f*(z0)} stay in E.

Proof of Theorem 6: This follows directly from Proposition 3.3., the result
of Bedford and Abate, and Proposition 3.4. In fact, E in the second part of the
theorem is exactly the set {z € D : z is a limit point of {f*(2)} for some zy €
D}.

§ 3.4: Further applications

We will now present two more applications of the results in previous sections.
The first application is the proof of Theorem 8 which can be viewed as a bound-
ary version of the classical Cartan uniqueness theorem, while the second one is
concerned with the compactness of composition operators on simply connected

strongly pseudoconvex domains.

Theorem 8: Let D CC C" be either a simply connected smooth pseudo-
convex domain or a simply connected taut domain with Stein neighborhood basis.
Let p € D be a strongly pseudoconvex point with at least C2 smoothness. Sup-
pose that f € Hol(D, D) is a holomorphic self mapping of D, f(z) # id, so that
f(2) = 2+ o(||z — p||*) as 2 — p. Then the following hold:

(1) k<2

83



(2) If £ = 1, then either f fixes a holomorphic retract with positive dimension
or f™ — p. In case D is not biholomorphic to the ball, then f cannot be an
automorphism.

(3) If £ = 2, then f can not be an automorphism of D and the sequence {f™}

converges to p on compacta.

Corollary 3.3: Let D and p be as in Theorem 8. Suppose that f€ Hol(D, D)
is such that f(z9) = 2 for some 29 € D and f(z) = z+o0((2 —p)?) as 2 — p. Then
f=id.

Remarks: Theorem 6 can be viewed as a boundary version of the classical
Cartan theorem. The case (1) is the local version of the Burns-Krantz theorem (see
[BK] and [H2]). For the disk in C!, as noted in [Lm3], the exponent in Corollary 3
can be reduced to just 1. However, the following examples show that the situation

in the higher dimensional case is different and our result is actually quite sharp:

Example (a): Let o(z1,29) = ({2021 _=2iz ) f51 () 2,) € By, Then

z1—1-27 7 z1—1-23

o € Aut(Bs2) with o(p) = p and ¢’(p) = id, where p = (1,0). But o # id.

(b): Let D be a bounded strongly pseudoconvex domain defined by D =
{(21,22) € C? : |21 +h(|22]) < 1} for some smoothly increasing function h(-) with
h(0) = 0. Denote by p the boundary point (1,0). Define f(z1,22) = (21,2122).
Then f fixes the holomorphic retract of D : {(21,0) : [|z1] < 1} and f(2) =
z+o(||z —p||) as z — p. But f#id.

(c): Let By = {(z1,22) € C? : |21|*> + |22/*> < 1} be the unit 2-ball and let
p = (1,0). For every a > 0, define a holomorphic mapping f, from By to C? by

21 +a(l —2z)? 29
I1+a(l—2)% "1+a(l—2)2

Ja(z1,22) = (

Then it is easy to check that f, is a self-mapping of By and f,(2) = 2+O(||z—p||*)
as z — p. By Theorem 8, {f*} converges compactly to p.

We procceed with the proof of Theorem 8 by way of several lemmas. We first

start with the following
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Lemma 3.10: Let D and p be as in Theorem 8. Suppose that o is a biholo-
morphism of D such that o(z) = z 4+ o(||z — p||¥) as 2 — p. Then o = id if either
k=2or k=1 and D is not biholomorphic to the ball.

Remark: We notice that Lemma 3.10 is sharp even in the one complex

variable case:

Example : Let o(7) = 1422(?—1—_137 for 7 € A. Then (1) =0’(1) =1 and o €
Aut(A). However, by a direct computation, it can be seen that an automorphism
of A which has contact of order 2 with the identity at some boundary point must
be the identity. In fact, let o = e 2=~ with # € R and a € A. Then ¢” # 0

1—
when a # 0.

Proof of Lemma 3.10: Let €, €Qq, ®, and U be as in the proof of Theorem 4,
and let ¢ be a complex geodesic of Q with ¢(1) = ®(p) (see [Lml]). As argued
before, we see that when ¢/(1) is close enough to the tangential direction, then
d(A) C Qo and ¢Oﬁ¢>_1|go o ¢ is a complex geodesic of D. Hence, o o ¢ is also a
complex geodesic of D. Now when o o ¢(A) is close enough to p (we can do this
by shrinking ¢(A) and by the continuity of o at p), it follows from Lemma 3.1 that
0 0 ¢y is also a complex geodesic of ®~1(Q). So ® o o o ¢ is a complex geodesic
of Qg and therefore a complex geodesic of 2 (by Lemma 3.2). We note that ¢ and
® o 0 0 ¢ coincide at 1 up to the first order. Thus, by the uniqueness property
of complex geodesics on strongly convex domains, we can find a biholomorphism
a of A so that (1) = 1,a/(1) =1, and Poocogg = poa. If k =2o0r k=1
and « is elliptic (i.e, the sequence {a™} is a pre-compact family), we have that
a(r) = 7 and hence that o fixes ¢g(A). If o is non-elliptic, then by noting the
fact that o(¢o(A)) C ¢o(A), we have Poo™ o d Lo py = poa™ — ®(p). Thus p
is a boundary accumulation point of the automorphism sequence {c™}>°_, of D.
By the Wong-Rosay theorem [Krl], this implies that D is biholomorphic to the
ball. So when D is not biholomorphic to the ball, by making use of the uniqueness
theorem for holomorphic functions and the fact that the union of all such ¢(A)’s

occupies an open subset of D, we see that o =id. i
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Lemma 3.11: Let D CcC C” (n > 1) be a pseudoconvex domain and p € 9D
a C?-strongly pseudoconvex point. Assume furthermore that either D has a Stein
neighborhood basis or D has a C* boundary. If f € Hol(D, D) is such that
f(z) = z+o(||z — p||) as z — p, then for any neighborhood V of p, there exists a
point z € V N D such that f*(z) € V for k =1,2,3,-- .

Proof of Lemma 3.11: Let D, p, f be as in the lemma, and let 7 be the

inward normal vector of D at p. Denote by L the inward 7-cone at p, i.e,
0
L ={z € D: the angle between pz and7 is less than Z}

We then define the big and small horospheres for any zy € D and R >0 as follows
(we note that the definition is somewhat different from that in [Ab2], but is more

suitable for our purpose here):

A
E(zo,R) {z€ D : limsup (Kp(z,w) — Kp(z0,w)) < 1/2log R},
- w(€Ll)—p

F(zO,R)A{z €D: l%mLi)nf (Kp(z,w) — Kp(zp,w)) < 1/2log R}.
e w(€EL)—p

Claim 1: Let R > 0 and zg € T close to p. Then it holds that z € Ep(zp, R)

for 2 € W close enough to p.

Proof of claim 1: Let zg € T be close to p and let z be in the segment Zpp.
Denote by B(z) the ball with center z and radius 6(z)(= ||z — p||). We then see
that B(z) C D when z ~ p. By the estimate that Kp(z,w) > C — 1 log §(w) for
w(€ L) ~ p (see Claim 2 for more discussion on this matter) and the monotonicity

properties of the Kobayashi distance we then have for w(€ L) ~ p that:

Kp(z,w) — Kp(20,w) < Kp(.)(2,w) — Kp(20,w)

1+ ||z = wll/d(2)
1]z —wll/d(2)

)—C+ 1log(S(w)

<
- 2

1
5 log(

86



d(w)
8(z) — |z —w|’

where, as before, C denotes a constant which may be different in different context.

1 1
< §log5(z) +C+ élog

We now use the special property of L which makes % — 1 as w(e
L) — p. We therefore obtain that Kp(z,w) — Kp(20,w) < 2 logd(z) + C. So for
any R > 0, when z(€ ) is close enough to p, we have z € E(z, R).

Claim 2: Let zg be as in Claim 1. For every small neighborhood V' of p, there
exists an R > 0 such that F(z9,R) C V.

Proof of Claim 2: Let Qy,Q,U and & be as in the proof of Theorem 4.
Without loss of generality, we assume that ®~1(Q) C V and d®(p) = id. Let
25 = P(z0), w* = ¢(w), and n* the inward normal vector of Q at q(= ®(p)).
Then ®(7) is tangent to n* at q.

By noting the fact that the Kobayashi distance of {2 between any two points
can be realized by a complex geodesic ( because €2 is a bounded strongly con-
vex domain), we then have for any z* ¢ Qp and w* ~ ¢, that Kqo(z*,w*) >
inf,eco0,—00 Ka(u,w*). Let B* D Q be a ball, which is tangent to Q2 at ¢ and has
7 as part of its diameter. Then, from the direct computation of the Kobayashi
distance for B*, we obtain Kq(u,w*) > Kp«(u,w*) > —1/2log §*(w*) + C. Here
C is a constant independent of the choice of u € 9Qy — 9, §*(w*) denotes the
distance from w* to 02, and w*(€ ®(L)) ~ g. So from the monotonicity property
of the Kobayashi distance, it follows that

Kp(z,w) — Kp(z9,w) > Kq(z*,w*) — Kq,(z*,w")
1 1
> —5 log 6" (w*) +C — C' + 2 log 6*(w*) > C — C'.
Thus, if we choose 3log R = C — C’, then z ¢ F(z0, R) when z ¢ ®~'(). This
completes the argument for Claim 2.

Claim 3 f(E(z0,R)) C F(z0,R).

Proof of Claim 3: Let z, = p+ %(E 7). Then for k >> 1, f(zx)isin L and
converges to p as k — oo. For any 29 € D, R >0, and z € E(zg, R), we have the
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following;:

liminf (Kp(f(2),w) — Kp(z0,w)) < liminf(Kp(f(z), f(zx)) — Kp (20, f(20)))

w(€EL)—p k—o0

<liminf(Kp(z, zx) — Kp(zo, f(20)))

k—o0

< liminf(Kp(z,2c) — Kp(zk, 20)) + limsup(Kp(2k, 20) — Kp (2o, f(2k))

k—o0

S logR—}—hmsup(KD(zk,zo) _KD('Z()af(Zk))

k—o0

N | =

So to complete the proof of Claim 3, we have only to show that

limsup(Kp (20, 2k) — Kp (20, f(21))) < 0.

In fact, let v : [0,1] — D be the segment joining z; and f(zx). Obviously, when
k >> 1, then 7 stays in D. Denote by B(a,r) the ball of center a and radius 7.

We then have, for every X € T%’(Ot))D, that

kD (Vk(t), X) < KBy (t),1/2k)) (T, X) < Cl[ XK.

Here C is a constant which is independent of k and t. Hence

Kp(z0,26) — Kp(20, f(21)) < Kp(z, f(21)) < / ko (ve(t), vy (t))dt

Yk

< Ck[[f(z1) — 2kl < o(1),

as k — oo. This completes the argument for Claim 3.

Now for any given V', a small neighborhood of p, by Claim 1 and Claim 2 we
can find a point zp and R > 0, so that V' D F(zo, R) D E(z0, R) # (). From Claim
3, it follows easily that f*(E(zo, R)) C F(zo,R) for each k, since for any k, f*
also satisfies the condition in Lemma 3.11. Hence, every element in E(zy, R) does
the job.

Lemma 3.12: Let D, p be as in Theorem 8, and let M be a holomorphic
retract of D with complex dimension greater than 1. Suppose that p € OM and
f € Aut(M) is an elliptic element such that f = z + o(z — p) as z(€ M) — p.
Then f(z) = z.
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Proof of Lemma 3.12: By Proposition 3.2, we can find a complex geodesic
¢ of M with ¢(1) = p and ¢(A) close enough to p. By the hypothesis, it then
follows that Diam(f o ¢(A)) << 1. Since ¢ and f o ¢ are actually two complex
geodesics of a O3 strongly convex domain (see the proof of Proposition 3.2) with
(&) — f(0(€))] = o(|€ — 1]) and since f is elliptic, it thus follows that ¢ = f o ¢.
(This can be seen by an argument similar to that for Lemma 3.10 and the classical
Wolff-Denjoy theorem). So f fixes ¢(A). Now, noting that all such ¢(A)’s fill in

an open subset of M, we have the proof of Lemma 3.12. B

Proof of Theorem 8: Let D, p, and f be as in the theorem. Then Case
(1) is the local version of the Burns-Krantz theorem (see [BK] and [H2]). Now if
{1} does not converge compactly to p, then by the iteration theory of holomorphic
mappings (see [Bel] or [Abl]) and Lemma 2.11, we have the following possibilities:

(i) {f'} converges compactly to some zy € D:;

(ii) Some subsequence of {f'} converges to a non-trivial holomorphic retract
h of D so that f € Aut(h(D)) (dim(h(D) > 0);

(iii) f is an automorphism of D.

In view of Lemma 3.11, (i) cannot happen, while by Lemma 3.10 (iii) can
occur only when £ =1 and D is biholomorphic to the ball. Hence, all we actually
have to study is the case (ii).

Notice that h(D) is either a simply connected hyperbolic Riemann Surface
(this follows from the simple connectivity of D) or a holomorphic retract of di-
mension greater than 1.

In case h(D) has dimension 1, since {f™} is a precompact family, we may
conclude that f fixes some point on h(D) ([Abl]). From Lemma 3.11, it follows
easily that p € m Hence we may choose a biholomorphism ¢ from A to
h(D) and a sequence {7} , converging to 1, so that ¢(7x) — p as k — oco. By
Corollary 3.2, we see that ¢(1) = p and ¢ is Lipschitz-1 continuous near 1. Since
¢~ o fog(e Aut(A)) fixes two points on A; one is in A and the another one is
on 0A, we can easily conclude that f fixes h(D).

When dim(h(D)) > 1, by applying Lemma 3.12 and noting that f|;(p) is
elliptic, it also follows that f(z) = z for z € h(D).
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So, if the k in the lemma is 2, we then let A(7) = (52 + 5£2) 0 ¢(7), which is
the sum of the eigenvalues of the Jacobian of f at ¢(7). We claim that ReA(7) = 2
under these assumptions. In fact, by using the Cauchy estimates, the Lipschitz-1
continuity of ¢ at 1, and the fact that 6(¢(7)) ~ C(1 — |7]), we have the following
estimate for 7 € (0, 1):

0
f’ o) -1 <C—— s () -5l

5(A(7)) 2—p(rlI<s((r))
o((8(¢(1)) + [lo(7) = pl)*) = (|1 — 7|)

o
1=

as 7 — 1. On the other hand, since Re(A(7)) is harmonic and is never greater than
2, it follows from the Hopf lemma that Re(A(7)) = 2. However, note that |A(7)| <
2. From the Cartan-Carathéodory-Kaup-Wu theorem, we therefore conclude that
it implies that f(z) = z on D. This contradicts our assumption and thus completes
the proof. i

We end this section by proving:

Proposition 3.5: Let D CC C™ be a C3* simply connected strongly pseu-
doconvex domain and let ¢ be a holomorphic self mapping of D. Denote by H" (D)
the standard Hardy space (see [Krl]) of D with » > 1. Suppose that the compo-
sition operator Cy, defined by Cy(g) = g o ¢ for each g € H"(D), is a compact
self-operator of H"(D). Then {¢*} converges uniformly on compacta to a fixed

point zg € D.

Remark: When D reduces to the ball or a strongly convex domain, Proposi-
tion 3.5 follows from the work of MacCluer or Mercer, respectively. The argument
we will present for the general situation is based on the regularity result in Proposi-

tion 3.3 and the extension theorem for certain Hardy spaces obtained by Cumenge
in 1983 [Cu].

Proof of Proposition 3.5: Under the given hypothesis, we first claim that ¢
must be an elliptic element. In fact, if that is not the case, then ¢* — p € D and

the angular derivative of ¢ at p is a positive number (see [Abl]). Thus it follows
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from a standard argument (see [Me], for example), that C, cannot be a compact
operator on H"(D).

Now suppose that there is a non-trivial holomorphic retract M of D with
é|p € Aut(M). Notice that M is a closed complex submanifold of D with C?
boundary and intersects D transversally (Proposition 3.2, Proposition 3.3 and
Corollary 3.3). Let H"(M,pur—1) = Hol(M) N L"(ug—1) (where k is the codi-
mension of M in D and the notation pur_; is explained on Page 59 of [Cu]).
Then Theorem 0.1 of [Cu] tells us that there exists a bounded linear exten-
sion operator E : H" (M, pup—1) — H" (D) and moreover the restriction operator
m: H' (D) — H"(M, pg—1) is also bounded (see the argument of Corollary 4.1
in [Cu]). Since Cy|gr(a,puy_,) i an isomorphism of H" (M, pp_1) to itself (see
Proposition 3.4), we can easily conclude that Cy is not compact; for Cy cannot
map the closed unit ball in E(H" (M, ux—1)) to a compact subset of H"(D).

Applying results in [Bel] and [Ab1], we can thus conclude that {¢*} converges

uniformly on compacta to some point z € D. i
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Chapter 4: Local hull of holomorphy of a surface in C?

§4.1: Regularity of local hull of holomorphy—Proof of Theorem 9:
We retain all the notation which we have set up in § 1.3. In the present

section, we prove Theorem 9 by using Bishop disks.

Theorem 9: Let M C C? be a real surface of class C%, where a = oo or w.
Suppose that p is a degenerate elliptic point of M of degree 2m and suppose that
M can be flattened to any order at p. Then the local hull of holomorphy of M at
p is a C* Levi flat hypersurface with C* boundary M near p.

Our idea of the proof can be described as follows: We first blow up the point
p many times. This process makes the manifold M stated in Theorem 9 into a
twisted totally real cylinder in C? with regular boundary. We then use a suitable
infinite dimensional implicit function theorem to obtain a real parametrized family
of analytic discs that are attached to this cylinder. In case a = oo, to verify the
smoothness of M near p, we prove a unique determination of the holomorphic hull
in terms of the locally attached analytic disks. When a = w, we verify the real
analyticity of our foliation in the normal direction at p. We then finally obtain the
full statement of real analyticity of M near p by using the uniqueness of analytic
functions.

For clarity, we divide our discussion into two subsections. We first study the
C® dependence of analytic discs on a real parameter. Then we investigate the

local hull of M near the exceptional point.

§ 4.1.1 C'* dependence on a real parameter

Let M C C? be an embedded, real, two dimensional manifold of class C®.
Let p be an isolated complex tangent point of M. Moreover, we assume that p
is a (possibly degenerate) elliptic point of degree 2m, which can be flattened to
any order (as defined in §1.3).That is, for any ¢, there is a holomorphic change of
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coordinates, which maps p to 0 and such that the manifold M is given, in the new

coordinates (z,w), by
(4.1.1) w = h(z) = po(z) + h*(2),

where py is a positive polynomial of degree 2m, h*(z) = O(|z|*™), and Imh*(z) =
o(|z]). Here we notice that 2m is invariantly associated to p (i.e, independent of
the coordinates chosen).

In what follows, an analytic disc is a continuous function ¢ from the closed
unit disc A in C to C? that is holomorphic on the interior A. We say that an
analytic disc v is attached to M if ¢ (0A) C M.

Next we set up the equation that will describe our analytic discs. Set I. =
(—e,6) C R, with € > 0 and € << 1. Let S! denote the unit circle in C. We
consider a function ® : I, x S1 — C2. The function ® acts on variables (r, &) with
r~ 0 and £ € St. We would like to arrange for ®(r, - ) to have a holomorphic
extension to A for each fixed r and also that ®(r,&) € M when ¢ € S1. We will
write ®(r, &) = (61(r, ), da(r, ).

For r € I, we let D,. denote the domain
_ 1 1
D, ={z€C" :py(z) + Tz—mpl(rz) < 1}.

Here we write p1(z) for Reh*(z). We notice that Dy is a bounded star-like (with
respect to the origin) domain with real analytic boundary. In fact, the starlike
property follows from the homogeneity of pg. So, to see the claim, we need only

to show that apg_z(z) # 0 when z is away from 0. For this purpose, we let po(z) =

A (G = .
D it jmom @ijz' 2 (@ij = aj;. Then

D) o o
z%: Z i0;;2'Z = Z (2m — j)a;;2'7’

itj=2m i+j=2m
=2m E a;;2'7 — E Jjaij 2"z’
i+j=2m i+j=2m
=2m E ai; 27 — E ia;j27
ij i s
itj=2m i+j=2m
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from which we see that Re <z%> =M it icom a;;2'z7 > 0 when z # 0.

Now, for each |r| < 1, as a small perturbation of Dy, D, is also simply
connected. Let 0,.(§) = o(r,&) be a conformal mapping of A to D,. Assume in
advance that o(r,0) = 0 and o’(r,0) > 0. These last two conditions can always be

arranged and make our choice of o(r,£) unique.

Lemma 4.1: In case a = oo, o(r,§) is smooth in (r, &) € I. x St. If a = w,

we have
a(r,6) = oi(&)r ¢en, rel.
i>0

Here ||oi||, < R' for some R >> 1, depending only on n. Moreover each o;
is holomorphf;c on A and o(r,€), as a function of two variables r and &, is real
analytic. Here and in what follows, we use || ||,, to stand for the standard norm
in the Banach space E, = C™'/2(8') (which, in some context, will be used for
the space of real functions with smoothness n + 1/2) and R for a large constant
which may be different in different contexts (depending only on n, an apriori given

non-negative number).

The proof is based on the implicit function theorem in Banach spaces. Since
the technique also plays an important role in the later discussion, we present the

following details on this matter.

We first recall some definitions. Let E and F be two Banach spaces (over
K =R or C) and let O C E be an open subset. Suppose that 7' : O —F is a
continuous map. We say that T is of class C! if for every zg € O, T(z + zg) =
T(xo)+ A(xo)(x—x0)+0(||z—x0||) where A(zg) € L(E, F) for each 2y and depends
continuously on zg. We write T"(xq) for A(zg). The map T is C? if T” is of class
C'. Inductively, we can speak of the C* smoothness of T for every k. The map
T is said to be smooth or of class C> if T is C* for each k. Usually, we identify

k times

—
T*) with a symmetric k-multiple linear mapping from E x --- x E — F (see [Die]
k times

——
and [Dei]). For u € E, we write T") (uF) = T®) (- -+ u)). We use Ly(E, F) to
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denote the spaces of k-multiple linear mappings between E and F, and Si(FE, F)
for the space of symmetric k-multiple linear mappings.

Let T as above. We say T is analytic if, for any xzg € O, there exist a
small 7 > 0 and a sequence of symmetric k-multiple linear mappings A, with
> k>0 |Ag|l7* < oo such that T(zo + z) = T(xo) + > k>0 Ap(2¥) for ||z|| < 1.
Here [|Ag| = sup{[|Ax(y1, - ue)ll = llysll <15 =1, k}.

Claim 0: (a): Let F and F be two Banach spaces. Let Ay € Ly(E,F)
be such that limsup,_, . ||Ax||'/* = R (R < o). Then the map defined by
T(z) = > 12y Ar(z") is smooth and analytic on B(1/R) = {z € E : ||z|| < 1/R}.
Moreover, TP)(0) = p!(SA,). Here, for L € Ly(E,F), we define SL to be the
symmetrization of L. That is, SL(x1,---,25) = 1/k!' >, L%, +,%q,),
where the sum is taken over all permutations of {1,---, k}.

(b): Let £ = C and O C E = K™ be an opens subset. Then any C'' mapping

from O to F is analytic.

Proof of Claim 0: The proof is similar to the finite dimensional case.

(a): Under the assumptions in (a), we first notice that Y Ay (z¥) converges
uniformly on B(el/R) for each € < 1. Thus T is continous on B(1/R). Consider
the map from E to F which sends z € E to Ag(z*). It is easy to verify that
Ap(2®) = k(SAR)(-,2%71), ie., for each h € E, (Ax(2*))'h = k(SAg)(h,zF71).
Obviously,

[Ax(@®) || = sup [[Ak(@")'sll= sup [[k(SAR)(s, 2" )| < K[ Agl[l]*.
lIslI<1 sl Izl <1
Therefore, it follows that limsup || Ax(2*)'|| < R|z|| , and thus > Ax(2*)" con-
verges uniformly on each B(e/R). By [Die], we see that T is of class C' on B(1/R)
and T"(X) = > 55, Ar(2*)". Meanwhile, one can see that 77(0) = A;(z) = SA;.
Define By, € Ly,(E, L(E, F)) by
Bk(h17 ) hk) = k(SAk+l)(7 hy,--- 7hk)
Then
[Bell = sup [|Bi(ha,- -, ha)ll =

lh;lI<1
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= sup kH(SAkJrl)(S?hlu?hk)H SkHAk”
IsII<1,llh;]I<1

and hence limsup HBk“l/ k < R. Now, applying the previous argumnet to the
series T'(z) = Y Bi(z¥), we obtain T is of class C%, T"(z) = Y. Bi(z*)’ for
x € B(1/R)), and B} =T"(0). Since

Bi(x") = (k+1) (SAps1(2") = (k + DE(S A1), - 2",

we have T"(0) = 2!(SA3). By induction, we then conclude that T is of class C*°

and

T(j)(m) = Z(Ak(l’k))(j) — Zk (k= + 1) (SAR) (- ,;L’k_j),

J<k
and TW(0) = j!1(SA;).
Next we will show that 7" is analytic on B(1/R). To this aim, we notice that

ITDRIN <Y k- (k=G +DISARC- B < Y k- (k=G + D) Agll|A] .

From this, one derives that, when h € B(e/R), it holds that |TU)(h)| < j!RI.
Here the positive number R. depends only on e. N

We now fix hg € B(1/R) and use the Taylor formula of T' (see [Die]) at ho.
We then have

N . .
TG (hy)s?
T(ho +s) = Z % + Rar(ho, s),
5 !

where Ry = 1/(N — 1)! fo —t)NTW) (hg + ts)dt - sV. Hence, when |[|s|| << 1,
one see that [|[Rar|| — 0 and thus T'(hg + s) = > w
proof of (a).

Now we proceed to the proof of (b): Let T be a C! map from O to F and let

. This completes the

x € O. For each y* € F*, we consider the complex function y*T'(x+ z) in z, which
is then holomorphic on its defining domain. Thus we have the following Cauchy

formula: 1 .
0(x) =y T +2) = (5)" /F w

—Z

dg,

where I' = A1 X - -+ x A, the principal boundary of some polydisk centered at

the origin. Taking away y* in the above formula, we have

T(e+2) = (%)”/F%dg.
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From this, we see that all partial derivatives of T'(x+ z) exist and thus 7" is smooth

on its defining domain (see pp 178 of [Die]) Meanwhﬂe, we have the power series

> [x Téfrf)dg , which is also equal

expansion: T(z + 2) = Y aq2® with aq = (55)
to %(T(O‘)(az)). We observe that the norms of partial derivatives and thus those
for the total derivatives of T" satisfy the Cauchy estimates (see [Die]) at each fixed
x. Hence we may conclude the analyticity of 7" at x. (See also a similar argument

in pp. 150 of [Dei]). B

Claim 1: Let Ben’l/z(aco(f)) be the e-ball of E,, (over K = R) centered at the
2o(€) and let f(&,r,z,y) be a C™ function in (§,7,2,y) € S x I, x U, where U
is an open subset of R? (or C?, in case E,, consists of complex valued functions)

Suppose that
Th, Ty, € L(C™FI2(S1), 0" TH2(8Y),

and (x9(€),T1(z0)(€)) € U for each € € S, then the map F : I, x B¢” 1/2( 0) —
Cn+1/2(S1) defined by

F(r,z) = To(f (& r2(8), (Thix)(§)))

is of class C*° when € < 1. Moreover, when zo = 0 and

fl&ray) = E aijr(§ r:vj

ijk
with ||a;jk ||, < R7T/T*. Then the F defined above is real analytic (after shrinking

€).

Proof: The smoothness part follows from an induction argument. First, since
F = Tg(%(&,r,x,ﬂ(a})) and F.(-) = Tg(%(') + g—iTl(-)) are continous on (7, x),
we see that F is C!. Moreover,

0 0 0
F' = T2(8—£61 + 8_£62 + a—fT1 0e).

Here ey (r,h) = r and ex(r,h) = h are two natural projections.

Suppose that F'is of class CP and
oititk f
(P) — N g
Fr=131 Z YTk B p Dy Tige) |
i+j+k<p
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where [;;x(€ L,(R! x E,, E,)) are p- multiple linear mappings. Then

OF () Qitithtl g
g =Tl D gyl
i+j+k<p
and SR Pitithtl g
Fp i+j
g =T Y kg g Lt
1+j+k<p
8i+j+k+1f
+. Z aijkWTl(h)Ii+j+k)v
i+j+k<p

which are continuous on (r,z). Thus, T is of class CP™! and
Gitithtl g

(p+1) -
PO =T 3 Yk Qi1 021 Oy

t+j+k<p

e1 ® Iijr+

§ititk+1 f

+ Z aijk—ariaajj"'l@yk e @ Lijp+
i+j+k<p

@i+j+k+1f

t 2 aggggge (0 es) © T
i+j+k<p

Hence, by induction, we see the smoothness of T

Now, assume the latter case, i.e,

f&may) = ag(&r'a’y"

with ||aijk|ln < R7ITF. Let Cp > 1 so that ||T}|| < Co (j = 1,2) and |le; - ea| <
Collerlllez]| for e1, ex € C™/2(S) (see [GT] for the existence of such a Cy).

Consider the power series
F(T7 6) — ZTQ (aijk(f)ri@j(Tl(e))k) — Z ZAi,k(('ra e)i—|—k>7
ki
where

A’i,k ((rla 61)7 ) (riu ei)v (T’H—l? ei+1)7 Ty (T’H—k? ei-l—k)) -

= ZTZ (@igg—ir1 - Ti€iv1 - €iviTr(eirir1) - Th(€itr) -
1<k
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Here we understand A; , € Li+i(R x E,, E;,). Then

1Akl <> CFF M lasp-ill < kCFERI*.
1<k

Write By =, _n Ai k- Then [|By| < N2C3VR*N and

T(Tv 6) = Z BN((Tv e)N)
. From (a) of Claim 0, we see the proof of Claim 1.

The following is the starting point for our later discussion:

Implicit Function Theorem: Let X, Y, Z be Banach spaces, U CX and
V CY be neighborhoods of xy and yg respectively. Let F': U x V' —Z be of class
C*°. Suppose that F(xo,y0) = 0 and Fy(wo,yo0) is an invertible bounded linear
map from Y to Z. Then there exist balls B, (z¢) C U, B,/(yo) C V, and a unique
map T : B,.(z9) — B (yo) of class C* such that T'(z¢) = yo and F(z,T(x)) =0

on B,.(xo). Moreover, in case X= K™ and F' is analytic, then T is also analytic.

Proof: The proof in the C*° case can be found in many text books (see
[Die], for example). In the real analytic case, there is a general argument in [Dei]
(Theorem 15.3 of [Dei]). It seems to me that there is a gap in the proof there,
but it works well in case X is of finite dimension. For completeness, we give the
following discussion:

When K = C, the proof follows from the first part and (b) of Claim 0. When
K = R. We complexify X, Y, and Z. For example, we define X, = {z + iy :
xz,y € X} and define ||z + iy|]| = ||z|| + ||y||. Next, for a symmetric multiple
linear map, say Ax € Li(X,Y), we complexify it in a natural way: To define
A (x1+iyr, -+ -, + 1Yy ), one expands Af(x1 +ty1,- -+, Tk +tyx) as a polynomial
in ¢ and then replace t by . An important observation is then that the complexified
sequence also satisfies the Cauchy estimates if the original one does.

So, by the above argument we can extend F as analytic map near (zg,yo)
which is from X, x Y, to Z.. Now using the smooth version of the implicit function

theorem, we have a smooth solution 7T, which, when restricted to X, coincide with
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T by the uniqueness. By (b) of Claim 0, we see that T, and thus 7" is analytic

near zgo. B
After all these preparations, we now turn to the proof of Lemma 4.1.

Proof of Lemma 4.1: Let o9 be the conformal mapping from A to Dy with
00(0) = 0 and ¢((0) > 0. By the Schwarz reflection principle, oy is actually
holomorphic on A. Thus D} = o5 '(D,) is also a domain with C® boundary
(when |r] << 1).

Let po(00(€)) = (1 — [£]?)pg(€) with p(€) # 0 and of class C® for & close to

St. Let
1 P1 (TJQ(Z))

2 * 2
pr,z)=1—|z|"+p"(r,z) =1—|2|" + "

Then p(r, z) is a C* defining function for D}.
Now o*(r,&) = o5 *(o(r,&)) is a conformal map from A to D¥. Obviously it
suffices for us to show that o*(r, ) has all the properties stated in the lemma.
In fact, we will show that o*(r,§) can be uniquely written as £(1 4+ o**(r,&))
with
o™ (r,€) = E(r, €) + V-1H(E(r,§)),

where H stands for the standard Hilbert transform and Z(r, €) is real and of class
C> when (r,§) € 1. x S'. Moreover, when a = w, then Z(r,§) = 37,5 E; ()77
and ||Z;|l, < R/ for R > 1. We observe that H is a bounded isomorphism of
E, = C’”’l/QN(Sl). (Here we will take E,, as the space of real functions).
To this end, we first note that p(r,o*(r,£)) =0 for £ € St and
Ip(r,€)

plr.*(1:€)) = p(r, ) + 20 (L ew2(1,6)) 4 16,07 (8]

Here || p(r,&)||n = O(r),
dp(r,€)
0z

and [|p**(r,&,0%)||ln = O(|lc**||?). Thus we obtain

= _E + O(T’),

() 2Rec™™ = F(r,&,0™")
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with [|F(r, €&, 0]l = O(|r| + |IE]12). Moreover,

dp(r,§)
o3

which is obviously of class C*°. In case a = w, F(r, £, z) is real analytic in (r, &, 2) ~

I. x ST x A.. Note that () can be written as

F(r.6,2) = plr€) + Re ( ; E) o+ (6 2),

= F(r,Z,HE) = G(r, &, 2, HE)

(1]

()

where F(r,2) = 1/2F(r,£,2 + /—THZE) is also of class C> by Claim 1 (when
(r,z,y) ~ (0,0)). When ¢ = w, we notice that G(r,{, x,y) is real analytic in
(r,&,z,y). So for each fixed & € S!, there exist a s small neighborhood U of
0 € R and a small arc C¢, such that when r,z,y € U and £ € C¢,, it holds that

G(T7 57 z, y) = Z aijk(ﬁ)rixjyka

where [|a;jx(€)||7 < R and the norm || - [|7 is taken over C¢,. Now, by using
the covering lemrr:a, the uniqueness of the power series, and by changing R, we
can assmue that U is fixed and a;;;, is independent of the choice of {;. Meanwhile,
we also see that the global Cauchy estimates for a;;; hold.

Now, since F(0,0) = 0 and ﬁé((),()) = 0, by the above mentioned implicit
function theorem, Equation (xx) has a unique solution Z(r) which is also of class
C® with respect to the parameter r. Especiallyy, When a = w, then Z(r) =
s ZE with | Z2EWL | <RI (We note that 2(0) = 0).

Returning to o*(r, §), when a = w, we thus have o™ (r,§) = 3,5, 0; (&)r? with
o; € C™1/2(SY) for every n (thus it is smooth). The holomorphic extendibility
of o7 to A follows from a normal family argument. To simplify the notation, we

“*? in what follows.

drop the superscript

Now, we show that o(&,7) is smooth in (§,r). In fact, we can find an 7 so
that (+*) can be uniquely solved in C'/2(S') for r € I,. (The solution will be
denoted by Zy(r)). Moreover we may assume that |G, (r,&, Eo(r), H(Zo(r))|lo and
1G,(r, &, Z0(r), H(Z0(7))|lo are very small when r € I,,. We claim that Zo(r) is
also a smooth map from I, to £, for any n. This then will imply th smoothness

of o(r,&) in two variables. For this purpose, we let ro € I,,. We first notice that
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Eo(ro) is in C*°(S1), for by the Kellog theorem o (rq, ) is smooth. Now, consider

the derivative of Z — F with respect to = at P = (rq, Zo(ro)), which is given by

G OG
L(P)h = h = 5o = 5 i,

where h € Ey. By the assumption, £(P) is a bounded invertible linear self operator
of Eo. Let a(¢) = 1— 9¢|p and b(¢) = =& |p. Then a(€) and () are smooth.
Notice that £(P) is also a linear bounded one to one operator from F,, to E,, for
each n. By the well-know theorem in Banach space theory, to verify that £ is a
bounded invertible self-operator on FE,,, it suffices for us to show that £ is onto.
But this follows from the following claim and the fact that £ is onto when acting

on Eo.

Claim 2: £ is an hypoelliptic operator in the sense that for each n, L(P)h €
E, if only if h € F,,.

Proof. We need only to prove that Lh € E, implies h € E,. By the simple
connection between the Cauchy singular integral and the Hilbert transform (pp
63 of [MP]), it suffices for us to show that the solution of the equation

b* h
e+ L8 [ 1O,
S

v 1T —&

stays in E,, when g € E,,, where |[a*||p &~ 1 and ||b*||o =~ 0.
Let h(z) = 5= [ (") 4r. By the Plemelj formula, h = h* — h~ and

i/ Mdfih—'——’—h_.

m Jor T —¢

Thus we obtain the Riemann-Hilbert equation:

* _b*
E pt =12 h+ g
(EQ) prany s

with ¢g* = g/(a* 4+ b*) € E,,. Since the index of % is 0, we can well define

1 log 4=1
d(z) = exp <% /51 Tde) .
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By the Privalov theorem and the Plemelj formula, we see that d* = 2= 4~ and

a*Tb*
d* € E,. Returning to Equation (EQ), we see that

h(z) = — / g(r) dr o

T omi Jg dt ()T —2

from which follows the fact that h(t) € E,,. This completes the proof of Claim 2.

Now, we see that the derivative of Z— F(r, Z) with respect to = at (19, Zo(ro))
is also bounded invertible when acting on the space E,,. Thus by the implicit
function theorem, we conclude that Zy(r) depends smoothly on r in E, near rg
for each n. Therefore we know that o(r,§) is smooth in (r,£).

Finally, we assume that a = w and prove the real analyticity of ¢ in r and
€. Pick rg and & with |rg] << 1 and & € St. Let qo = o(ro,&). Since D, near
po is defined by a function g(r, z) which is real analytic in (r,z) &~ ¢qo. Using the
implicit function theorem, we may assume that g(r,z) = y — ¢*(r, ). Thus, there
is a biholomorphic map which is real analytical in (r, z) and sends, for each fixed
r, an (fixed) open interval in R! to an arc of D, near go. Denote the inverse of
this map by ¢ (r, z). Thus we can assume, for each r, that ¢(r,U N D,.) into the
upper half space and ¢(r, U NdD,.) into R!. Here U is a fixed open neighborhood
of pyg.

Write o(r,&) = ¥(r,0) = Y. ¢;(§)(r — r9)?. By the extendibility of ¢;, we
see that v; is holomorphic on V' N A, where V' is a small neighborhood of §,. By
shrinking V', we may also assume that the supreme norm of each v; over U N A,
denoted by |[|1;]|’, satisfies the Cauchy estimates: [[¢;]' < R7. We notice that
when ¢ € St (= &), o takes the real value. Thus, we easil;see that v; also takes
the real value for £ € S'. Hence, by the Schwarz reflection principle, each 1; can
be holomorphically extended to some fixed £y € V/ C V. Meanwhile, we also see
that the extension (still denoted by ;) does not increase the supreme norm by
the way we construct the extension.

Now on V', suppose that 1, () = >, ar;(§ — £)’. Here, by the Cauchy
formula and the above discussion, we have some large R so that |ajx| < RItF.
From this, it follows that ¢(r,§) = >, a;jx(€—&0)? (r—ro)*. This finally conpletes
the proof of Lemma 4.1. R
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Now, after a suitable renormalization, the mapping

@o(r,€) = (ro(r,§),r*™")

gives rise to all of the analytic discs attached to the model surface M, of M. Here

the “model” surface is given by

Mo = {(z,w) s w = po(2) + p1(2)}.

Typically, the strategy for constructing discs attached to M is that (i) it is easy to
attach discs to the model surface, (ii) the surface M osculates the model surface
to high order at zg, and (iii) we may then obtain discs attached to M itself from
those attached to My by a deformation process.

The ideas in the last paragraphs motivate us to consider a mapping

(I)<T7 6) = (¢1 (T7 5)’ ¢2 (Tv g))
such that

(4.1.2) ¢1(r,§) = ro(r,§) (1+ F(r,)),

where F(r,&) ~ 0 when r ~ 0 and is holomorphic in ¢ for each fixed r. Our plan
is to construct such a function F later on.

Given (4.1.1) and (4.1.2), we find that

62(1,€) = po(1(1,€)) + 21 (611, ) + V=TR(61 (1, €)),
where ¢ € St and k(z) = Imh*(z). In particular, we see that
6201, 6) = 2o (0 )1+ F(1,€)) + o (01(1,)) + VT k(61 (1, 6)).
Thus
Polo ()14 F(r, ) + i (ro(r (14 F)) = — 5 H(k(ro(r, (1 +F)) +

for some real constant C. We seek a function F such that C = 1.
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Let
r, F) = polo(r, 1+ F)) + o (ro(r, (1 + 7).

Linearizing near F = 0, we find that
Q(r, F) = Q(r,0) + Q' (r, F) + Q*(r, F).
These terms are defined as follows:

Q(r,0) = 1;

0 -0

197 (r, F) I < 1715

Opo (o) n o Opi(o)

=2
Re{o 0z rZm 9z

Y

Let us write

c(r,é) = o(r, 5)%(0) i Tgim@péia).
We see that
(4.1.3) Refe(r, ) F} +Q7(r, F) = —TszH (k(ro(1 4 F))).

Lemma 4.2: We have that ¢(r,&) # 0 and Indgic(r,&) = 0 for |r| < 1. So,
there exists a positive function d(r, &) € C*°(S* x I.) (when a = w, we furthermore
have d(r,§) = 35 d;(&)r? with ||d;|, < R7) such that d*(r,&) = d(r,€)c(r,€)
has a holomorphic extension to A for each fixed r. Meanwhile, d*(r, &) € C*° (St x
I.) and and, when a = w, d*(r,§) = 3,5 d; (&)r? with |[d5]],, < R7. Furthermore,

in this case ¢, d, and d* are real analytic in (7, £).
Proof of Lemma 4.2: Let pg = Zi+j:2m a;;2'27. Then we see that

Opo

o,y o oplo)
0z

r2m 9z

c(r,§) = o(r,§)5—-(0) +

= Y aiio'ol +O(|r]l|o]*™).

i+i=2m
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In analogy with what we did before, it holds that

Re Z aijio'ol = Re Z aij(2m — j)o'od

i+j=2m

=2m E a;;0'c) — Re E a;;o'o’.

Therefore we have
ReZaijiaiE = mz ajo'ol > Clla|*™.
Thus, when |r| < 1, we obtain
Rec(r, &) > C|lo|*™ >0 (¢ € SY).

Now we let d(r, &) = eM08c(8) "and d*(r,£) = d - c. The d and d* possess

the properties mandated in the lemma. B

Returning to Equation (4.1.3), we have

Re (d*(r,&)F) = —d(r,&)Q" (r, F) — d(;;nz:)H (k(ro(r,&)(1+ F))) .

Let F = d*(r, ) F =U(r,§) + vV—1H(U(r,&)). Then we obtain the equation

U(r,§) = —d(r, )" (T’ : +d\*/(?g (U))
~d(r. M (%mk (7’00”’ ) (1 * MTJ__;HU))) |
- Ay (r,U) = —d(r, £)Q* (7“7 %) ’
and
Ao(r,U) = —d(r, &M (%’f (”’(T’ §) (1 * %))) |

Then we need to solve the equation

(4.1.4) U:Al(T,U)-i-AQ(T‘,U)
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for U ~ 0. We note here that for the model surface, i.e. k£ = 0, the only solution
for each r ~ 0is U = 0.
Now we are going to apply the implicit function theorem to (4.1.4) to obtain

a solution U that is C'* in the variable r. To this end, we still write
B2 = ¢ e C™Y2(SY) : 6 is real valued and [|¢||,, < €}.

The index n is the same as above.

Consider the operator
AT x BMY/2 o omt/2(8hy,

A((r,U)) = A (r,U) + Ao(r, U).

By the boundedness of the Hilbert transform acting on the Banach space
C™/2(S1), we easily see that A is a well-defined operator when e << 1. In fact,

we have

Lemma 4.3: For e < 1, A is a smooth map from I, x B?’l/z to 02’1/2(51).

Moreover, when a = w, A is real analytic in (r,U) for any (r,U) ~ 0.

Proof of Lemma 4.3: This follows from Claim 0, Claim 1, Lemma 4.1, Lemma

4.2, and the fact:

A(r,U) = Fi(r,§, U, HU) + d(r, ) H(F2(r, §, U, HU)).

- R o) = —din g (n 30,
Fo(r & ay) = — (%k <ra(r, o) (1 + %))) .|

Now we notice that A(0,0) = 0 and A};(0,0) = 0. Thus, from the implicit
function theorem, (4.1.4) can be uniquely solved. Moreover, if we denote by U(r)

the solution, then U(r) depends C* on the parameter r.
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A useful observation is that ||U],, < r*=2™. In fact, by (4.1.4),

IOl < 181(r, U)ll + [A2(r, U)lln < ellU[ln + O 72™),

that is,

1 £—2m
[0 )lln < O rt2m,

Therefore, || F(r, )|, < r*~2™. In particular, we see that ro(r,&)(1 + F) is an
embedding when |r| < 1. Moreover, by the reflection principle [Chik], we see that
this embedding ( thus U(r)(&)) is of class C* for each fixed r. Similar to what we

got in Lemma 4.1, we have
Claim 3: When ||r|| << 1, U(r)(§) is smooth in (r,&).

Proof of Claim 3: The proof is similar to that for Lemma 4.1. First, by
working in Fy, we have a solution for (4.1.4), denoted by Uy(r) with r € I,,. We
can also assume that at each point P = (r,U(r)), Ay;(P) has a very small || - ||o
norm. Similiar to the argument in Lemma 4.1, to prove the smoothness of Uy in
(r,€), we need only study the hypoellipticity of the following operator at a given
P:

0) Lh=h— (F1),h— (FL),H(h) = d(r, H (F2),h + (Fa),H(h)) .

As mentioned before we may replace H in the above equation by the Cauchy
h(7)dt

T—& °
Poincaré-Bertrand theorem (see pp 59 of [MP]), which asserts that

dt a(t,T)dr _ a(t, T)dt
/21 t—-f S1 T—1 - 5 5 /21 jgl t-— T-—t)

By the fact that U(r) is smooth in & for the fixed r, we can simplify the above

singular integral operator S: Sh(§) = % Js1 We now apply to (!) the

equation to an equation of the following form:
(@) a*h+b"Sh+ Kh =g.

Here, a* and b* are smooth with ||a*||p =~ 1 and [|b*||o = 0. The operator K is
defined as

Kh = / k(t, €)h(t)dt
Sl
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for certain k(t,&) smooth in (¢,&). Since Kh is always smooth, the hypoellipticity
of (@) thus follows from Claim 2. B

Remark: One can also prove by using the reflection principle (see the argu-
ment in Lemma 4.1) that U(r)(§) is real analytic in (r, ) when r is small but not

equal to 0, in cas a = w.

Notice that, for £ € A,

O(r,§) = (¢1,62) = (C(ra(1+ F)),C(h(ro(r,§)(1+ F))),

where C is the Cauchy integral operator. We have the following properties:

G1(r, &) = 1o (r,€)(1 + C(F)) = ra(r,&) + 1 (r, &) with by (r,&) = O(r2™);

C(h(ra(r,&)(1+F))) = ¢2 = 2™ +4a(r,€)  with ¢(r, &) = O(r")

In particular, when a = w, we obtain

Pr(r, &) = > Pr (7, and go(r,&) =Y e ;()r.
J

£—2m

Here 91 ; and ¢ ; € C(S') and ||¢1j|n, ||¥2,]ln < R? for some R>>1 (R

depends only on n).

64.2.2 Local Hull of Holomorphy:
We now study the hull of holomorphy of M near 0 € M. For 0 < u < 1,let

My ={(z,w) : Imw =0, Re(w) < po(z) +pi(z)}

be the hull of holomorphy of My and let E* = Uy<,«1Y(r, A) Define ¥ : ]\Afo \
{0} — E*\ {0} by U(z,u) = ®(uz,&(z,u)), where £(z,u) is determined by the
equations

z=ro(r,§), r=u?n.
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Lemma 4.4: The function ¥ is of class C*° on My \ {0}, C* on My \ {My}
(in case a = w), and admits a C T extension near 0. Moreover, when ¢ > 4m,

do¥ = id.

Proof of Lemma 4.4: Let oy (r, &) = rf72m5 (r, &) and o(r, &) = ris(r,€)
with [[¢%[|, = O(1) (j = 1,2). Then ¥(z,u) = (2,u) + (¢1,$2), where

- £—2m

b1 (z,u) = P (u?™ E(u, 2)) = u 2 P} (W™ E(u, 2)),

—_— e

¢2(Z7 u) = ¢2(u1/2m’ f(ua Z)) =uzm w;<u1/2m)7 £(u7 Z))

We note that

6(u2) = [0t 1 () = ol O i) = o7 2 ),
and o~ 1(-, -) is jointly smooth in its variables, and depends real analytically on
the parameter r when a = w (by the implicit function theorem).

Thus we easily see that W(z,u) is smooth off uw = 0 and, in case a = w, real
analytic in z,u when (z,u) € My \ My. Observe that |z/u!/?™| = O(1) when
(z,u) € M, \ {0}. We have, for ¢ > 4m

itjts b . ;
aazia(—ffa(;u) = O(u'**"75)  when k=12

7 £—2m
Thus, when s + 5 < 520,

az’Jerrs;b;(z’u)

I =o(1)

0207 u?
as (z,u) — 0. We therefore see that ¥(z,u) admits a C o extension near 0
when g;fnm > 1, ie, £ > 4m. In this case, we obviously have dgW¥(z,u) = id. B

Lemma 4.5: When ¢ > 8m, then E* is the local hull of holomorphy of M
in the sense that for any small piece M’ of M near 0, when € < 1, B, N E* is an
open subset of the holomorphic hull of M’ near 0. Here B, is the open e-ball in

C? centered at the origin.

110



Proof of Lemma /4.5: For any fixed small piece M’ of M near 0, we first claim
that E* N B, is contained in its hull of holomorphy when € < 1. This follows from
a continuity argument. In fact, let ) be any pseudoconvex domain containing
M'. We notice that when r << 1, then ¥(r,&) € Q for £ € A. Thus by the
pseudoconvexity of €2 and the well-known family of disks argument, it follows that
®(r, &) € Q for all r (whenever ®(r,&) € M’ for any ¢ € S1)[Krl]. To prove the
rest, it suffices for us to show that there exists a sequence of pseudoconvex domains
{€Q;} such that Q; D M’ N B, and E* N B. an open subset of NQ2;. Here we take
n << 1 but independent of e.

For this purpose, we return to the mapping ¥(z,u): ]\//70 — FE* and notice
that 0¥ = 0.

For each point (z,u) € My =~ (0,0), we let

olely
01 z0*2Z 0%y

\704\:[] - Da\I/ =
(lall = [[(1, a2, 3)|| < 3) and

T(W)= > ﬂja\p(zo), where Z = (z,u).
llell <3

Then, by the fact that ¥ € Cz(l\%) and the holomorphic property along z-
direction, it follows that || DT (V)(Z1) — Jo¥(Zo)|| = o(||Z1 — Zo||)3~!*l. Thus,
by making use of the Whitney extension theorem (see [Mal]), we can obtain a C3-
extension U* for ¥ to a neighborhood of My near (0,0) with |Ow O V™ (2, w) || =
o(|Imw|) (where we write W = (z,w)). Obviously dU*|y = id. We now let
T*1 = (41,42) and p(z,w) = Imi)y. Then dp(z,w) # 0 on E*, and p(z,w) = 0
if and only if (z,w) € E*; also |00p(z,w)| = 0(6(z,w)) where we use §(z,w) to
denote the distance from (z,w) to E*.

Now, we set
Qn»éoﬂ' = {(Z7w) € 02 :

(2,w) € Dy, p(z,w) < e0(1 — |2* = |w]?), p(z,w) > —eo(1 — |2* — [w]*)},
where
Dry={(z,w) : u>po(2) +p1(z) — 7lz[*" — 7, |2]* + |[w]* < n}.
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Obviously, E* N B, is an open subset of N ¢,y ¢~ By the positivity of po(2),
we notice that D, , is pseudoconvex when 7 < 1. Meanwhile, we will always
choose 7 < €. Thus, to verify that (), ., - is pseudoconvex, we need only to
show that the hypersurfaces defined by p* = p(z,w) F eg(1 — |2|? — |w|?) = 0 are
strongly pseudoconvex towards €, ¢, . In fact, The Levi form of p* is the Levi
form of p(z,w) + €pid. Since ||Levi (p(z,w))|| < |o(6(z,w))| and §(z, w) ~ €y when
p(z,w) = —eg(1 — |2]% — |w|?), we see that theNLeVi form of p™ is positive when 7
is small and 7 < €9 < 1.

Similarly, we can show that the Levi form of —p(z,w) — eg(1 — |2|> — |w]|?) is

also positive near its zero set. This completes the proof.
Now we are ready to prove the smooth part of Theorem 9.

Lemma 4.6: Let M and p be as given in Theorem 9. Then the local hull of
holomorphy of M near p is C*° with a piece of M near p as part of the smooth

boundary.

Proof of Lemma 4.6: First, by Lemma 4.3 and Lemma 4.4, we need only to
show that M has a smooth extension at p. To this end, we note that 2m and
the smoothness of M at p are local biholomorphic invariants of M. Thus from
Lemma 4.4 (or, Lemma 4.7 in the following subsection), it follows that M is of
class C(¢=2m)/2m fo1 each ¢ and thus M is a smooth manifold with C*° boundary.

For the rest of this section, we assume that a = w and proceed to prove the
real analyticity of M near .

For this purpose, we return to the function V. From the fact that d¥|y = id,
we see that the tangent space TOM =R3 <: TO(M0)> )

Now let us define the projection mapping w : M — RS by m(z,u +iV) =
(z,u). Then we can conclude that 7 is a C*° diffeomorphism by using Lemma 4.6.
Moreover, since (M) = 7(M) = My and (W(M\M)) N (MO \ Mp) is not empty,
we see that W(M ) = Mg. That is, M can be viewed as the graph of some function
V(z,u) over Mo. That is, M= {(z,u—i— iV(z,u)) 2 (z,u) € MO}.
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We remark that the graph of a function is a C'* smooth manifold if and only
if the function itself is C* smooth (here « is either co or w). Thus we have that
V(z,u) € C’OO(]\N/IO) and is real analytic on M, \ M.

We are going to show next that

i+j+s o
V(Z,u) _ Z 1 (8V (Zyu>>( )Zzgjus
0,0

£ 4ljls! 02107 Ou®
/L,]78

when |z|,u = 0. That is, V(z,u) is real analytic near 0. This will complete the
proof of Theorem 9.

To this end, we first note that the point (z,u+ 4V (z,u)) € M \ M if and only
if there is a unique pair (r,€) € I x A such that u # 0 and

Z:¢1(T7§)7 u—i_iV:QSQ(Tag);

that is,

(a) z :ra(r,g)(1+.7:(r,£))
(b) u = Repy = r*™ + Rethy(r, &)
(c). V = Im¢y = Imips(r, §)

Here we note that 1y(r,€) is holomorphic in £ € A and real analytic in the
parameter 7. Thus it follows that ¥a(r,§) = >, 5, ;' with (r,€) € I, x A
for € < < 1. From (b), we obtain uzm = r + r20(r,&) with £;(r,) real analytic
jointly in 7, & when (r,&) € I. x A (e << 1).

When |r| < < 1 then the implicit function theorem tells us that

r=gn, &) =n - (1+3"(m,&)),

where 71 = w7 in case 1 >> u > 0 and §* = o(|m1|) is jointly real analytic in
(m1,€). Thus by (a) we see that

2= (14§ (m, &)a(@(m, €),6) (1 + F(r,€)).
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Write 7, = z/uzm. We then have

n2 = (L+g"(m,&)a(@(n, &), )1+ F(G(n,E),€)) = n20m,§). (d)

Notice that when 71,£ ~ 0, we have (a) 7y is real analytic in & and 7; (b)
172(0,0) = 0; (¢) de(1+9"(m,€)), de F(g(m,€),€) = 0; and (d) deo(g(m,€), &) # 0.

We see from the implicit function theorem that (d) can be solved as

5:f(771,772)

with f real analytic near (0,0) and f(0,0) = 0. Now

r=g(m, f(n,m2)) = g(n1,m2),

which is also real analytic near O.

Returning to (c), we see that

V(z,u) = Im¢a(g(n1,m2), f(n1,m2)),

which is also analytic in 11,1 when 7n1,1m2 = 0. For 1y real, write
Tmes(g(m,n2), f(m,m2)) = Y Sijsnimdms
%,5,8>0
with |S;;s] < R+ for some R > > 1.
Now, when |u| < €2™ and |z|/u?= < e with 0 < € < < 1, we have that
V(z,u) = Z Sijsuﬁ(i_j_s)zjis.
2,7,8

However we note that V(z,u) is C* near 0. In particular,

DTV (2, u)
0290z° ’(0’“)

is C*® inwu,aslongas 0 <u<<1.

Meanwhile,
; OISV (z,u) > L
VU0 = — 2 — E 1518, uzm 77 =9)
o 0z 0Z° (0,u) i:OJ s
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This obviously implies that S;;s = 0 when (1/2m)(i — j — s) is not a non-negative
integer. Thus

= (i—j—8) ,j=s T . Jj=S
V(z,u)zg Sijsum( I=8) 075 = E Somrtjts,jsl 2 Z

i:jas T,j,s€Z+

1
when 0 < u < €™ |z| < eum.

On the other hand,

S| < R2m7'+j+s—|—j—|—s < (R2m)7'+j+8'

~

|SQmT+j—|—s,j,

Thus we conclude that

Vi(z,u) = Z 527+j+87j78u7zj28
.4,
is real analytic when u, |z| ~ 0. Also V(z,u) = V(z,u) when 0 < u < €™ and
2| < eul/?™. Notice that V(z,u) is real analytic on My \ My and it is C*° on
MO. By the unique continuation property of real analytic functions, it follows that
V(z,u) = V(z,u) for all z, |u| ~ 0 and (z,u) € M.
At last this completes the proof of Theorem 9.

The proof of Theorem 10 obviously follows from Theorem 9 and the fact that
any real analytic Levi-flat surface is locally biholomorphic to an open subset in
R3 C C3 [Cat].

§4.2: A concrete example—Proof of Proposition 2:

When p is a non-degenerate elliptic point in Theorem 9, then a lemma of
Kenig-Webster tells that it can be flattened to any order. However, the situation
for a degenerate elliptic point is different. As an example, consider the analytic

manifold
M, ={(z,w) : w = ]z2|2 + \z§|3+2n(\z]z +v-1)}

in two dimensional complex space. It turns out that the manifold M (at least
when n is big) in this case is only C3/2+7 up to the point 0 € M—certainly not

real analytic. Meanwhile, M,, cannot be flattened to order ¢ = 10 + 4n.
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To verify this last assertion, we first prove the following uniqueness of attached

analytic disks:

Lemma 4.7: Let M be a smooth surface and p € M be a degenerate elliptic
point of order 2m. Suppose that M can be flattened to some order ¢ > 4m. Then,
for any non-constant holomorphic mapping ¢ : A — C? with ¢(0A) C M and
|¢|] < 1, there exists a proper holomorphic mapping o of A and 0 < r < 1 such

that ¢(§) = ¥(o(¢), 7).

Proof of Lemma 4.7 The argument of this lemma is similar to that for Propo-
sition 4.3 of [KW]. However, for completeness, we present the following details.

Without loss of generality, we let p = 0 and E™* be as constructed in the above
section. Define D = {(z,w) : |2]? + |w|? < €0, p(z,w) = qo(2) + q1(2) — u < 0}.
Then D is pseudoconvex and has finite type boundary near 0. So the surface
p = 0 does not contain any non-trivial analytic disks near 0. Now let ||¢|| < 1.
Then, by the maximum principle, we have ¢(A) C D. Also, when r < 1, we
have E* C D. Note that E* sweeps out D near 0 when we move E* along the
v-axis (v = Imw). Thus, if $(A) is not contained in E*, then there is a vy so that
Ey = {(z,u++v—=1vg) : (z,u) € E*} will touch some Zy = ¢(£); also near ¢ (&),
¢(A) stays on one side of F,,. We will claim that this contradicts the Levi-flatness
of E,, near Zy. In fact, as argued in Lemma 4.5, we can find a small pseudoconvex
domain D* with E,,, as part of the boundary. Meanwhile, we can also choose D*
so that a small piece of ¢p(A) near Zj is contained in D*. But this is impossible
by the classical results (see [Krl], for example).

We note that (the interior of ) E* is a smooth Levi flat surface. So ¢(A) is
contained in a unique analytic disk of E*, say in W(rg,A). Let 0 = U~1(¢(€), o).
Using the fact that ¢(0A) C M, one easily sees that o is a proper self-mapping of
AN |

An immediate corollary of Lemma 4.7 is that the regularity of E* near 0 is a
local biholomorphic invariant. In particular, we see that if M at p can be flattened
to some order ¢, then the image of the local disks attached to M near p fills in a

manifold with C =z boundary at p, where 2m is the degeneracy degree of p € M.
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For our M,, here, we first consider the model surface My = {(z,w) : w = |z|*}.
Near the point (0,0) € My, we may attach analytic discs to My in this way:
{(z,u) : for each fixed u,|2|* < u}. Here the parameter is the real variable
u > 0: for each value of u, the associated disc is attached to My. Now we may

map My to M, and ]Tjo to what will turn out to be E, by way of the mapping

O(z,w) = (gbl (z,w), P2(z, w))

with
P1(z,w) =2z ¢o(z,w) = u+u¥ (W22 + V/-1).

One can see that this ® takes each analytic disc in M() to an analytic disc
attached to Mj. Thus ®(My) becomes E* (by Lemma 4.5, at least when E* has

C? smoothness near 0 it is the local hull of holomorphy of M,, near 0).
Lemma 4.8: E* is of class C"3/2 at 0.

Proof of Lemma 4.8 Let z = x + +/—1y and w* = uv* + v*. Then E} =

3+n 3+n

{(z,w*) : uw* =ut "z +u, v* = w3y +u3/2t}. Applying the implicit function

*

to u* = vtz + u, we obtain u = u* + h*(x,u*) with A* analytic in (u*, z) and

h*(0,u*) = 0. Thus E* is exactly the graph of the function
v (z,u*) = (u* + h*(x,u*))* Ty + (uF + A (x, u*))3/2+”.

This function is obviously only C3/2t™ at 0. Thus E* has only C®/27" smoothness

at 0. H

Now by Lemma 4.2 and the regularity result obtained in the last section, we
see that M,, cannot be flattened to order ¢ = 10 + 4n (we remark that E is the
local hull of M,, at least when n > 3.) Thus we also conclude that the local hull
of M,, has only smoothness C3/2*" at 0).

The argument for Proposition 2 is now complete. B

117



References

[Abl]: M. Abate, Iteration Theory of Holomorphic maps on Taut Manifolds,
Mediterranean Press, Rendre, Cosenza (1989).

[Ab2]: M. Abate, Horospheres and iterates of holomorphic maps, Math Z. 198,
225-238 (1988).

[Ab3]: M. Abate, Iteration theory, compactly divergent sequences and commuting
holomorphic maps, Ann. Sc. Norm. Super., Pisa, 18, 167-191 (1991); Ann. Sc.
Norm. Super., Pisa, 18, 630 (1991).

[AH]: M. Abate and P. Heinzner, Holomorphic actions on contractible domains
without fixed points, Math. Z., 211, 547-555 (1992).

[Ala]: G. J. Aladro, Some consequences of the boundary behavior of the Carath
-eodory and Kobayashi metrics and applications to normal holomorphic functions,
Ph.D thesis, Penn. State University, 1985.

[Al]: H. Alexander, Holomorphic mappings from ball and polydisc, Math. Ann.
209, 245-256 (1974).

[BBRJ: S. Baouendi, S. Bell, and L. Rothschild, Mappings of three-dimensional CR
manifolds and their holomorphic extension, Duke Math. J. 56, 503-530 (1988).
[BJT]: S. Baouendi, H. Jacobowitz, and F. Treves, Annals of Mathematics, 122
(1985), 365-400.

[BR1]: S. Baouendi and L. Rothschild, Germs of CR maps between real analytic
hypersurfaces, Invent. Math. 93, 481-500 (1988).

[BR2]: S. Baouendi and L. Rothschild, A general reflection principle in C?, Journal
of Funct. Analysis 99 (1991), 409-442.

[BR3]: S. Baouendi and L. Rothschild, A book (in preparation).

[Bel]: E. Bedford, On the automorphism group of a Stein manifold, Math. Ann.
266, 21.

[Be2]: E. Bedford, Proper holomorphic mappings, Bull. Amer. Math. Soc.
10(1984), 157-175.

[BG]: E. Bedford and B. Gaveau, Envelopes of holomorphy of certain 2-spheres in
C?, Amer. J. Math. 105 (1983), 975-1009.

[BEKL]: E. Bedford and W. Klingenberg, On the envelopes of holomorphy of a
2-sphere in C2, Journal of AMS 4 (1991), 623-655.

118



[BN]: S. Bell and R. Narasimhan, Proper holomorphic mappings of complex spaces,
EMS 69, Several Complex Variables VI (edited by W. Barth and R. Narasimhan),
Springer-Verlag, 1990.

[Bis|: E. Bishop, Differentiable manifolds in complex Euclidean space, Duke Math.
J. 32(1965), 1-21.

[BM]: S. Bochner and W. T. Martin, Several Complex Variables, Princeton Uni-
versity Press, 1948.

[BK]: D. Burns and S. Krantz, A new rigidity property for holomorphic mappings,
Journal of AMS (to appear).

[Cat]: E. Cartan, Sur la géometrie pseudo-conforme des hypersurfaces de ’espace
de deux variables complexes, Oeuvres completes Partie II, Vol. 2, Gauthier-Villars,
Paris, 1953, pp. 1231-1304.

[CHL]: C. H. Chang, M. C. Hu, and P. Lee, extremal discs with boundary data,
Trans. of AMS 310, 355-369 (1988).

[Chir]: E. M. Chirka: Boundary regularity of analytic sets, English Transl.: Math.
USSR, Sb. 45, 291-336 (1983).

[Ch]: S. Chiappari, Holomorphic extension of proper meromorphic mappings,
Mich. Math. J. 38, 167- 174 (1991).

[CS1]: J. Cima and T. J. Suffrige, A reflection principle with applications to proper
holomorphic mappings, Math Ann. 265, 489-500 (1983).

[CS2]: J.Cima and T. J. Suffrige, Boundary behavior of rational proper maps,
Duke Math. J. 60, 135-138 (1990).

[CKS]: J. Cima, S. Krantz, and T. J. Suffrige, A reflection principle for proper
holomorphic mappings of strictly pseudoconvex domains and applications, Math.
Z. 186, 1-8 (1984).

[Cu]: Anne Cumenge, Extension dans des classes de Hardy de fonctions holomor-
phes et estimations de type ?Mesures de Carleson” pour L’équation 9, Ann. Inst.
Fourier 33, 3, 59-97 (1983).

[Da]: J. D’Angelo, Real hypersurfaces, orders of contact, and applications, Ann.
Math. 115, 615-637 (1982).

[Dei]: Klaus Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin Hei-
delberg, 1985.

119



[De]: A. Denjoy, Sur l'itération des fonctions analytiques, C.R. Acad. Sci. Paris
182, 255-257 (1926).

[DF1]: K. Diederich and J.E. Fornaess, Proper holomorphic mappings between
real analytic pseudoconvex domains in C™, Math. Ann. 282 (1988), 681-700.
[DF2]: K. Diederich and E. Fornaess, Applications holomorphes propres entre
domaines a bord analytique reel, C-R-Paris-Ser.I-Math., 307, No7, 321- 324 (1988).
[DW]: K. Diederich and S. M. Webster, A reflection principle for degenerate real
hypersurfaces, Duke Math. J. 47(1980), 835-843.

[Die]: J. Dieudonne, Foundations of Modern Analysis, Academic Press, New York,
1964.

[Eli]: Y. Eliashberg, Filling by holomorphic discs and its applications, Geometry
of Low-Dimensional Manifolds, London Math. Soc. Lecture Notes, Vol. 151.
[Fe|: C. Fefferman, The Bergman kernel and biholomorphic mappings of pseudo-
convex domains, Invent Math. 26 (1974), 1-65.

[Fal]: J. Faran, Maps from the two ball to the three ball, Invent Math., 68, 441-475
(1982).

[Fa2]: J. Faran, The linearity of proper holomorphic maps between balls in the
low codimension case, J. Differential Geom. 24 (1986), 15-17.

[Fa3]: J. Faran, A reflection principle for proper holomorphic mappings and geo-
metric invariants, Math. Z. 203, 363-377 (1990).

[Fn]: J. E. Forneess, Strictly pseudoconvex domains in convex domains, Amer. J.
Math. 98 (1976), 529-569.

[Fr1]: F.Forstneric, Extending proper holomorphic mappings of positive codimen-
sion, Invent. Math., 95, 31-62 (1989).

[Fr2]: F. Forstneric, A survey on proper holomorphic mappings, Proceeding of Year
in SCVs at Mittag-Leffler Institute, Math. Notes 38, Princeton, NJ: Princeton
University Press , 1992.

[FR]: F. Forstneric and J. P. Rosay, Localization of the Kobayashi metric and the
boundary continuity of proper holomorphic mappings, Math. Ann. 279 (1987),
239-252.

[GT]: D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second
Order, Springer-Verlag, Berlin-Heidelberg-New York-Tokyo, 1983 (secon edition).

120



[Gol]: X. Gong, Normal forms of real surfaces under unimodular transformations
near elliptic complex tangents, Duke Math. Journal, to appear.

[Go2|: X. Gong, Ph.D. thesis, University of Chicago, 1994.

[GK]: R. Greene and S. Krantz, The automorphism groups of strictly pseudoconvex
domains. Math. Ann. 261, 425-446 (1982).

[GR]: M. Gromov, Pseudo holomorphic curves in symplectic geometry, Invent
Math. 82 (1985), 307-347.

[He]: M. Herver, Iteration des transformations analytiques dans le bicerle-unite,
Ann. Sci. Ec. Norm. Super. Paris 71 (1954), 1-28.

[HT]: C. D. Hill and G. Taiani, Families of analytic disks in C™ with boundaries on
a prescribed CR submanifold, Annali Scoula Norm. Sup. Pisa 5 (1978), 327-380.
[HOW]: L. Hérmander and J. Wermer, Uniform approximation on compact sets
in C", Math. Scand. 23(1968), 5-21.

[H1]: X. Huang, Some applications of Bell’s theorem to weakly pseudoconvex
domains, Pacific Journal of Math, 158(1993), 305-315.

[H2]: X. Huang, A Rigidity problem for holomorphic mappings on a class of weakly
pseudoconvex domains, Cannadian Journal of Math., in press.

[H3]: X. Huang, On the mapping problem for algebraic real hypersurfaces in
complex spaces of different dimensions, Annales de L’'Institut Fourier 44 (1994),
in press

[H4]: X. Huang, A preservation principle of extremal mappings and its applica-
tions, Illinois Journal of Mathematics 38 (1994), 283-303.

[H5]: X. Huang, A non-degeneracy property of extremal mappings and iterates of
holomorphic mappings, Annali Scoula Norm. Sup. Pisa, in press.

[HK1]: X. Huang and S. G. Krantz, A unique continuation problem for holomor-
phic mappings, Communication in P. D. E. 18 (1993), 241-263.

[HK2]: X. Huang and S. Krantz, On a problem of Moser, submitted to Duke
Mathematical Journal.

[HP1]: X. Huang and Y. Pan, Proper holomorphic self-mappings of Hartogs do-
mains in C2, Michigan Math. Journal 40, No 2(1993), 211-217.

[HP2]: X. Huang and Y. Pan, A remark on proper holomorphic self mappings of

domains in C™, preprint.

121



[KAT]: Y. Katznelson, An Introduction to Harmonic Analysis, John Wiley and
Sons, New York, 1968.

[Krl]: S. Krantz, Function Theory of Several Complex Variables, Wiley, New York,
1982.

[Kr2]: S. Krantz, A new compactness principle in complex analysis, Division de
Mathematics, Univ. Antonoma de Madrid Seminarios 3 (1987), 171-194.

[KW]: C. Kenig and S. Webster, The local hull of holomorphy of a surface in the
space of two complex variables, Invent. Math. 67(1982), 1-21.

[Kol]: J. J. Kohn, Boundary behavior of & on weakly pseudoconvex manifolds of
dimension two, J. Diff. Geo. 6, 523-542 (1972).

[Ko2]: J. J. Kohn, Global regularity for O on weakly pseudoconvex manifolds,
Trans. Am. Math. Soc. 181 (1973), 273-292.

[Lm1]: L. Lempert, La metrique de Kobayashi et la representation des domain sul
la boule, Bull. Soc. Math. France 109, 427-474 (1981).

[Lm2]: L. Lempert, A precise result on the boundary regularity of biholomorphic
mappings, Math Z. 193, 559-579 (1986); Math Z. 206, 501-504 (1991).

[Lm3|: L. Lempert, Intrinsic distances and holomorphic retracts, in complex anal-
ysis and applications 1981, Varns, Bolgarian Academy Sciences, Sofia, 1984, 314-
364.

[Le]: H. Lewy, On the boundary behavior of holomorphic mappings, Acad. Naz.
Lincei 35,1-8, 1977.

[Mal]: D. Ma, On iterates of holomorphic maps, Math. Z., 207, 417-428 (1991).
[Mal]: B. Malgrange, Ideals of differentiable functions, Oxford University Press,
London, 1966.

[Mc]: B. MacCluer, iterates of holomorphic self-mappings of the unit ball in C”,
Michigan Math. J. 30 (1983), 97-106.

[Me]: P. Mercer, Extremal disks and composition operators on convex domains in
C", preprint.

[MP]: S. Mikhlin and S. Prossdorf: Singular Integral Operator, Springer-Verlag,
Berlin New York, 1986.

[MOS]: J. Moser, Analytic surfaces in C? and their local hull of holomorphy,
Annales AcademizFennicae, Series A.I.Mathematica 10(1985), 397-410.

122



[MOW]:J. Moser and S. Webster, Normal forms for real surfaces in C? near com-
plex tangents and hyperbolic surface transformations, Acta Math. 150(1983),
255-296.

[Pi]: Pinchuk, On analytic continuation of biholomorphic mappings, Mat. USSR,
Sb. 105, 574-593 (1978).

[Po]: H. Poincaré, Les fonctions analytiques de deux variables et la représentation
conforme, Ren. Cire. Mat. Palermo, II. Ser. 23, 185-220 (1907).

[P]: E. A. Poletsky, The Euler-Lagrange equations for extremal holomorphic map-
pings of the unit disk, Mich. Math. Jour. 30, 317-355 (1983).

[Ro]: W. Rothstein, Ein neuer beweis des Hartogsschen hauptsatzs und sein aus-
dehnung auf mermorphe functionen, Math. Z. 53, 84-95 (1950).

[STOLZ]: G. Stolzenberg, A hull with no analytic structure, J. Math. Mechanics,
12(1963), 103-111.

[Ta]: N. Tanaka, On the pseudo-conformal geometry of hypersurfaces of the space
of n complex variables, J. Math. Soc. Japan 14, 397-429(1962).

[Ve|: E. Vesentini, Complex geodesics, Compos. Math. 44, 375-394 (1981).
[Wel]: S. H. Webster, On the mapping problem for algebraic real hypersurfaces,
Invent. Math. 43, 53-68 (1977).

[We2]: S. H. Webster, On mappings an (n+1)-ball in the complex space, Pac. J.
Math. 81, 267-272 (1979).

[Wol: J. Wolff, Sur une generalisation d’un theoreme de Schwartz, C.R. Acad. Sci.
Paris 182, 918-920 (1926).

123



