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Abstract. We study the dynamics of fixed point free mappings on the interior
of a normal, closed cone in a Banach space that are nonexpansive with respect to
Hilbert’s metric or Thompson’s metric. We establish several Denjoy-Wolff type
theorems which confirm conjectures by Karlsson and Nussbaum for an important
class of nonexpansive mappings. We also extend and put into a broader perspective
results by Gaubert and Vigeral concerning the linear escape rate of such nonex-
pansive mappings.

1 Introduction

The classical Denjoy-Wolff theorem asserts that all orbits of a fixed point free
holomorphic mapping f: D — D on the open unit disc D C C converge to a
unique point # € JDD. Since the inception of the theorem by Denjoy [14] and Wolff
[51, 52] in the nineteen-twenties, a variety of extensions have been obtained; see,
for example, [1, 8, 9, 10, 24, 46]. A detailed account of its history and an extensive
list of references can be found in the recent survey articles [4, Appendices G and
H], [26], and [45]. The problems considered in this paper originated in work by
Beardon [6, 7] and Karlsson [25], who extended the Denjoy-Wolff theorem to fixed
point free nonexpansive mappings on metric spaces that possess certain features of
nonpositive curvature. Earlier studies of the Denjoy-Wolff theorem in the context
of metric spaces can be found in [20, 19, 44].
A mapping f: M — M on a metric space (M, p) is called nonexpansive if

p(f(x), f(») < p(x,y) forall x,y € M.

Recall that each holomorphic self-mapping of the open unit disc D C C is nonex-
pansive under the hyperbolic metric, by the Schwarz-Pick Lemma.
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Particularly interesting examples of metric spaces that possess features of non-
positive curvature are Hilbert’s metric spaces. Hilbert’s metric spaces were intro-
duced by Hilbert [22] and play a role in the solution of his fourth problem; see
[42]. They are Finsler metric spaces that naturally generalize Klein’s model of the
real hyperbolic space. To define Hilbert’s metric, let £ be a convex set in a real
vector space X such that for each x # y in X, the straight line £, through x and y
has the property that £,, N X is a (relatively) open, bounded subset of £,,. On X,
Hilbert’s metric is given by

W — yl Iy — x|
W —xl Ty —

(D) 5(x,y)::log( ) forx Zy e Z,

where x’, y € 60X are the end-points of the segment £,, N X such that x is between
x" and y and y is between y’ and x.

For finite dimensional Hilbert metric spaces, Karlsson and Nussbaum inde-
pendently conjectured the following generalization of the Denjoy-Wolff theorem;
see [26, 41].

Conjecture 1.1. If f: ¥ — X is a fixed point free mapping on a finite di-
mensional Hilbert’s metric space (X, J), then there exists a convex set Q C 0X
such that for each x € X, all accumulation points w(x; f) of the orbit O(x; f) :=
{f*(x): k > 0} lie in Q.

In fact, Nussbaum conjectured that the same assertion holds in infinite dimen-
sions under additional compactness conditions on f; see [41, Conjecture 4.21].
Note that if X is finite dimensional and its closure (in the usual topology) is
strictly convex, then each convex subset of X reduces to a single point. Con-
jecture 1.1 was shown by Beardon [7] to hold in case X has a strictly convex
closure, and by Lins [34] for polytopes. Further supporting evidence was obtained
in [2, 28, 35, 41].

Important examples of Hilbert metric nonexpansive mappings arising in math-
ematical analysis come from nonlinear mappings on cones. Let C be a closed
cone with nonempty interior C° in a normed space X. Suppose that there exists a
strictly positive linear functional ¢ € X*, i.e., p(x) > O for all x € C \ {0}, and let
X, ={xe C”: p(x) =1}. If f: C° — C° preserves the partial ordering induced
by C and is homogeneous (of degree 1), the mapping g: X, — X given by

£@)
2 =
@ 80 =

is nonexpansive under 6 on X¢; see [31, Chapter 2]. Examples of such map-

forx e Z;,

pings f: C° — C° include reproduction-decimation operators in the analysis
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of diffusions on fractals [35, 38], dynamic programming operators in stochastic
games (after a change of variables) [47], and mappings arising in nonlinear Perron-
Frobenius theory [31].

Among other results, we establish the following Denjoy-Wolff type theorem
for mappings g given in (2).

Theorem 1.2. Let C be a closed cone with nonempty interior in a finite di-
mensional vector space and ¢ € X* be a strictly positive functional. Suppose that
f1: C° — C° is an order-preserving homogeneous mapping with no fixed point in
C° and partial spectral radius rc-(f) = 1. If there exists xy € C° such that either

(@) O(xo; f) has a compact closure in the norm topology, or,

(b) limy o0 | f* (0|l = 00,
then there exists a convex set  C 62; such that for each x € X:, the accumulation
points of O(x; g), where g is given by (2), lie in Q.

In fact, we prove a more general infinite dimensional version of this result; see
Theorems 7.1 and 7.3. Unlike in finite dimensions, there need not exist a strictly
positive linear functional ¢ € X* if C is infinite dimensional; see [29, pp. 48—
57]. In that case, we consider scalings of order-preserving homogeneous mappings
f: C° — C° by using continuous homogeneous functions g: C° — (0, 00).

We conjecture that condition (a) or (b) in Theorem 1.2 always holds. In other
words, we believe that there do not exist an order-preserving homogeneous map-
ping f: C° — C°, with rc-(f) = 1, on the interior of a finite dimensional closed
cone and a point xo € C° such that O(xp; f) is unbounded in the norm topology
and O(xp; f) has an accumulation point in 0C. At present, we can only confirm
this in case C is a polyhedral cone; see Theorem 7.4.

Thompson’s metric [49] is closely related to Hilbert’s metric and is defined on
the interior of a closed cone C in a normed space X. For Thompson’s metric we
establish the following Denjoy-Wolff type theorem.

Theorem 1.3. Let C be a closed cone with nonempty interior in a finite di-
mensional vector space X and f: C° — C° be a fixed point free mapping which
is nonexpansive under Thompson’s metric. If O(xy; f) has compact closure in the
norm topology for some xg € C°, then there exists a convex set Q C 0C such that
for each x € C°, the accumulation points of O(x; f) lie in Q.

Again we establish a more general infinite dimensional version (see Theorem
3.2), which confirms [41, Conjecture 4.23] under the additional condition that
there exists a pre-compact orbit in the norm topology.

In Section 4, we introduce a spectral radius r¢-(f) for order-preserving ho-
mogeneous mappings f: C° — C° and use it, not only to prove Theorems 7.1
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and 7.3, but also to extend some results concerning the linear escape rate in [18];
see Theorem 4.6, Corollary 6.4 and Theorem 6.5. In Section 5, we study Funk
and reverse-Funk horofunctions on the interiors of cones and characterize them
for symmetric cones; see Theorem 5.6. We use the Funk and reverse-Funk horo-
functions to establish a Wolff type theorem for order-preserving homogeneous
mappings f: C° — C° (see Theorem 6.1), which plays a role in the proof of
Theorem 7.3.
We will start by collecting some basic concepts in the next section.

2 Preliminaries

A convex subset C of a real vector space X is called a cone if C N (—C) = {0}
and AC C C forall A > 0. A cone C induces a partial ordering <¢ on X by

x<cy ify—xeC

Throughout this paper, we assume that C is a closed cone with nonempty interior,
denoted C°, in a real Banach space (X, | - ||). We often assume that C is normal,
i.e., there exists a constant ¥ > 0 such that ||x|| < x||y|| whenever 0 <¢ x <¢ y.

For a closed cone C with nonempty interior in a Banach space (X, || - ||) and
u € C°, the order unit norm, | - ||, on X is defined by

lx|l, :=inf{A > 0: — Au <¢ x <¢ Au}.

Note that C is a normal cone in (X, || -||,,) with normality constant x = 1. Moreover,
the order interval [—u, u] := {x € X : —u <¢ x <¢ u} (which is the unit ball in
I-1l,) is a neighborhood of O in the original topology, by [5, Lemma 2.5], and so
the topology generated by |||, is coarser than the original topology. If C is normal
in (X, || - |), the order unit norm || - ||, is equivalent with || - ||; see, for example, [5,
Theorems 2.8 and 2.63].

A linear functional ¢: X — R is said to be positive if p(C) C [0, co); it is
said to be strictly positive if p(x) > 0 for all x € C with x # 0. Note that each
positive functional on X is continuous with respect to || - ||, as |p(x)| < @(u) for
all x € X with ||x||,, < 1. We denote the dual cone by C*; so,

C*:={p eX*: p(C) C [0, 00)}.
Furthermore, we define
Xi={peC": p(u) =1}

The following lemma collects some known facts concerning X. For the reader’s
convenience, we include the proofs.
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Lemma 2.1. Let C be a closed cone with nonempty interior in a Banach
space X. Foru € C°,
(1) x <c yifand only if p(x) < @(y) forall p € X};
2) forx e X,
llxll. = sup{lpCOl: ¢ € 5);

(3) the set X7, is norm bounded by 1/d(u, X \ C), where
du, X\ C):=inf{|lu —v|: v € X\ C},

and X7 is weak* compact. Moreover, if X is separable, then X7 is a
weak* sequentially compact and there exists a strictly positive functional
yeX

Proof. To prove (1), note that if x £¢ y, theny —x & C. In that case, there
exista € R and ¢ € X™* such that p(y — x) < a and ¢(z) > «a for all z € C, by the
Hahn-Banach separation theorem. We can normalize ¢ such that p(u) = 1. Also
note that 0 = ¢(0) > a, so p(y) < p(x). As p(1z) > aforall A > Oand z € C, we
must have that ¢(z) > O for all z € C, and hence ¢ € X}. The opposite implication
is trivial.

To prove (2) note that it follows from (1) that for each x € X,

x|l =inf{A > 0: — Au <c x <c Au}
=inf{1 >0: —1 <o) <Aforallp e X}
= sup{|p(x)|: p € Z;}.

To prove (3), we define for x € X the weak* continuous linear functional
X: X" - Rby x(p) = ¢p(x). So,

T = (ﬂ £7([0, oo))) na~'({1}),
xeC
which is a weak™* closed subset of X*.
Letr :=du,X\C) > 0. If ||z]| < rand ¢ € X}, then u =z € C; and so
o(u £ z) = 0, which yields

=1 =—9pW) < 9(2) < p(u) = 1.

Hence |¢(z)|] < 1, and so Hgo“ < 1/r. Therefore, X7 is contained in a multiple of
the unit ball of X*, which is weak* compact by the Banach-Alaoglu Theorem, and
so X is weak™ compact.
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It is well known that if X is separable, then bounded sets of X* are weak*
metrizable. In that case, X7 is sequentially compact, and hence X’ is separable.
Let (pi)r be a dense sequence in X, and define ¢ = } ;. 27k € T*. For

x € C withx # 0, [|x|l, > 0; and hence by part (2), there exists o € X} with
¢ :=o(x) > 0. Consider the weak* neighborhood of ¢

Neo:={p e Z;: l(p —o)0)| <&} ={p e X} |p(x) —¢| <&}

As (@i)k is dense in X7, there exists ¢, € N, ,, and hence ¢,,(x) > 0. This implies
that
p(x) = 27%p(x) = 27" pu(x) > 0,
k>1

which shows that v is strictly positive. [l

The partial ordering <¢ induces an equivalence relation ~¢ on C by x ~¢ y
if there exist 0 < a < g such that ay <¢ x <¢ py. The equivalence classes are
called parts of C. It is easy to verify that C° is a part of C. Given x € X and
y e C,welet

Mx/y) :=M(x/y;C) =inf{f € R: x <¢ py}.

On C, Thompson’s metric is defined by

log (max{M (x/y), M(y/x)}) forx~cy,

de(x,y) 1=
00 otherwise.

It was shown by Thompson [49] that d- is a metric on each part of C, and its
topology on C° coincides with the norm topology if C is a closed, normal cone in
a Banach space.

Also on C, Hilbert’s (projective) metric is defined by

log (M (x/y)M(y/x)) forx~cy,

oc(x,y) 1=
00 otherwise.

Note that dc(ux, vy) = dc(x,y) for all g,v > 0 and x ~¢ y. It is known that
Jc is a metric between pairs of rays in each part of C if C is closed; see [31,
Chapter 2]. Moreover, if there exists a strictly positive linear functional ¢ € X*,
then J¢ coincides with Hilbert’s metric ¢ given in (1) on X, ={xeC’: px) =1}
In finite dimensional spaces, the set X is bounded in the norm topology, but it may
be unbounded in infinite dimensional normed spaces. In this paper, we work with
Jc¢ rather than J, and consider d¢ on subsets £ C C° with the property that for
each y € C°, there exists a unique 4 > O such that 1y € X.
The following basic lemma is useful.
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Lemma 2.2. Let C be a closed cone with nonempty interior in a Banach
space X, andu € C°. Foreachx € X andy € C°,

X X
M () = sup w,
v/ gez; )
and the supremum is attained. Moreover, (x,y) — M (x/y) is a continuous map
from X x C° into R.

Proof. By Lemma 2.1(1),

M(x/y) =inf{ € R: x <¢ Sy}
=inf{f e R: p(x) < Pp(y) forall p € X}
=sup{p(x)/p(y): ¢ € Z,;}.

The supremum is attained by weak* compactness of X7.

For the second statement, recall that the ||-||,,-topology is coarser than the ||-||-
topology on X; so we may assume that X is equipped with |[|-||,,. By Lemma 2.1, the
map x — X is an isometric order isomorphism from (X, ||-||,,) into (C(Z}), ||l o0)s
where (¢) := ¢(x) and X} is equipped with the weak* topology. The continu-
ity statement now follows from the fact that the map is the composition of the
continuous maps

| ) )
() > &) (x) Y sup i) = sup P <x>
y Vo gy pexy () y O

3 A Denjoy-Wolff theorem for Thompson’s metric

In this section, we prove a Denjoy-Wolff theorem for fixed point free
Thompson’s metric nonexpansive mappings f: C° — C°, where one of the orbits
of f has a compact closure in the norm topology. We denote the set of accumu-
lation points of O(x; f) in C by w(x; ). As we are allowing infinite dimensional
cones, some care must be taken to ensure that all accumulation points of the or-
bits of fixed point free nonexpansive mapping lie in 6C. Indeed, in [15] Edelstein
gave an example of a fixed point free nonexpansive mapping f: H — H on a
separable Hilbert space H such that O(0; f) is unbounded in norm but has 0 as an
accumulation point; see also [48]. To exclude such situations, we assume that the
nonexpansive mapping satisfies the following property.
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Definition 3.1. Let C be a normal, closed cone with nonempty interior in a
Banach space (X, || - ||), and let f: C° — C° be a continuous mapping. We say
that f has the fixed point property on C° with respect to d¢ if f has a fixed
point in D for each bounded, convex, closed subset D of (C°, d¢) with f(D) C D.

Of course, if X is finite dimensional, then every continuous mapping f: C° —
C° has the fixed point property with respect to d¢, by the Brouwer Fixed Point
Theorem. In infinite dimensional spaces, sufficient conditions were obtained by
Nussbaum in [41, Theorem 3.10] in terms of “condensing functions and measures
of noncompactness”.

Let us now formulate the main result of this section.

Theorem 3.2. Let C be a normal closed cone with nonempty interior in a
Banach space (X, || - ||), and let f: C° — C° be a fixed point free Thompson metric
nonexpansive mapping satisfying the fixed point property on C° with respect to dc.
If O(xo; f) has compact closure in the norm topology for some xy € C°, then there
exists a convex set Q C 0C such that w(x; f) C Q forall x € C°.

This result confirms [41, Conjecture 4.23] by Nussbaum in case the mapping
has a pre-compact orbit. Also note that Theorem 3.2 implies Theorem 1.3, as each
nonexpansive mapping has the fixed point property on C° with respect to d¢ when
C is finite dimensional.

The following proposition plays a central role in the proof.

Proposition 3.3. If {x;}x is a sequence in the interior of a closed cone C in
a Banach space X such that {x;: k =0, 1,2, ...} has compact closure in the norm

topology on X,

3) dc Xk Xnk) < de (X, Xq) for all k,m, n = 0,
and

4) Jim de(x, xo) = oo,

then there exist a subsequence {xy,}; of {xi}x and n € 0C such that lim;_, oo Xz, =
and

(5) dc(Xm, x0) < dc(xy,;, xo) for all m < k;.
Moreover, there exist ¢, cj, € X, for j,m > 1 with 0,(n) = 0 such that

¢(xkj+m) < O-jm(xkj)
p(x0) — 0Ojm(xo)

(6)

forall j,m > 1.
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Proof. Takeu € C° fixed, andletR :=1/d(u, X\ C), so that X is bounded by
R, by Lemma 2.1(3). Let Y be the closed linear span of {x;: k =0, 1,2, ...}U{u},
and write K = C N Y. Then Y is separable, and K is a closed cone in Y with « in
its interior. Note that

M(x/y;C) =M(x/y;K) forall x,y € K°,

and hence dg(x,y) = dc(x,y) on K°. As Y N C° is nonempty, Y is a majorizing
subspace of X, meaning that for each x € X there exists y € Y such that x <¢ y.
By Kantorovich’s theorem [5, Theorem 1.30], each positive linear functional on Y
can be extended as a positive functional to all of X. Thus we may assume from the
outset that X is separable.

By Lemma 2.1(3) X} is weak* sequentially compact. By (4), we can find a
subsequence {xi,}; of {x;}x satisfying (5). Furthermore, as {x;: k =0,1,2,...}
has compact closure in the norm topology, we can take a further subsequence and
assume that {x, }; converges to # € 0C. (Note that 7 cannot lie in C°; as otherwise,
dc(n, x9) < oo, which violates (4).)

By Lemma 2.2, for each i, j, m > 1 with m < k;, there exist ¢;, Wim, 0ijm € X,

such that
y (xo> _ (ﬂi(xo)’
X, 0i(xt;)
X0 Wim(Xo)
7 () e
) Xkj—m l//im(xki—WI)
M( Xk, > _ Tijm ;) .
Xk;—m O'ijm(xk,-—m)

We claim that for all i sufficiently large, the Thompson metric distance equals the
logarithm of the M-functions in (7). We prove this only for M (xy,/xi,—m); the
arguments for the other functions are similar and left to the reader.

First note that

dc(xk;» X0) — dc(Xkjem» X0) < dec(Xkjem»> Xk,) < de(Xk; > Xi—m)-

As the left hand side tends to co as i — oo, we find that dc(x;, Xg,—m) —> 00 as
i — oo. Fori > 1, let 6;;,, € X}, be such that

M <xki—m> — a'ijm(xk,-—m)

Gijm(Xe,)

By weak®* compactness of X7, the sequence {6 (xx;)}; is bounded from below
by a positive real; hence

M (xk,»—m> — &ijm(xki—m) < R||xk,~—m||

GijmXk;)  — Gijm(xx;)
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is bounded from above by a positive real, since (||xx,—n||); is bounded. Thus, for
all i sufficiently large,

Gijm(Xx;)

deC s xem) =1 .
c(Xk; 5 Xiy—m) = log i Gtom)

From now on we assume that 7 is so large that the Thompson metric distance
is given by the logarithm of the M -functions in (7).

By (5),

10g (Wlm(x())> = dC(XO, xki—m) < dC(XOaxk,-) — log <¢i(x0)> ,
Wim (X —m) o

so that

0i(xx,) - @i(xo)

] .
( ) z//im(xkl._m) - l//im(XO)

Note also that by the definition of y;,, € X},

Oijm (XO) < Yim (XO)
GijmXki—m) — Wim (Xky—m) ,

so that

‘//im(xk,-—m) < l//im(XO)
OijmXkg=m) ~ Oijm(X0)

©))

Now using equations (3), (8), and (9), we get that

@i (Xkj+m) _ @i Xk +m) @i (xr,) < odcttom) @i(Xk,)
@i(x0) @i(xk,)  @i(x0) ~ @i(x0)
edc(xkj,xki_m)(”i(xk,-) _ Gijm(Xk;) @i (xi,)

0i(x0)  ijm(r—m) @i(x0)
_OiimO) i) WimX—m)
T 0i(%0)  WimOtk—m) G jm (Xt—m)
Oijm ;) @i(x0) Yim(xX0) _ Tijm(Xx,)
9i(x0)  Wim(x0) Oijm(X0)  Oijm(x0)

IA

As X7 is sequentially weak® compact, we can pass to a subsequence twice and
assume that p; — ¢ € X; and i, = 0, € X, in the weak* topology as
i — 00, which proves (6).

It remains to show that ,,() =0 forall j,m > 1. As

de (X s Xiy—m) =108 (67 jm Xk, )/ 0 jm (Xiy—m)) —> 00
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as i — oo, we know that o, (xy,—n) — 0 asi — oo. Moreover,

Oijm(Xx;)
————— < dc (X, Xg—m) < dc(Xm, Xo),
CijmXk—m)

log

which implies that 0, (x,) = 0asi = oco. As
lim |0y, (g, — )| < lim Rllxz, — 5]l =0
11— 00 11— 00

and o0, (xx, — ) = —0ojn(n) as i = oo, we see that ¢, () =0. O
Before proceeding. we mention a useful result of Catka . Recall that a metric

space (M, p) is said to be finitely totally bounded if for each bounded set S C
M and each ¢ > 0, the set S can be covered with finitely many balls of radius .

Theorem 3.4 (Catka [12, Theorem 5.6]). If f: M — M is a nonexpansive
mapping on a finitely totally bounded metric space (M, p) and there exists xo € M
such that O(xg; ) has a bounded subsequence, then O(x; f) is bounded for every
xeM.

Using Calka’s theorem and Proposition 3.3, we now derive the following con-
sequence.

Corollary 3.5. Let C be a normal closed cone with nonempty interior in a
Banach space (X, || - ||) and let f: C° — C° be a fixed point free Thompson metric
nonexpansive mapping satisfying the fixed point property on C° with respect to dc.
If xo € C° is such that O(xo; f) has compact closure in the norm topology, then
there exists ¢ € C* \ {0} such that w(xo; f) C ker(p) N C.

Proof. Take u € C° fixed, and let R := 1/d(u, X \ C). Recall that X is
bounded by R, by Lemma 2.1(3).
We first prove that

lim de(f*(x0), x0) = oco.
k— 00

Suppose, by way of contradiction, that there exist » > 0 and a subsequence
{5 (x0)}i of { f*(x0)} such that dc(f% (xo), xo) < r for all i. Define M to be the
norm closure of O(xp; f), which is compact in the norm topology, by assumption.
As the topology of d¢ coincides with the norm topology on C°, M N Bs(xp) is com-
pact with respect to d¢ for each closed ball Bs(xg) := {y € C°: dc(xg,y) < d}.
So, for each ¢ > 0, the set O(xp; f) N Bs(xp) can be covered with finitely many
balls of radius ¢. This shows that (O(xg; f), d¢) is finitely totally bounded. Using
Catka’s theorem, we see that O(xy; f) is bounded with respect to d¢. This implies
that w(xp; f) C C° is a nonempty and bounded with respect to dc. As f has the
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fixed point property on C° with respect to d¢, we can apply [41, Theorem 3.11]
to conclude that the mapping f has a fixed point in C°, which contradicts our
assumption.

For k > 1let x; := f*(xo), so {xx}x satisfies the assumptions of Proposition 3.3.
We find ¢, 6, € X}, such that

¢(xkj+m) < szn(xkj)

10
(10) o(x0) T ojm(xo)

and 0, () =0, where x, — n € 0C asi — oo.

£
us

By weak™® compactness of X7, ¢,(xo) is uniformly bounded from below in j

and m, and
lim |y (xi, )l = lim_[o (e, — )] < Jim Rllxi, — gll =0,
J— 00 J— 00 J— 00

by Lemma 2.1(2). This implies that the right hand side of (10) converges to 0
uniformly in m, and hence

(11) lim p(x,4m) = 0
j—o0

uniformly in m.

Now if & € w(xp; f), there exists a subsequence {xk;,+m,}; of {xx, +m,} with
+m, — ¢ and kj, — oo as n — oo. It follows from (11) that p(&) = 0,
and hence & is in the kernel ker(g) of the positive functional ¢; so, w(xg, f) C
ker(p) N C. ]

Xk,

We can now prove Theorem 3.2.

Proof of Theorem 3.2. By Corollary 3.5, w(xp; f) C oC. It remains to
show that the convex hull of U,cc-w(x; f), denoted €, is contained in 6C. The
argument is similar to that given in [41, Theorem 5.3] and relies on the fact that
the closure of O(xg; f) is compact.

Let z € C° and ¢ € w(z; f). Then there exists a subsequence { fki(z)}; of
{ f*(z)}x converging to ¢ in the norm topology. As O(xo; f) has a compact closure,
we may assume, after possibly taking a further subsequence, that £ (xo) converges
to some & € w(xo; ). Obviously, de(f5 (xo), ¥ (z)) < dc(xo, z) for all i, and hence
¢ ~c¢ ¢, by [41, Lemma 5.2].

Now let # € Q. Then there exist z;,...,2, € C°, 0 < Ay,...,4, < 1 with
i A =1,and & € w(z;; f) fori =1,...,nsuch that y = >"7_, A;¢;. For each
i =1,...,n, there exists & € w(xo; f) with & ~¢ ¢. Clearly, v :=Y"_ 1;& isin
the convex hull of w(xp; ) and v ~¢ 7.
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Now suppose that there exists y € M C°. By the previous observation, there
exists v in the convex hull of w(xp; f) with v ~¢ y. But this implies that v € C°,
which contradicts the fact that w(xy; f) is contained in 6C. O

4 The cone spectral radius

In the remainder of this paper, we discuss Denjoy-Wolff type theorems for Hilbert’s
metric nonexpansive mappings that come from scaling order-preserving homogen-
ous mappings f: C° — C°. More precisely, we consider mappings g: £° — X°
of the form

fx)

X
glx) := forx e X¢,
q(f (%)) !
where f: C° — C° is an order-preserving homogeneous mapping on the interior
of a normal closed cone in a Banach space (X, || - ||), g: C° — (0, 00) is a norm

continuous homogeneous function, and
X, ={xeC:qx) =1}

Typical examples of functions g include strictly positive functionals ¢ in X*, g(-) =
I -Il,and g(-) = | - |l4, where u € C° is fixed.

To analyze the dynamics of such mappings, we need to introduce a spectral
radius for order-preserving homogenous mappings f: C° — C°. There exist
various definitions for the spectral radius for continuous, order-preserving, homo-
geneous mappings f: C — C if f is defined on the whole of the closed cone
C; see [36]. In general, however, f: C° — C° may fail to have a continuous,
order-preserving, homogeneous extension to the whole of C; see [11]. So, some
additional analysis is needed.

4.1 Approximate eigenvectors. As the definition of, and the results con-
cerning, the cone spectral radius for mappings f: C° — C° are of some independ-
ent interest, we work in a slightly more general setting. We consider homogeneous
mappings that are defined on a subset of a normal closed cone C C X and that are
order-preserving with respect to a, possibly different, normal closed cone K C X
with C C K.

Throughout this section, we assume that C C K are normal closed cones in a
Banach space (X, || - ||). For u € C with |u|| = 1, we denote the part of u (with
respect to K) by

K,:={xeK:oax <g u <k pxforsome0 < a < f}.
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We consider homogeneous mappings f: C N K, — C N K, that are order-
preserving with respect to K, so f(x) <x f(y) wheneverx,y € CNK, and x <g y.
For the applications in this paper, we eventually assume thatu € C°and K = C, in
which case K, = C°. The reader may wish to make this simplifying assumption.

Definition 4.1. Letu € C, with |ju|| = 1,and f: CN K, > CNK, be ho-
mogeneous and order-preserving with respect to K. We say that f is u-bounded
if there exists M > 0 such that

fx) <x M||x||luforall x e CNK,.

Note that if u € C°, with ||u|| = 1, and K = C, then any homogeneous order-
preserving mapping f: C° — C° is u-bounded. Indeed, as C is a closed normal
cone and u € C°, the order-unit norm || - ||, is equivalent to || - ||. So there exists
a constant M > 0 such that ||x||, < M; for all x € C with ||x|| < 1. This implies
that x <¢ Mu for all x € C with ||x|| < 1, and hence f(x) <¢c M f(u). Asu € C°,
there exists M, > 0 such that f(u) <¢ Msu, so

f(x) <c M{Myu for all x € C with [|x]] < 1.

Given a homogeneous mapping f: CNK,, - CNK, which is order-preserving
with respect to K, we define for k > 1,

I ek, = sup{Ilf“Coll: x € CNK, and ||x]| < 1}.

Lemma 4.2. If f: C N K, > C N K, is a homogeneous mapping which is
order-preserving with respect to K and there exists an integer m > 1 such that f™
is u-bounded, then || f*||crx, < oo for all k > m, and

m ||/ e, = inf 1/ e, = lim [Lf5 o)~
Jim 1751, = inf 1A, = lim ol
Proof. We first show that f* extends continuously to O for all kK > m. Note
that if K > m and ||x,|| — O, then

FECo) = ™ 0)) <k MIxallF5™ @) <k M x|l Bru

for some f; > 0, as f is u-bounded and f*™w) e CNK,. Thus, for each
k > m, we have that f*(x,) — 0if ||x,]| = 0. So, defining £*(0) : = 0, we obtain
a continuous extension of f* to 0.

Using the homogeneity of f*, it is easy to show that || f*||crk, < oo for all
k > m. Using sub-additivity, we now show that

lim || FA\ Y5 = inf || F5 15 .
Jim (4R, = inf L7,



DENJOY-WOLFF THEOREMS FOR METRIC SPACES 685

Let a, := log||f"llcnk, for all n > 1. We know that a, < oo for all n > m;
and, clearly, a,., < a, +a, for all p,q > m. Let L := inf,>, a,/n < oco. Take
& > 0 and choose k > m such that a;/k < L + ¢. For each n > 2k we have that
n =: ppk+g,+m,wherep, > 1and0 < g, < k,soa, < apr+dgem < PuQr+dg, im-
This gives the inequality

dn - Puk ax 4+ Qv

n - n k n
Letting n — oo shows that
. ay ayg
limsup — < —,
n—oo N k

since p,k/n — lasn — oo, and aj,,, < oo forall 0 < j < k. Thus,

... ea . a ay
L < liminf = < limsup — < —~ < L+e¢,
n—oo n nooco N k
which shows that lim,,_, » a,/n = L.
. . 1/k 1/k . ..
Write r 1= limg_, o ||fk||c/m1< and ry = ||fk||c/m1< . It is an easy exercise in

calculus to show that limy_; o r,gfr;")/ ¥ = rforalln > 1. Let x> 0 be the normality

constant of K. If x € C N K, and ||x|| < 1, then f™(x) <gx Mu, so f*"(x) <g
M f*(u), which gives ||f*"(x)|| < Mx]| f*(u)|| for all x € C N K,, with ||x|| < 1.
Thus

rani < (Ml eV < (i) o,

m+k
and hence lim;_, o || f*@)||'/* = 7. O

It is well known; see for example [5, Theorem 2.38] or [29, Theorem 4.4], that
as K is normal, (X, || - ||) admits an equivalent monotone norm | - |, i.e., |x| < |y|
whenever 0 <g x <g y. Given a homogeneous mapping f: C N K, - C N K,
which is order-preserving with respect to K and ¢ > 0, define f; ,: CN K, —
CNK, by

(12) Jeu@) = f) +elxlu forx e CNK,.

Note that f; , is homogeneous and order-preserving with respect to K, as | - | is a
monotone norm. Moreover, for each x € C N K, we have that f(x) <k f: .(x) and

sup | f(X) = feu@)] < €lul.

xeCNK,: |x|<1

Theorem 4.3. Let f: CNK, > CNK, beahomogeneous mapping which
is order-preserving with respect to K, and let f.,,: C N K, = C N K, be given by
(12). If f is u-bounded, then

(i) for each & > O, the mapping f.., has a unique eigenvector v, , € C N K, with
[veul =1, and

fz;,u(v{:,u) = FeuVe,us
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(i1) the mapping € — v, is continuous in the norm topology for ¢ > 0;
(iii) for each ¢ > 0,

— 1 k k- k Uk _ s k 1/k
Fow = Jim I f2 Nk, = Inf IfEN Ak, = JHim LA, Gol

and
lim 7 = lim kLK .
I Tew = ”f ”CWQ

&

Proof. For notational convenience, we write f, := f.,, ¥z := re,, and v, :=
V.- Let 2 :={xe CNK,: |x| =1} and define g.: £ — X by

Se(x)
g:(x) := forx e X.
) [ fe (0l
As eu <g f.(x)forall x € X, glu| = |eu| < |f.(x)| forall x € Z.
Because of the equivalence of the norms | - | and || - || and the fact that f is

u-bounded, there exists M; > 0 such that
fx) <x Mi|xlu forallx e CNK,.

This implies for x € X that f.(x) <g (M| + &)u and |f.(x)] < (M + &)|u|.
By definition of Hilbert’s metric dx,

Ik (8:(x), 8:(y)) = Ok (fe(x), fe(¥))

forall x,y € X, and

M
(13) Ik (8:(x), u) = Og (fz(x), u) < log < 1; 8)

forall x € X.

LetI' :={x € K,: |x] = 1}. We know (see [29, Theorem 4.8]) that the metric
space (I', dx) is complete, as K is a closed normal cone in (X, || - ||). We now
show that X is a closed subset of (I', dx), from which we conclude that (X, dx) is
a complete metric space.

Suppose that {x;}; is a sequence in £ converging to & in (I', dx ), Then there
exist 0 < ay < B such that oy <k xp <k fié fork =1,2,...and log(fr/ar) —
0 as k > oo. Since

ar =|oal| < |Ixl =1 < Bl = Pr,

or <1 < f, and hence limg_ o0 0 =1 = limy_, » Bx. This implies that

0 <k xx — oxé <k (Br — )i,
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SO |xx — axé| < Pr — ax, which shows that limg_, o [xx — &| = 0. Since || - || and
| - | are equivalent, C is closed in (X, | - |), and therefore £ € C. But also || =1,
which shows that & € ¥ and hence X is closed in (I, dg).

To proceed, we fix £, > 0. Define

M1 + &1

(14) R:=log< >>O and Bgr:={xe X:dx(x,u) <R};

&1
Bp is a closed subset of (X, dx ), so (Bg, dx) is a complete metric space. Note that
it follows from (13) that g.(Bg) C By for ¢; < ¢.

To prove that f, has a unique normalised eigenvector v, € C N K,,, it suffices to
show that g, has a unique fixed point in Bg, where we choose 0 < &; < ¢. The idea
is to prove that g, is a contraction mapping on the complete metric space (Bg, k).

To this end, we let x # y in Bg and define o := M (x/y)~! and B := M(y/x), so
ox <g y <k Pxand ox(x,y) =log(f/a) > 0. Asx,ye Z,a =alx| < |y =1<
Plx] =pf,s0a <1< f.Nowa <1and f(x) <g Mu give the inequality

e(l —a)f(x) <k (1 —a)Mu.

Combining this with the inequalities aM| f(x) <x M;f(y) and acf(x) <k ef ()
gives
(aMy +&)(f (x) +eu) <x (M1 +&)(f(y) + ew),

which shows that

’ , aMi + ¢
€ < AN h = .
o fe(x) <k f:(y), where a M te
In a similar way, it can be shown that
, , ﬂM] +&
& < & 5 h = .
fe) <k B'fe(x), where S M +e
So, letting &’ := ¢/M,, we get
/ ﬂ + 6/
(15) Ik (fe(0), f:(n) < log | — | =log Bk
o o+e

Note that dg(x,y) < 2R, so log(/a) < 2R, and hence f/a < ¢’k = (Mneiten)z
as x,y € Bg. Thus, to prove that g, is a contraction, it suffices to show that there
exists 0 < ¢ < lsuchthatforall0 <a <1< fgwithl < f/a < e*®and for all

> 0witheg; < g,

(16) log ('f;j) < clog ('ﬁ) .
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Basic algebra gives

or () e (2) e (1 (252) (= 5))

2

Writing p := B/a,so 1 < p < *k, and using the fact that 0 < a < 1, we derive

that

/ / 1
(17) log(’giz/> §logp+log<l—(1i8/) (1_,0))'

2R

Let y := &/(1 +¢&'), and for 1 < p < e°*, consider the continuous function

p — w(p), where

(£ (1-1
(p) = logp+log (llog(,:(:/) (1-3)) _ 1, logd —lzélp— /p)

Thus, to establish (16) it suffices to find 0 < J < 1, which is independent of
y=¢&/(1+&) =¢/(M| +¢)for 0 < & < g, such that

(18) Sup{log(l — (1 — 1/,0)): | <p§62R}

log p
log(1 —9y(1 —e°
=sup{0g( o ¢ )):0<0§2R}§—5.
o

As 0 < y(1 —e™”) < 1, we can use Taylor’s formula to get

élog(l —y(1—e%) =— Z od - é_"))’ < _y(l=e™)

oj o

j=1
for 0 < o < 2R. Now consider the derivative of ¥: ¢ — (1 — e¢7%)/0:

e %(c+1—¢%

V(o) = "=

As e’ > 1+o forall o > 0, we conclude that ¥ (¢) < 0 on 0 < o < 2R, and hence

1 1 6_2R
— 1 1—9(1—-¢e7%)) < — .
o og( 4 e N==7y ( 2R )

1— —2R
0= i ¢ <1,
M+ ¢y 2R

then (18) holds forall &) < ¢,as /(M1 +¢1) < e/(M; +¢&)forall &1 < &.
It now follows from (17) that g, is a contraction mapping on the complete met-

So, if we let

ric space (Bg, dx) with contraction constant 1 — ¢ for all &; < &. So, by the Con-
traction Mapping Theorem g., €; < € has a unique fixed point v, € . Moreover,
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v, is the unique normalised eigenvector in X of f,, and f.(v;) = |f:(v.)|v.. Writing
re 1= | fe(ve)| and recalling that | f,(x)| > ¢|u| for all x € X, we see that r, > ¢|u|.

We now prove the second assertion, which is also a consequence of the Con-
traction Mapping Theorem. Indeed, for ¢; > O, let R be as in (14) above. For
& > &1, that the mapping g, is a contraction mapping on (Bg, dx ) with contraction
constant 0 < ¢ < 1, where c is independent of ¢. This implies that

1
Ok (g,u (ve), vg) = 175K (f,u (ve), v¢)

—C

51((0#: Ua) < 1—c

for u,& > €1. As v, € By, there exist 0 < a < 1 < b such that av, <x u <g buv,.
So, if 4 > ¢ > ¢y, then

(I +alu — &), <k fus) = fo(ve) + (1 — &)u <k (1 +b(u — &))v;.
This implies that

1
1—c¢

Ok (0, v;) <

1 1+b(u —
Sk (fu(0), 0,) < 1_c10g< + b(u e))

1+a(u —e¢)

for &1 < & < pu. A similar argument shows that

1 l+a(u —¢)
5[((0/17 De) < 1_Clog (1+b(,u —8))

fore; < u < e. So, if &g = u, then 5k (vg,, v,) = 0, so |log, — v, || — 0, as the
topology of Jk is the same as the topology of || - || on Bg.
To prove the third assertion, we can apply Lemma 4.2 to f, and f to get

. kyl/k - kyl/k s k 1/k
(19) Jim £k, = infLfS Nk, = lim NGOl
and

. knyl/k - knyl/k 1 k 1/k
(20) dim (g, = inf Il = Jim ILFaol™.

For 0 < ¢ < pu, it is easy to see that f;‘(x) <k fo(x) forall x e C N K, and
k > 1. By the normality of K, there exists a constant M, > O (independent of k)
such that || f¥]lcrk, < Mallfhllcak, for O < & < u. It follows that

1/k
ky1/k k
A1, < (Mallfflleo, )

for 0 < & < u, and hence lim,_, g+ (limk_ﬂ>O ||ﬁf‘||lc/§,(u> exists and satisfies

21 lim { lim || %25 ) > 1im || F5 Y%, .
21) lim (,Hoonﬂ I, ) = lim 15Nk,
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Recall that f.(v;) = r.v, and v, € X. Thus there exist 0 < 1; < A, (depending
on ¢) such that Aju <g v, <k A,u. This implies that 1, f*(u) <x r*v, <k A2fk(u)
for all £k > 1, and hence

(22) r. = lim || fE@)| 'k
k— o0

It remains to show that lim,_, ¢+ 7, = lim_, oo || f¥(u)||'/¥. Combining (19)—(22),
we see that it suffices to show that

lim r, < lim [|f*@|"* = reok, (f).
e—0* k— o0

First note that there exists y > 0, independent of ¢ > 0, such thatu <g yf.(u1). We
also know that for each |x| < 1 and 0 < ¢ < M|,

fe(x0) <k (M1 +e)u <k 2Mu.

Thus fgk(x) <k 2M, yf;‘(u) foreachk > 1 and |x|] < 1. Asthenorms | - | and || - ||
are equivalent on X, there exists a constant M3 > 0 such that

(23) IF5CN < MsllfE ||

forallx e C N K, and ||x|]| < 1.
Now fix # > 0 and choose N > 1 so large that

(24) MM @I < renk, () + /2.
Since lim,_o [|f¥N )| = ||~ (u)||, there exists &() > 0 such that for 0 < ¢ <
e(n),

MMV @Y < renk, () + 1.

From (23), we now deduce that

NN = sup{IfYIlYY: x € €N K, and |Ix]| < 1)

< MM @I < reri, () + 1

for 0 < ¢ < &(). It now follows from (19) that

. knl/k N 1/N
Jim (£ 8k, < 1Y e, < renk, () + 1.

As n > 0 was arbitrary, we conclude that lim,_,o+ 7, = rcnk, (f)- O
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Remark 4.4. The general idea of using perturbations of f like f. , has been
exploited before; see, for example, [3], [36, Lemma 2.1], and [41, Lemmas 3.2,
3.9, and 4.1]. In particular, cf. [41, Sections 3 and], where results similar to
Theorem 4.3 are established, and [3, Lemma 7.6], which provides a proof of [41,
Lemma 3.2].

We also remark that if w € K, and f is a u-bounded homogeneous mapping
which is order-preserving with respect to K, then there exists a constant M,, > 0
such that f(x) <x M, |x||w for all x € C N K,. Now, for ¢ > 0, we can consider
the mapping f.,,: C N K, - C N K, given by f. ,(x) = f(x) + ¢|x|w for all
x € CNK,. Then f;, , has a unique eigenvector v, ,, € C N K, with |l , || =1. A
slight variant of the proof of Theorem 4.3 shows that the mapping (&, u) — v, is
norm continuous; see [41, Lemma 4.1] for related results.

For a u-bounded, homogeneous, and order-preserving with respect to K map-

ping f: C N K, —» C N K,, we define the partial spectral radius of f by
ren,(f) 1= lim [ F5)1¢4
k— o0

Note that, as || f**"|lcrx, < I ek, Il f™lcnx, for all m, k > 1, it follows from
Fekete’s sub-additive lemma that rcqk, (f) = infy || f%]| lc/r]iKN < 00. Using the nota-
tion from Theorem 4.3, we obtain the following immediate corollary, which we
need later.

Corollary 4.5. If f: C N K, — C N K, is u-bounded, homogeneous and
order-preserving with respect to K, then

lim reng, (feu) = renk, (f)-
e—0*

Of particular interest to us is the case where K = C and K, = C°. In that
case, the partial spectral radius r¢-(f) satisfies a Collatz-Wielandt formula, which
generalizes [18, Corollary 37]; see also [3] and [31, Section 5.6].

Theorem 4.6 (Collatz-Wielandt formula I). Let C be a closed normal cone
with nonempty interior in a Banach space X and f: C° — C° order-preserving

and homogeneous. Then
re-(f) = inf M)/,

Proof. Lety € C° and recall that, as C is normal, the norms || - || and || - ||,
are equivalent. For each k > 1and 0 <¢ x <c y, If*®)lly < IOy, as f is
order-preserving. This implies that

1/ Nly.co 2= sup{ILF*@)lly: x € C° with [lxlly < 1} = [l F5DIl,.
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It now follows from Lemma 4.2 that
re=(f) = lim IFE0)I" = inf 1O < MGFO)/),

as SOy =M(f)/y), sorc-(f) < infyece M(f(y)/y).

Now let ¢ > 0, u € C°, and f,., be as in (12). Then f(x) <c¢ f. .(x) for all
x € C° and reo(feu) — re-(f) as ¢ = 0%, by Corollary 4.5. By Theorem 4.3,
there exist v, € C° such that f; ,(v..,) = rce(fe.u)Veu. Thus, M (f; u(0z.4)/Ven) =
ree(feu), SO

() = 1im M(foe)/02) = B InEM(f 00,0 /ve) 2 inf MUFOV/5).

The following two basic observations concerning rc-(f) will be useful to us
later. The first one is essentially [32, Lemma 2.2]; we include the short proof for
the reader’s convenience.

Lemma 4.7. Let C be a normal closed cone with nonempty interior in a
Banach space X. If f: C° — C° is an order-preserving homogeneous mapping,
then rc-(f) > O.

Proof. Pick u,x € C°. As f(x) € C°, there exists a > 0 such that ax <¢
f(x), so akx <¢ f¥(x) for all k > 1. We show that a < r¢-(f). Suppose that
a > reo(f) + € for some ¢ > 0. The definition of r¢-(f) implies that || fX(x)|| <
(re-(f)+e)* for all k > 1 sufficiently large. Since a > rc-(f)+¢, we conclude that
a ¥ fk(x) = 0as k = oo. However, a ¥ f¥(x) —x € C forallk > 1,s0 —x € C,
which is impossible. (]

Lemma 4.8. Let C be normal closed cone with nonempty interior in a Banach
space X. If f: C° — C° is an order-preserving homogeneous mapping with
re-(f) =1, then, for each x € C°, the orbit O(x; f) does not accumulate at 0.

Proof. Let u € C° and v, € C° be as in Theorem 4.3. As C is a normal
cone, the norms || - || and || - ||, are equivalent, and hence there exists a constant
M > 0O such that |lo, ,ll, < M forall 0 <& < 1. Ifx € C°, then u <¢ fx for some
B > 0. So letting z : = fMx, we obtain v, , <c zforall0 <& < 1.

We show that O(z; f) does not accumulate at 0. As f: C° — C°, for each
n > 1 there exists 8, > 0 (depending only on f"(z) € C°) such that |f"~!(z)|u <¢
Bnf"(2). Thus

Lol "1 @) <c A+ f ()
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for all n > 1. Now fix k£ > 1 and note that, as v, , <¢ z,

k
Vew <c fin feu@) <c A+epNfE (F@) <c ... <c [[( +eB)r Q.
i=1
It follows that 1 < [Tt_,(1+&8,)|f*(z)|. So, letting ¢ — 0, we see that 1 < |f*(2)|.
Thus O(z; f) does not accumulate at 0. As f is homogeneous, no orbit inside C°
can accumulate at O. O

Later, in Theorem 6.1, we need to assume that the set {v.,: 0 < & < 1} in
Theorem 4.3 contains a convergent subsequence in the norm topology. This is
always the case in finite dimensional spaces but not in infinite dimensional spaces.
For this reason, we introduce the following terminology.

Definition 4.9. Let C be normal closed cone with nonempty interior in a
Banach space X. If f: C° — C° is an order-preserving homogeneous mapping
and the set {v, ,: 0 < ¢ < 1} in Theorem 4.3 contains a convergent subsequence in
the norm topology, we say that f has converging approximate eigenvectors.

In the next subsection, using so-called generalised measures of noncompact-
ness or simply generalised MNC'’s, we establish several sufficient conditions for a
mapping to have converging approximate eigenvectors.

4.2 Generalised measures of non-compactness. Let X be a (real or
complex) Banach space, and denote by B(X) the collection of all bounded, non-
empty, subsets of X. Given S, T € B(X), we denote by co(S) the convex hull of S,
S+T :={s+t:se Sandt € T}, and AS := {As: s € S} for all 4 in the scalar
field. Following the terminology from [36], we call a mapping £: B(X) — [0, co)
a generalised homogeneous measure of non-compactness (MNC) if it
satisfies the following conditions:

(A1) forall S € B(X), A(S) =0 if and only if S is compact;

(A2) forall S € B(X), with S C T, B(S) < p(T);

(A3) forall S € B(X) and xg € X, S(S U {x0}) = B(S);

(A4) forall S € B(X), B(S) = B(S);

(A5) forall S € B(X), p(co(S)) = S(S);

(A6) forall S, T € B(X), B(S+T) < B(S) + p(T);

(A7) forall S € B(X) and all scalars 4, S(AS) = |1]|5(S).

Property (A7) is called the homogeneity property of f. Some treatments of
MNC’s assume that f satisfies the so-called set additive property:

(A8) forall S, T € B(X), p(SUT) =max{p(S), S(T)}.
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However, we do not assume (AS8).
A fundamental example is the Kuratowski measure of non-compactness

o(S) :=inf{6 >0:8 = US,- with diam(S;) < d foralll <i <n < oo}
i=1
for S € B(X). The Kuratowski MNC satisfies properties (A1)-(A8). Notice that
(A1) and (A8) imply (A2) and (A3), but there are many interesting examples of
generalised homogeneous MNC'’s that do not satisfy (AS).

Using the generalised homogeneous MNC’s, we can formulate a condition un-
der which the set {v,,: 0 < & < 1} in Theorem 4.3 has a compact norm closure.

Theorem 4.10. Let f: C N K, — CNK, be a homogeneous mapping which
is order-preserving with respect to K and u-bounded. Let {v.,: 0 < ¢ < 1} be
as in Theorem 4.3. If rcrk,(f) > 0 and there exists a generalised homogeneous
MNC p such that for each A € B(X) with A C C N K, and (A) > 0

B(f(A) < renk, (NBA),

then {v,,,: 0 < & < 1} has a compact closure in the norm topology.

Proof. For simplicity, we write S :={v,,: 0 <& < 1} and r := reng, (f) >
0. It suffices to show that £(S) = 0, by (Al). Define g(x) := f(x)/r for all
x € C N K, Then f(g(A)) < B(A) for all A € B(X) with A C C N K, and
P(A) > 0, by (A7).

As oy | =1 and f; ,(vz) = f(Vgn) + €U = 1,0, ,, Where r, 1= reng, (fen), We
have

ge)+ 2t (1= "), = v,
r r

Define T := {fu+ (1 — =)v,,: 0 < & < 1}. Note that Corollary 4.5 implies that

lim,_,0+ = = 1, and hence

lim “u+ (1= "5)o,, =0.
r

>0t r

Thus, the mapping o: ¢ = 2u+ (1 — *)ov,, is a norm continuous mapping
on [0, 1], by Theorem 4.3. This implies that T is compact, so B(T) = 0. Since
S C g(S)+ T, we conclude from (A2) and (A6) that

B(S) < p&(S$)+T) = p(g(8)) + B(T) = B(g(S)),

so B(S) =0. O
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Notice that in the proof of Theorem 4.10 we have used only properties (A1),
(A2), (A6) and (A7) of . Another sufficient condition is given in the following
result.

Theorem 4.11. Let f: CNK, — CNK, be a homogeneous mapping which
is order-preserving with respect to K, u-bounded, and satisfies rcnk,(f) = 1. Let
{veu: 0 < & < 1} be as in Theorem 4.3. If there exists a generalised homogeneous
MNC p such that liminf,,_, o f(f"(V)) =0, where V :={x € CNK,: |x] < 1},
and f is uniformly continuous on V in the norm topology, then {v.,: 0 < ¢ < 1}
has a compact closure in the norm topology.

Proof. Note that by Theorem 4.3(ii), it suffices to prove that f({v,,: 0 < & <
gy < 1}) =0, where ¢y > 0 can be arbitrary small. Now let # > 0 be given.

We first show that for each m > 1 and o > 0, there exists gg := go(o, m) > 0
such that

(25) |f" (0eu) — Vel <o forall0 < e < g.
For m = 1, the assertion follows from the fact that

|f(Ue,u) - Ua,ul S |f£,u(ve,u) —&Uu — Us,ul S |rCﬂK,,(fe,u)Ue,u —&u — Ue,ul - 09

as ¢ = 0%, since renk, (fe.r) = renk, (f) =1, by Corollary 4.5.
Now suppose the assertion holds for all 1 < j < m. As f is uniformly con-
tinuous on V, there exists J > 0 such that

|f(x) — f(y)| < o/4forallx,y € V with |[x —y| < 6.

As f is homogenous, |f(x) — f(y)] < o/2 for all x,y € C N K,, with |x|, [y|] < 2
and |x — y| < 20.

As |v.u| =1 forall 0 < & < 1, we can use the induction hypothesis to find
g0 > 0 such that | f™ 1 (v,,,) — v, < 26 and | "1 (v.,)| < 2forall0 < & < &.

Using uniform continuity of f, we deduce that

|fm(vz:,u) - f(vg,u)l = If(fm_l(l){:,u)) - f(vs,u)l < 0-/2

forall 0 < & < gp. Applying the induction hypothesis again, and possibly decreas-
ing &g > 0, we may also assume that |f(v.,) — v.| < /2 forall 0 < & < &g.
Combining these inequalities gives

|fm(l)a,u) - De,ul < |f(fm_l(vs,u)) - f(Da,u)l + |f(Us,u) - Ds,ul < 0-/2 + 0-/2 <o

forall 0 < ¢ < g.
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As liminf,, . S(f™(V)) =0, there exists my > 1 such that S(f"(V)) < /2.

Define T;, 1= {f"(v:): 0 < & < &o}. Taking o = 55755 in (25), we find an
&o > 0 such that
n
Veu:0<e<egy CT, +3xeCNK,: x| < ————— ¢,
(2, | = 3500

where B;(0) := {x € X: |x| < 1}. This implies that

B{vsu: 0 < & < £0)) < B(Ta) + mﬁwl(m) <n/2+n/2 =1,

as I'y, € f™(V). Thus f({v.,: 0 <e <1}) =0. g

Remark 4.12. For a generalised homogeneous MNC £ on a Banach space X
and a bounded linear map g: X — X, one can define £(g) as in Theorem 4.10, i.e.,

p(g) :=inf{c > 0: B(g(A)) < cB(A) for all bounded subsets A of X}.

However, as follows from [37, Theorem 8], it may happen that f(g™) = oo for
infinitely many positive integers m.

5 Horofunctions of Hilbert’s metric

The horofunction boundary, which goes back to Gromov [21], is known to be a
useful tool for proving Denjoy-Wolff type theorems for fixed point free nonex-
pansive mappings on a variety of metric spaces; see [18, 25, 34, 41]. We also
exploit horofunctions here. We sfollow Walsh [50], who made detailed study of
the horofunction boundary of finite dimensional Hilbert’s metric spaces, and use
the so-called Funk and reverse Funk (weak) metrics.

Let C be a closed cone with nonempty interior in a Banach space X. For
x,y € C° the Funk (weak) metric is given by

(26) Funk¢(x, y) :=log M (x/y).

and the reverse Funk (weak) metric is given by

27 RFunke(x, y) :=logM (y/x).
Hilbert’s (projective) metric satisfies

(28) oc(x,y) = Funkce(x, y) + RFunke(x, y),
and Thompson’s metric satisfies

(29) dc(x,y) = max{Funk¢(x, y), Funk¢(y, x)}
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forallx,y e C°.

The reader can check that both the Funk metric and reverse Funk metric satisfy
the triangle inequality on C° x C°, but are clearly neither symmetric nor non-
negative functions. They are named after P. Funk who studied them in [17] in
connection with Hilbert’s fourth problem; see [43] for more details.

Lemma 5.1. Let C be a closed cone with nonempty interior in a Banach
space X. For each y € C°, the functions x — Funkc(x, y) and x — RFunk¢(x, y)
are Lipschitz with Lipschitz constant 1 with respect to dc on C°.

Proof. For x;,x; € C°,
X1 <S¢ M(x1/x2)x2 <¢ M(x1/x2)M (x2/y)y,
so M (x1/y) < M(x1/x2)M (x2/y). This implies that
Funk¢(x1, y) < Funke(xy, x2) + Funke(xs, y).
Interchanging the roles of x; and x, gives
Funkc¢(xz, y) < Funke(xy, x1) + Funke(xy, y),

)
|Funkc(x1, y) — Funkc(xz, ¥)| < de(xq, x2).

The argument for RFunks goes in a similar fashion. (]

It follows from Lemma 5.1 and (28) that for each y € C°, the function
X — Jc(x, y) is Lipschitz with Lipschitz constant 2 with respect to d¢ on C°.

The following lemma lists some basic properties of Funk¢ that are immediate
from the definition.

Lemma 5.2. Let C be a closed cone with nonempty interior in a Banach
space X. Then
1. forx,y e C°% anda, f > 0,

Funk¢(ax, fy) = Funke(x, y) + loga — log f;
2. ifx1,xp € C°withx; <¢ xp, andy € C°, then
Funkc(x1, y) <¢ Funkc(xz, y);
3. ify1,y2 € C°withy, <c yz, and x € C°, then

Funkc(x, y2) <c¢ Funkc(x, y1);
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4. if f: C° — C° is an order-preserving homogeneous mapping, then

Funkc(f(x), f(y)) < Funke(x,y) forallx,y e C°.

Following Walsh [50], we now define the horofunction boundaries for the Funk
metric, RFunk metric, and J¢. Fix a base point b € C° and let p be either Funkg,
RFunk¢, or, dc. Denote by C(C°) the space of continuous functions from (C°, d¢)
into R, equipped with the topology of compact convergence (also called the to-
pology of uniform convergence on compact sets); see [39, Section 46]. Define
i,: C°—= C(C°) by i,(y)(x) := p(x,y) — p(b, y). Note that for each x, x' € C°,

li,(N(x) — i, M| = |plx, y) — p(xX, y)| < 2dc(x, x)

forall y € C°, by Lemma 5.1, and hence i,(C°) := {i,(y): y € C°} is an equicon-
tinuous family in C(C®). Furthermore, if p is Funk¢s or RFunk¢, then for each
x € C% |i,()(®)| < dclx,b) forall y e C°, by Lemma 5.1. Also, if p = Jc,
then for each x € C°, |i,(y)(x)| < 2dc(x, b) for all y € C°. Thus, for each fixed
x € C°, the set {i,(y)(x): y € C°} has compact closure in R. It now follows from
Ascoli’s Theorem [39, Theorem 47.1] that i,(C°) has compact closure in C(C®)
with respect to the topology of compact convergence.

The boundary, i,(C°) \ i,(C®), is called the horofunction boundary and its
elements are called horofunctions. Note that i,(ay) = i,(y) for all @ > 0 and
y € C°. Thus, letting S :={y € C°: |ly|| = 1}, we see that H, =i,(S) \ i,(S). For
simplicity, we write ir := i, and Hy :=ir(C°) \ ir(C°) if p = Funkc. Likewise,
we write ig and H for p = RFunk, and iy, respectively, and JHy for p = d¢.

On i,(C°), the topology of compact convergence agrees with the topology of
pointwise convergence. It also coincides with the compact open topology; see
[39, Section 46]. If C is a finite dimensional cone, the metric space (C°, d¢) is o-
compact, viz, the union of countably many compact sets. In that case, the topology
of compact convergence on C(C®) is metrizable, and hence each horofunction 4
in H, is the limit of a sequence {i,(y,)}, where (y,), is in C°. However, if C is
infinite dimensional, (C°, d¢) is no longer o-compact, and the topology of compact
convergence is not metrizable. Therefore we work with nets instead of sequences.
For each h € H,, there exists a net (i,(y,)), such that i,(y,) — h, where y, € C°

for all a. Moreover, every net (i,(y,)), in i,(C°) has a convergent subnet, as i,(C°)
is compact.
The next lemma is an infinite dimensional version of [50, Lemma 2.4].

Lemma 5.3. Let C be a closed cone with nonempty interior in a Banach
space X, and let (ir(y,))a be a net converging to h € Hg. If (Vo)o has a subnet
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converging to'y € C \ {0} in the norm topology, then'y € 0C and
(30) h(x) = RFunk¢(x, y) — RFunke(b, y)
forall x € C°.

Proof. Let (yg)s be a subnet of (y,), converging to y € C \ {0} in the norm
topology. By Lemma 2.2, RFunkc(x, yg) — RFunkc(x,y) for all x € C°, and
hence ir(yp) converges to x — RFunkc(x, y) — RFunkc(b, y). This proves (30).
Note also that, as i € Hg, the point y € 6C; as otherwise, i € ig(C°). O

In general, it appears to be difficult to completely characterize Hr. Instead, we
observe that all Funk horofunctions have a kind of sub-gradient, which will prove
useful later.

Lemma 5.4. Let C be a closed cone with nonempty interior in a Banach
space X. If h € Hp, there exists ¢ € C* \ {0} such that log p(x) < h(x) for all
x e C".

Proof. Let (i(y,)), be a net converging to h € Hg. For each a there exists
¢ € X} such that Funkc (b, y,) = log ;’“—((yb)), by Lemma 2.2. So, for each o and

eachx € C°,

P\ pul®)
0a(Ya) ?®a(Ya)
=log ¢,(x) —log 9, (b) =10g p,(x).

Funkc(x, yo) — Funkc(b, y,) = log

As X} is weak™® compact, there exists a subnet on which ¢, converges to a point
@ € X} in the weak* topology. Thus, i(x) > log ¢(x) for all x € C°. g

We also need the following fact.

Proposition 5.5. Let (v,), be a net in C° such that y, — y € 0C \ {0}. Then
ir(Vy) = hg € C(C®), where hg(x) = RFunk¢(x, y) — RFunk¢(b, y) for all x € C°
and hg € Hg. If (yp)p is a subnet of (Yo)a, then ip(yg) converges in C(C°) if and
only if ig(yp) converges in C(C°). Moreover, if ir(yg) converges to hy € C(C®)
and iy (yp) converges to hy € C(C°), then hr € Hr and hy € Hy.

Proof. It follows from Lemma 2.2 that ig(y,) converges to hg € C(C°), where
hg(x) = RFunk¢(x, y) — RFunk¢ (b, y) for all x € C°. To show that hg € Hg, we
need to prove that there does not exist v € C° such that

31) hgr(x) = RFunkc¢(x, v) — RFunk¢ (b, v)
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for all x € C°. We argue by contradiction. Suppose there exists v € C° satisfying
(31). Let {&r}r be a sequence of reals with 0 < g < 1 and limg_ & = 0.
Define x; := erb + (1 — &)y for all k > 1. Because y <¢ (1_1€k)xk, we see that

logM (y/x;) < —log(l — ;). Asy #0, —oo < logM (y/b) < 00, so

(32) lim sup hg(xx) = lim sup RFunk¢(xg, y) — RFunk¢ (D, y) < oo.

k— 00 k— 00

On the other hand,
RFunk¢(x, v) =logM(v/erb + (1 — g1)y) = o0

as k — oo, because v € C° and g b+(1—¢g;)y — y € 6C. Moreover, RFunk¢(b, v)
is finite, as b € C°. So, if there exists v € C° satisfying (31), then

(33) lim hg(x;) = oo,
k— 00

which contradicts (32).

Now suppose that (yg)s is a subnet of (y,),. Then ir(ys) still converges in
C(C?); and because ir(yg) +ir(yp) = in(yp), the convergence of ir(yz) in C(C®) is
equivalent to the convergence of iy (yg) in €(C®). Suppose that ir(yg) converges to
hr € C(C°) and iy (yp) converges to hy € C(C®). It remains to show that hr € Hp
and hy € Hy.

To prove that iy € Hp, we need to show that there does not exist v € C° such
that

(34) hr(x) = Funkc(x, v) — Funkc(b, v)
for all x € C°. Let x; be as above. Note that for each g,
ir(yp)(xx) = Funke(xg, yp) — Funke(b, yg)
=log M (exb + (1 — ex)y/yp) —log M (b/yp)
< logM(exb+ (1 — &r)y/exb+ (1 — &1)yp)
+logM (&b + (1 — ex)yp/yp) —logM(b/yp).
We know that yz converges to y, so Lemma 2.2 implies that for each fixed £ > 1,
M(exb+ (1 — er)y/exb + (1 — er)yp) — 0.

Also,
M (exb+ (1 —er)yp/yp) < exMb/yp) + (1 — &)

and M (b/yp) — oo asyp — y € 0C. Thus

(1 — ey
b

(35) ir(p)u) < M (skb+ . ecM (b/yp) + (1 = 8")).
k

+(1=ewy ‘*) +log ( M(b]yp)
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The right hand side of (35) converges to log(ex) as yp — v, and hence hr(x;) <
log(ex) for k > 1. Thus

(36) lim hp(x;) = —o0.
k— o0

On the other hand, if there exists a v € C° satisfying (34), then it follows from
Lemma 2.2 that

(37) klim hrp(xy) =logM(y/v) —logM(b/v) > —o0,

which contradicts (36).
If there exists v € C° such that hy = ig(v) + ir(v), the estimates in (33) and
(37) show that limy_, » ig(xx) = 00 and limy_, o ip(xx) > —o0, which implies that

(38) lim Ay (x;) = oo.
k— o0

On the other hand, Ay (x) = hg(x) + hp(x) for all x € C°. Equations (32) and (36)
show that lim sup,_, ., Ar(xx) < oo and limy_, o0 hp(Xr) = —00, 50 limy—, o0 A (Xi) =
—00, which contradicts (38) and shows that iy € Hy. Ul

Note that if p is Funk¢, RFunk¢ or d¢, and y € C°, then

i,(MX) = plx,y) — pb,y) = px, y/llylD — pb, y/lyl)

for all x € C°. Thus, any horofunction is the limit of a net (i,(y,)), Where ||y, || =1
for all a. If C is a finite dimensional cone, any sequence (y,), with ||y,|| = 1 for
all n has a limit point y € C with ||y|| = 1. In that case, it follows from Lemma 5.3
and Proposition 5.5 that

Hgr ={x — RFunk¢(x, y) — RFunk¢(b,y): y € 6C and ||y|| = 1};

cf. [50, Proposition 2.5].

5.1 The horofunction boundary of a symmetric cone. If C°isasym-
metric cone, there exists a particularly simple description of J{r. Recall that a
symmetric cone is the interior of the cone of squares in a euclidean Jordan al-
gebra. A detailed exposition of the theory of symmetric cones can be found in [16]
by Faraut and Kordnyi. We follow their notation and terminology. A euclidean
Jordan algebra (X, e) is a finite dimensional real inner product space (X, (-, -))
equipped with a bilinear product x e y such that for each x,y € X

(1) xey =yeux,
(2) xe (x> ey) =x* e (x oY),
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(3) the linear map L(x): X — X given by L(x)w := x e w satisfies
(L(x)w, z) = (w, L(x)z) for all w, z € X.

The collection of squares in (X, o) forms a cone C, and its interior is called a
symmetric cone. We denote the unit element in (X, ) by e, which is an element
of C°. It is a basic consequence of the Spectral Decomposition Theorem [16,
Theorem III.1.2] that ||x||, :=inf{A > 0: — de <¢ x <¢ de} = max{|1]: 1 €
o(x)}. For x € X, the linear mapping P(x): X — X given by P(x) := 2L(x)> — L(x?)
is called the quadratic representation of x. Note that P(x™'/?)x = e for all
x € C°. The mapping P(x) maps the symmetric cone C onto itself if x € X is
invertible; see [16, Proposition II1.2.2]; hence it preserves Funk¢, by Lemma 5.2.
So, forx,y € C°,

M(x/y) = M(P(y""?)x/e) = max{: A € o(P(™/H)0),
where the second equality follows from the Spectral Decomposition Theorem.

Theorem 5.6. If C° is a symmetric cone in a euclidean Jordan algebra (X, o)
and the unit e € C° is a base point, then
(i) Hpg consists of those f € C(C?) for which there exists z € 0C with ||z||l. = 1
such that f(x) = RFunkc(x™!, z) for all x € C°,
(i1) Hpg consists of those g € C(C®) for which there exists y € 0C with ||y|l. = 1
such that g(x) = RFunkc¢(x, y) for all x € C°,
(iii) Hpy consists of those h € C(C®) for which there exist y, z € 0C with ||y|l. =
lzlle =1 and y @ z = 0 such that

h(x) = RFunkc(x™!, z) + RFunkc(x, y)
forall x € C°.

Proof. Let g € g and let {y,}, be a sequence in C°, with ||y,|. = 1 for all
n, such that ig(y,) — g. Taking subsequences, if necessary, we may assume that
vy — y € 0C \ {0}. It follows from Lemma 5.3 that

g(x) = lim ig(y,)(x) = RFunkc(x, y) — RFunkc(e, y)

for all x € C°. But RFunkc(e,y) = logM(y/e) = log|lylle = 0, so gx) =
RFunk¢(x, y) for all x € C°. On the other hand, if y € oC with |y|l. = 1,
there exists a sequence {y,}, in C° with ||y,|l = 1 for all n such that y, — y.
Taking a subsequence, if necessary, we can also ensure that {iz(y,)}, converges to
an element in Hg. So, by Lemma 5.3,

lim ig(y,)(x) = RFunkc(x, y) — RFunkc(e, y) = RFunkc(x, y)
n o0
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for all x € C°, and hence x — RFunk¢(x, y) € Hg. This completes the proof of
part (ii).

Let f € Hp and {y,}, be a sequence in C°, with ||y,|l. = 1 for all n, such that
ir(y,) — f. Taking subsequences, if necessary, we may assume that y, — y €
oC \ {0} and y;1/||yn_1||e — z € C. Note that as y € oC \ {0}, it follows from the
Spectral Decomposition Theorem that ||y, !||, — oo. This implies that

Vi e
on=11myno( Ill )=llm_1=0
7300 vz lle n=o0 |ly; e

It follows from [16, Exercise 3.3] that (y, z) =0, and hence z € 0C, as (v, w) > 0
forall w e C°andov € C \ {0}.

The inverse operation w — w~!' on C° is known to be an order-reversing
homogeneous of degree —1 involution; see [23, Proposition 3.2]. This implies
that Funk¢(u, v) = RFunke(u=!, 0~!) for all u, v € C°. Using Lemma 5.3 again,
we see that

f(x) = lim Funkc(x, y,) — Funkc(e, y,)
n— o0

= lim RFunkc(x™", y,'/lly; ' ll.) — RFunkc(e, v, /1y lle)
(39) n— oo

= RFunkc(x~!, z) — RFunkc(e, 2)
= RFunkc(x7', 2)

for all x € C°, as RFunkc¢(e, z) = log||z]. = 0.

On the other hand, if y,z € 8C with ||y]l. = l|lz]le = 1 and y e z = 0, there
exists a Jordan frame {cy,..., ¢} such thaty = Y7 Z;c; and z = Z?sz WiCi
withl =4, >4,>...24,>0, 1 =u; >ur>...>pu,>0,andp < g < k.
For n > 1, define

(40) Zlc,+z cl+zfcleC°

—p+1 i=g+1

For sufficiently large n, ||y,|l. =1 and

y;l Z—c,+ Z n ,uc,+ Z nc; € C°.
i=p+1 i=g+1
Note that ||y, !|le =n?u; = n? for all large n, so

-1 P
i —Z ey c,+Z,u,cl+ch,eC°
i=1

1
Iy le o T
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for all large n, which converges to z as n — oo. Taking a further subsequence, if
necessary, we may assume that {ir(y,)}, converges to a point in Hp. Using the
same equations as in (39), we see that ir(y,)(x) = RFunkc(x~!, z) for all x € C°,
which completes the proof of part (i).

If h € Hy, there exists a sequence {y,}, in C° with ||y, ||, = 1 for all n such that
ig (y») — h. Taking a subsequence, if necessary, we may assume thaty, — y € 6C
and y;'/|ly;'lle = z € C. By the same argument as before, we see that y e z = 0
and z € 6C. Taking a further subsequence, if necessary, we may also assume that
ir(ya) = f € Hr and ig(y,) = g € Hg, where f(x) = RFunkc(x™!, 2) and g(x) =
RFunkc(x, y) for all x € C°. This shows that 4(x) = RFunk¢(x~!, z)+RFunke(x, y)
forall x e C°.

To prove the other inclusion, suppose that y, z € dC with ||y|l. = ||zlle = 1 and
y e z = 0. Then we can define y, as in (40) for all n > 1. Taking a subsequence,
if necessary, we may assume that ir(y,) = f € Hp, ig(yy) > g € Hg, and
igyn) > h € Hy. So h(x) = f(x)+ g(x) for all x € C°. By the previous
arguments, f(x) = RFunk¢(x™!, z) and g(x) = RFunkc¢(x, y) for all x € C°. O

Remark 5.7. If C° is the symmetric cone of self-adjoint positive definite
matrices over R, C, or H, then for each x, y € C°,

M(x/y) = max o(P(y~"?)x) = maxo(y~"2xy™1?) = max{1: 1 € a(y"'x)}.

So, in that case, the horofunctions are given by

1. hp(x) =log max o(xz),

2. hg(x) =logmax o(x~'y),

3. hy(x) = logmax o(xz) + log max o(x~'y),
where y, z € 0C are such that ||y|l. = ||z]le =1 and ye z =0.

We also find a description of the horofunctions of Hilbert’s metric on the in-
terior of the standard positive cone (R})° = {x € R": x; > O for all i} alternative
to the one given in [27]. Indeed, in that case, Theorem 5.6 gives

1. hp(x) =log max; x;z;,

2. hg(x) =log max; xi_lyi,

3. hy(x) = logmax; x;z; + log max; x; 'y;,
where y, z € OR’} are such that ||y||ec = [|Zllc = 1 and y;z; =0 for all 7.

6 A Wolff type theorem for cones

Let f: Q — Q be a fixed point free nonexpansive mapping on a finite dimen-
sional Hilbert’s metric space. Then there exists a horofunction in 2 € Hy such that
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h(f(x)) < h(x) for all x € Q; see [18, Theorem 16] and [25, Theorem 3.4]. The
next theorem gives an analogous result for order-preserving homogenous map-
pings f: C° — C° that do not have an eigenvector in C°, where the cone can be
infinite dimensional.

Theorem 6.1. Let C be closed normal cone with nonempty interior in a
Banach space X. If f: C° — C° is an order-preserving homogeneous mapping
with no eigenvector in C° and [ has converging approximate eigenvectors, then
there exists a net (v,) in C° with v, — v € 0C and |v| = 1 such that ir(v,) —
hr € Hp, ir(vy) = hg € Hg, and iy (v,) = hy € Hy with hy(x) = hp(x) + hg(x)
for all x € C° such that

L. hp(f(x)) < hr(x) +logre-(f),
2. hg(f (%) < hr(x) — log re-(f),
3. hyg(f(x)) < hy(x).
Moreover, there exists y € 0C \ {0} such that hg(x) = RFunk¢(x, y) for all x € C°.

Proof. Letu € C° be the base point to construct the horofunction boundaries.
By Theorem 4.3, for each ¢ > O, there exists v, € C° such that |o,,| = 1 and
Jeu(Veu) = 7o 0. For simplicity, we write v, 1= 0, y, ¥z 1= gy, and fp 1= fe . It
also follows from Theorem 4.3 that r, = r¢-(f) as e — 0.

Since f has converging approximate eigenvectors, {v.: 0 < ¢ < 1} contains
a convergent subsequence {v,,}, with limit, say, v € C. Note that [v| = 1, and
v € 0C; as otherwise, v is an eigenvector of f in C°. By Proposition 5.5, there
exists a subnet (v,,) such that ir(v,,) = hr € Hp, ir(ve,) = hg € Hg, and
ig(ve,) = hy € Hpy. By construction, hy(x) = hr(x) + hg(x) for all x € C°. Thus,
to prove the third inequality it suffices to show the first two. From Lemma 5.2, we
see that for each a and x € C°,

Funkc(f(x), vs,) — Funkc(u, vg,) < Funke(f;, (%), vg,) — Funkce(u, v;,)
= Funk¢ (fau (%), fea (Uea )
+log r,, — Funkc(u, v,,)

< Funkc(x, v.,) + log r,, — Funkc(u, v,,).

Thus, hp(f(x)) < hp(x) +logre-(f) for all x € C°.

To prove the second inequality, fix x € C°, Note that since f(x) € C°, there
exists a constant > 0, depending on x, such that |x|lu <¢ SBf(x), and hence
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(1 + Be)~' f.(x) <¢ f(x). From Lemma 5.2, we see that for each a,

RFunkc(f(x), v;,) — RFunkc(u, v.,) < RFunkc((1 + ﬂsa)_lfgu (x), vg,)
— RFunkc¢(u, v.,)
= RFunkc (f;, (%), fe, (vs,))
— RFunk¢(u, v.,) + log(1 + Pe,)
—logr,,
< RFunk¢(x, v,,) — RFunkc(u, v,,)
+log(1 + pey) — logr,,.

Thus, hg(f(x)) < hg(x) — logre-(f) for all x € C°.

To prove the final assertion, note that hg(x) = RFunkc¢(x, v) — RFunkc(u, v)
for all x € C°, by Lemma 5.3. Letting y := M(v/u)"'v, we get that hg(x) =
RFunk¢(x, y). O

The following example shows that equality can hold simultaneously in the
three inequalities in Theorem 6.1.

Example 6.2. Consider the linear mapping f(X) := MXM*, where

M;:ll,
0 1

on the cone I1,(R) consisting of positive semi-definite 2 x 2 real matrices in the
Jordan algebra of 2 x 2 symmetric matrices. An elementary computation shows
that fork > 1,

2
4 fk(X)=<a+2kb+kc b+kc> forX=<Z 12>€H2(R),

b+ ke c

and hence rm,®y(f) = 1.

Define the mapping g on the set X° consisting of invertible trace 1 matrices
in IT1,(R), by g(X) := f(X)/tr(f(X)). As f is an invertible linear mapping from
IT,(R) onto itself, the mapping g is an Hilbert metric isometry on X°. In fact, g
corresponds to a parabolic isometry of the hyperbolic plane. To see this, let

Y:loandZ:OO.
00 0 1

By the above computation, g¥(X) — Y for all X € X°, and hence f has no
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eigenvector in II,(R)°. It follows from Theorem 5.6 that there exist horofuntions
hF(X) = RFuIlkc(X_l, Z) S iH:F, hR(X) = RFUl’lkc(X, Y) S U{R, and hH =
hp + hg € Hpy, where we have taken the identity matrix / as the base point. Note
that

hp(X) = RFunkc(X ™!, Z) = logmax 6(XZ) =logc
and
hr(X) = RFunkc(X, Y) = log max o(X~'Y) = log(c/ det(X)).
for all X e TT,(R)°. Since det(f(X)) = det(X), we deduce from (41) that
he(f(X)) =loge =hp(X) and hr(f(X)) =log(c/ det(X)) = hgr(X)
for all X € I1,(R)°. Thus, for each X € I1,(R)°,
hu (f£(X)) =logc +log(c/ det(X)) = hy(X).

The level sets of hr and Ay are depicted in Figure 1.

Figure 1. Funk and reverse-Funk horofunction level sets in T1,(IR)°.

The next corollary generalizes results from [13] and [18] and is an immediate
consequence of Lemma 5.4 and Theorem 6.1.

Corollary 6.3. Let C, X, f,y and hr be as in Theorem 6.1. Then
(i) there exists ¢ € C* \ {0} such that log p(f*(x)) < hr(x) + klog re-(f) for all
xeC°andk > 1;
(i1) forall x € C° suchthaty <c¢ x, rc-(f)y <c¢ f(x).

Another consequence of Theorem 6.1 concerns the linear escape rate studied
in [18]. Recall that for an order-preserving homogeneous mapping f: C° — C°,
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the linear escape rate is defined by

RFunkc(x, £%(x))
X .

p(f) := lim
k— o0
Note that

RFunkc(x, £¥(x))
k

as k — 00, so p(f) =logrc-(f). The following characterization of p(f) extends
[18, Theorem 1].

=log M (f*(x)/x)'/* =log || FA(0)1./* — logre-(f),

Corollary 6.4. Let C be closed normal cone with nonempty interior in a
Banach space X. If f: C° — C° is an order-preserving homogeneous mapping
and f has converging approximate eigenvectors, then

(42) pUf) = max. inf h(x) = h(f (),

where Ag consists of those h € ig(C°) for which there exists a net (y,) in C°, with
Vo = vy € Cand ||y|lp =1, such that ig(y,) — hin C(C°). If f has no eigenvector
in C°, the maximum is attained at some h € Agr N Hp.

Proof. Denote by b € C° the base point for the horofunctions. By Proposi-
tion 5.5, for each element & € Ay there exists y € C with ||y||, = 1 such that

h(x) = RFunkc(x, y) — RFunkc(b, y) = RFunkc(x,y) forallx e C°.
So

h(x) — h(f(x)) = RFunkc¢(x, y) — RFunke(f(x), y) < RFunke(x, f(x))
for all x € C°, and hence

sup inf A(x) — A(f(x)) < inf RFunkc¢(x, f(x)) =logrec-(f),
heAg ¥€C° xeC?

by Theorem 4.6.

If f has an eigenvector v € C°, then f(v) = rc-(f)v and h(v) — h(f(v)) =
log reo(f) for all h € ig(C®). Since p(f) = logrc-(f), the identity holds if f has
an eigenvector in C°.

If f has no eigenvector in C°, then by Theorem 6.1, there exists hg € Ag N Hp
such that log re-(f) < hr(x) — hg(f (x)) for all x € C°. Thus,

PUf) = max. inf hx) — h(F (). -
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Note that if in Corollary 6.4 the cone C is finite dimensional, then Ag = ix(C°).

Having established (42), we can now use identical arguments as those used
by Gaubert and Vigeral in [18, Lemma 36 and Corollary 37] to obtain a second
Collatz-Wielandt formula for rc-(f), which generalises that given in [18, Corollary
37]. The details are left to the reader. To formulate it, we need to recall the
following concept. The radial extension of an order-preserving homogenous
mapping f: C° — C° on the interior of a closed cone in a finite dimensional
vector space X is given by

f):= lim f(x+eu) forallxeC,
e—0*

where u € C° is fixed. (It is easy to verify that f is an order-preserving ho-
mogeneous mapping, and the limit exists and is independent of u € C°, as f is
order-preserving and C is finite dimensional.)

Theorem 6.5 (Collatz-Wielandt formula II). Let C be closed cone with non-
empty interior in a finite dimensional vector space X, and f: C° — C° be an

order-preserving homogeneous mapping. Then

re(f) = ye“é"i‘ﬁ)} m(f()/y),

where m(f(y)/y) := sup{a > 0: ay <c f(y)} fory e C\ {0}.

Theorem 6.5 should be compared with [31, Corollary 5.4.2], which implies
that if f: C — C is a continuous, order-preserving, homogeneous mapping on a
closed cone in a finite dimensional vector space X, then

re(f) =max{a > 0: f(y) =ayforsomey e C \ {0}}.
The main difference is that in our case, the mapping is defined only on C° and

need not have a continuous extension to the boundary; see [11].

7 Denjoy-Wolff theorems for Hilbert’s metric

In this section, we prove Denjoy-Wolff type theorems for Hilbert’s metric nonex-
pansive mappings on possibly infinite dimensional domains. We consider map-
pings g: X° — X° of the form

f@)
43 =
() 80 =

where f: C° — C° is an order-preserving homogeneous mapping on the interior

forx e 2°:={xe C°: q(x) =1},

of a normal closed C in a Banach space X with r¢-(f) =1 and g: C° — (0, 00)
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is a continuous homogenous mapping. Typical examples of g are the norm (or
an equivalent norm to the norm) of X and strictly positive functionals g € C°.
Mappings g of this form are nonexpansive under Hilbert’s metric; see, e.g., [31,
Section 2.1], Note also that by Lemma 4.7, we can always renormalize f so that
re-(f) = 1 without changing g.

Theorem 7.1. Let C be normal closed cone with nonempty interior in a
Banach space X, and let f: C° — C° be a fixed point free order-preserving ho-
mogeneous mapping, with rc-(f) = 1, satisfying the fixed point property on C°
with respect to dc. Suppose that the mapping g: X£° — X° is given by (43). If
there exists xo € C° such that O(xo; f) and O(xo/q(x0); &) have compact closures
in the norm topology, then there exists a convex set £ C 0C such that w(z; g) C Q
forall z e x°.

Proof. Denote by Qg the convex hull of w(xo; f). The mapping f: C° — C°
is nonexpansive under Thompson’s metric, as it is order-preserving and homogen-
eous; see e.g. [31, Section 2.1]. So we obtain from Corollary 3.5 that Qy C oC.
Using the Hahn-Banach separation theorem, we find ¢ € X* such that Qy C ker(p)
and ¢(z) > O for all z € C°. Now let yy := xo/q(x0) and n € w(yg; g). Then there
exists a subsequence {g*(yo)}; which converges to 7. As O(xo; f) has compact
closure in the norm topology, we may assume, after taking a further subsequence,
if necessary, that f% (xo) converges to say, &. It follows from Lemma 4.8 that & # 0,
and hence g(¢) > 0. So

p(n) = lim ¢

i—00

£5(x0) ) (i) 9
_— =1 = = 0’
(q(f"f @) b g(ffxo) | @)

which shows that w(yo; g) C ker(p) N C. As O(xo/q(x0); g) has a compact closure
in the norm topology, we can apply [41, Theorem 5.3] to conclude that

U e@e cac.

zeX°

Remark 7.2. Itis interesting to note that the assumption that f: C° — C°is
a continuous order-preserving mapping such that for each x € C° the orbit O(x; f)
has a compact closure in the norm topology and all accumulation points of O(x; f)
lie inside OC is sufficient for one to prove that w(x; f) is contained in a convex
subset of 0C for each x € C°. The argument goes as follows.

Letx € C°, and note that w(x; f) is a closed subset of X. As w(x; f) is contained
in the closure of O(x; f), which is compact, w(x; f) is compact. Hence there exists
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y € C° with z <¢ y for all z € cl(O(x; f)). Indeed, there exists R > 0 such that
w(x; f) € Br(0) :={u € X: ||u|]l| < R}. Now let yy € C°. Then there exists 6 > 0
such that Bs(yp) :={u € X: |[yo —ul| <0} C C. Lettingy = %yo, we see that for
each z € X, with ||z|| < R,

R o R
y_Z—g(YO—EZ) = g@O—ZO)GC,

as zo = %z € X with ||zl < 6.

By assumption, w(y; f) is a nonempty compact subset of 0C. Let w € w(y; f).
As w € 0C, there exists ¢ € C* \ {0} such that p(w) = 0.

We now show that 7 <¢ w for all z € w(x; f). If {m;}; is a sequence such that
f™(y) = w, and {k;}; is a sequence such that % (x) — z, then fXi(x) <c f™(y)
for all k; > m;, as f*(x) <c y for all k > 0. Taking the limit for j — oo, we get
z <c f™(y) forall m;. Now letting i — oo, we find that z <¢ w. As ¢p(w) =0,
we conclude that ¢(z) = 0 and hence w(x; f) C ker(p) N oC.

Theorem 7.3. Let C be normal closed cone with nonempty interior in a
Banach space X and let f: C° — C° be a fixed point free order-preserving homo-
geneous mapping, with rc-(f) = 1, having converging approximate eigenvectors.
Let g: £° — X° be given by (43), where X° = {x € C°: q(x) = 1} is bounded in
the norm topology. If there exists xo € C° such that limi_ o || f*(x0)|| = oo and
the orbit O(xy/q(x0); g) has compact closure in the norm topology of X, then there
exists a convex set Q C 0C such that w(z; g) C Q forall z € X°.

Proof. Asrc.(f) =1, Corollary 6.3 assures the existence of € C*\ {0} and
hr € Hpg such that

(44) log w(f*(x0)) < hr(xo)

for all kK > 1. As X° is bounded in the norm topology, there exists 6 > 0 such
that g(x) > o for all x € C° with ||x|| = 1. Indeed, if there exists a sequence
{ug}r in C° such that ||ui]| = 1 and g(ux) < 1/k for all k, then u;/q(uy) € X°,
but ||ur/q(ui)|l = 1/g(ur) — oo as k — oo, which contradicts the fact that X° is
bounded. Combining this with the assumption, || f*(xo)|| — oo as k — oo, we
find that

k _ o ck fk(xo) k
q(f*(x0)) = I/ Collg | —— ) = S/ (xo)ll > oo ask — oo.
I1f*(xo)
So.letting yg : = x9/q(x), we see from (44) that
k
w(g" (o)) = v x0) — 0 ask — oco.

q(f*(x0))
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Thus w(yp;g) C ker(y) N C. It now follows from [41, Theorem 5.3] that there
exists  C 0C convex such that w(z; g) C Q for all z € Z°. 0

Theorems 7.1 and 7.3 confirm a conjecture by Karlsson and Nussbaum; see
[26, 41], for an interesting class of Hilbert’s metric nonexpansive mappings. The
main point is that the arguments do not rely on the geometry of the domain. They
also imply Theorem 1.2, as an order-preserving homogeneous mapping
f: C° — C° always satisfies the fixed point property on C° with respect to dc,
and each orbit of g: X° — X° has a compact closure in the norm topology if
the cone is finite dimensional. However, we do not know whether there exists an
order-preserving homogenous mapping f: C° — C°, where C is a finite dimen-
sional closed cone, with a pointx € C° such that O(x; f) has an accumulation point
in 8C and O(x; f) is unbounded in the norm topology. We conjecture that such a
mapping cannot exist, but at present can only prove this for polyhedral cones.

Theorem 7.4. Let f: C° — C° be an order-preserving homogeneous map-
ping on the interior of a polyhedral cone. Then there does not exist a point x € C°
such that O(x; f) has an accumulation point in 0C and O(x; f) is unbounded in the
norm topology.

Theorem 7.4 is a simple consequence of the following proposition.

Proposition 7.5. Let f: C° — C° be an order-preserving homogenous map-
ping on the interior of a polyhedral cone C in a finite dimensional vector space
V with re-(f) =1, and let x € C° be such that O(x; f) is unbounded in the norm
topology. Then there exists hg € Hpg such that

lim hg(f*(x)) = —oc0.
k— o0
Proof. For simplicity we write x; := f*(x) and zx := xi/||x¢|| for & > 0.

As O(x; f) is unbounded in the norm topology, there exists a subsequence {xy;};
of {x¢}x such that [|x,[| < x| for all m < k;. Note that we can take a fur-
ther subsequence such that as j — o0, ir(xy;) converges to, say, hg € Hg and
zk; — z € C\ {0} . We claim that z € 6C. Indeed, suppose, for the sake of contra-

diction, that z € C°. The mapping g: y — |I§((§;|| on X°:={y e C°: ||y]| =1}is

nonexpansive on (X°, d¢c). Moreover,

1% (x0)
IF% o)l
Thus, w(zp;g) N Z° is nonempty. It now follows from [31, Corollary 3.2.5] that

S ()
ILf @l

& (z0) = =z, >2z€C” asj— oo.

g has a fixed point, say, u € X°. The equality u = g(u) = implies that
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lf@)|| =rc-(f) =1. Thus f has a fixed point in C°. As f is nonexpansive under
dc on C°, all orbits of f are bounded under d¢ and hence also bounded in the
norm topology, as the topologies coincide. This contradicts our assumption; so,
zeoC.

Let E be the extreme points of X7 := {p € C*: ¢(z9) = 1}. Note that E is
a finite set, as C is polyhedral. Let Ey := {¢p € E: ¢(z) =0} and E, := E \ E,
which are both nonempty sets.

Observe that for m > 0 fixed and ¢ € Ey,

P (Zk;—m)

lo
£ @(zx;)

< du (8" (20), 87"(20)) < du(g" (20), 8(20)) < 00

Thus, for ¢ € Eo, p(zx;—m) — 0 as j — 00. As z; — zand ¢(z,) > 0 for all j
and ¢ € E,, there exists a constant y > O such that ¢(z;;) > y forall j and ¢ € E,.
Combining these two observations gives

<¢j (Zk;—m)

lim sup RFunkc¢ (z; , 2k, —m) = lim sup log
?(zK)

j—oo j—oo

>§—logy

for some ¢; € Ey, as ¢ (zx;—m) < 1 and ¢(zx,) > y. Similarly, for all j sufficiently
large,
®;(zx;)

RFunkc(z0, ;) = log <> > logy,
9;(z0)

where ¢; € E,.
Now fix integers m, i > 0 and consider

hgr(Xg+m) = lim RFunkc (X, 4m, Xk, ) — RFunkc (xo, x¢; ).
j—o00

As f is order-preserving and homogeneous, it is nonexpansive with respect to
RFunkc; see Lemma 5.2(4). Therefore,

hr(Xg+m) < lim sup RFunkc (xg, , xx;—m) — RFunkc(xo, x¢;)
j— oo

. 1%k ; —m [l 10 |l
< lim sup RFunk¢ (zy; , zk;—m) — RFunkc(zo, 2,) + log | ——————
=00 : [, 1 1x 1

IN

i X
lim sup RFunkc (2, , 2k;—m) — RFunkc(zo, z;) + log ( Ixoll )
U I I

IA

—2logy +log |lxoll — log ||lxz, ||

As ||lxg, || = o0, we see that limy_; o0 hg(xy) = —00. n
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Note that Example 6.2 shows that Proposition 7.5 does not hold for general
cones.
Let us now prove Theorem 7.4.

Proof of Theorem 7.4. We argue by contradiction. Suppose that (™ (x));
is a norm bounded subsequence and O(x, f) is unbounded in the norm topology.
Then there exists f > O such that f™(x) < px for all i. Before we can apply
Proposition 7.5, we need to show that r¢-(f) = 1. Note that O(x; f) has a con-
vergent subsequence { f*/(x)}; with limit, say, # € C. By Lemma 4.8, n # 0, so
re(f) = limyo0 |5V = 1.

By Proposition 7.5 there also exists a subsequence { f% (x)} ; of O(x; f) with
5 (x)| = oo such that ix(f* (x)) = hg € Hg, where hg(f"(x)) — —oo as
m — oo. Note, however, that

ir(f )(f™ (x)) = RFunkc(f™ (x), % (x)) — RFunkc(x, £ (x))
> RFunkc(Bx, £ (x)) — RFunkc(x, 5 (x))

=—logp
for all i and j, which is absurd. (]

Remark 7.6. There exists an alternative proof of Theorem 7.4 which does
not rely on horofunctions. We sketch the argument.

As C is a polyhedral cone, the order-preserving homogeneous mapping has
a continuous order-preserving homogeneous extension to the whole of C; see
[11]. Moreover, it follows from [31, Theorem 5.3.1 and Proposition 5.3.6] that
1 = reo(f) = 7c(f), where 7c(f) is the Bonsall spectral radius, which is given
by 7ec(f) = limy_ o ||fk||lc/k. Now suppose that x € C° and O(x; f) is un-
bounded in the norm topology. Then there exists a subsequence {;}; such that
lim; o0 I f5(x)]| = 0o and ||f7(x)|| < |If%x)|| forall j < k; and i > 1. Assume
that we have selected a subsequence of {&;};, which we also label by k;, such that

VA®))

T TR
forallv =0, ..., m. Leave the subsequence unchanged for i < m, and for i >
m + 1, modify the subsequence so that
N )
lim = Nm+1

ioo || fA=tmD ()|

for some 7,,+; € C. Continuing in this way, we obtain a subsequence {k;}; such

that
VAN®))

m —————- =:
oo Ao
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forall v > 0. Now note that, as f%(x) and f* =" (x) in C°, there exist 0 < a,, < b,
such that

A ff () <c A7) <c b fr (%),

and hence a,, 5" (x) <¢ f%(x) <¢ b f% " (x) for all j > m. This gives

ey W) £
m < <c b, ———.
RN = Al =€ AWl

L@l TR
- 1 d s
Faor =0 M ol S e

we have

a0 M) W)
L™ e 175 =@l =€ 1Al = " 15—l

Letting j — oo gives
am

I lle

for all m > 1. Thus, %, ~c¢ no for all m > 1, and hence #,, ~¢ #, for all

Hm SC Ho SC bmnm

m,n > 1. In a similar way, it can be shown that f(7;) ~¢c 79. As 11 ~¢ no, it
follows that for each x ~¢ ng, f(x) ~¢ f(no) ~c 1o, and hence f(Cy) C Cy,
where Cy := {x € C: x ~¢ np} is the part of 7. By continuity of f: C — C, we
find that £(Cy) C Cy.

It is known that Cy is the relative interior of the closed cone Cy; see [31,
Lemma 1.2.2]. We claim that fa)(fla)) = 1. Obviously ’%o(flfo) < l,as7c(f) =1.
Note that for all m > 1, we have ||5,]| =1, #,, € Cy, and

ILF™ A= ol  lim ILF @l -
L fE=m @l isoo || fl=m@oll

50 P, (fig,) = limg 0 sup{ | /X0)[|V/*: x € Co with |Ix|| < 1} > 1.

It follows from [31, Corollary 5.4.2] that there exists v € C¢ such that f(v) =
v and |jo|| = 1. As 5y € Cp, there exists f > 0 such that v <¢ frno. As
F5@)/If%@) — no and C is polyhedral, we know; see [31, Lemma 5.1.4],
that for each 0 < A < 1 there exists iy > 1 such that 159 <¢ f%(x)/|f% )| for
all i > ig. So,if we fix0 < A < 1,andletb := =1, we get

I1f" ()l = lim
1— 00

BANFE Il = bAIFA @I () <c fA7(x)

for all i > ig It follows that liminf,,_ || f5*(x)|| = bAx"'| f5 (x)||, where x > 0
is the normality constant of C, so liminf,_, || f"(x)|| = co. Thus O(x; f) cannot
have any accumulation points in C.
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