Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

DIFFERENTIAL
EQUATIONS

Editors-in-Chief Editorial Board

Alberto Brassan Sigurd Anganent
Shui-Mee Chow Johin Ball

Juhe Mallet-Paret Courtney Coleman
Konstantin Mischaikew Ayner Friedman

Feunding Editors WM. N

Jduek K. Hale
J.P. LaSalle

This article appeared in a journal published by Elsevier. The attached

copy is furnished to the author for internal non-commercial research

and education use, including for instruction at the authors institution
and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

]J. Differential Equations 250 (2011) 4085-4103

Contents lists available at ScienceDirect

Journal of Differential Equations PENON

www.elsevier.com/locate/jde

Stability of periodic solutions of state-dependent
delay-differential equations

John Mallet-Paret®* ! Roger D. Nussbaum P2

4 Division of Applied Mathematics, Brown University, Providence, RI 02912, United States
b Department of Mathematics, Rutgers University, Piscataway, NJ 08854, United States

ARTICLE INFO ABSTRACT

Article history: We consider a class of autonomous delay-differential equations
Received 11 October 2010

Available online 22 February 2011
2(t) = f(z)

MSC:
primary 34K13, 34K20, 37L15

which includes equations of the form
secondary 37C27, 37C75

Keywords: 2ty =g(z(t), z(t — 1), ..., 2(t — 1)),
Delay-differential equations ri=Tj (Z(t)) for1<i<n, (%)
State-dependent delay

Periodic solution with state-dependent delays r;(z(t)) > 0. The functions g and r;

Orbital stability

satisfy appropriate smoothness conditions.
Asymptotic phase Y approp

We assume there exists a periodic solution z = x(t) which is lin-
early asymptotically stable, namely with all nontrivial characteristic
multipliers w satisfying || < 1. We prove that the appropriate
nonlinear stability properties hold for x(t), namely, that this so-
lution is asymptotically orbitally stable with asymptotic phase, and
enjoys an exponential rate of attraction given in terms of the lead-
ing nontrivial characteristic multiplier.
A principal difficulty which distinguishes the analysis of equations
such as (%) from ones with constant delays, is that even with g
and r; smooth, the associated function f is not smooth in func-
tion space. Techniques of Hartung, Krisztin, Walther, and Wu are
employed to resolve these issues.

© 2010 Published by Elsevier Inc.

* Corresponding author.
E-mail addresses: jmp@dam.brown.edu (J. Mallet-Paret), nussbaum@math.rutgers.edu (R.D. Nussbaum).
1 Ppartially supported by NSF DMS-0500674, and by the Center for Nonlinear Analysis, Rutgers University.
2 Partially supported by NSF DMS-0701171, and by the Lefschetz Center for Dynamical Systems, Brown University.

0022-0396/$ - see front matter © 2010 Published by Elsevier Inc.
doi:10.1016/j.jde.2010.10.023



4086 J. Mallet-Paret, R.D. Nussbaum /J. Differential Equations 250 (2011) 4085-4103

1. Introduction

In this paper we study stability questions for a broad class of autonomous state-dependent delay-
differential equations. Specifically, we prove that linearized asymptotic stability of a periodic solution
x(t) implies nonlinear (Lyapunov) stability of that solution, in fact, asymptotic orbital stability with
asymptotic phase, and exponential attraction at a rate determined by the leading nontrivial character-
istic multiplier. This is, of course, the analog of a classic theorem in ordinary differential equations;
see, for example, [1]. The corresponding result for retarded equations with constant delay also has
been known for many years; see [7].

Among the equations we treat are those with pointwise state-dependent delays such as

2(t)=g(z(t), z(t — 1), ..., 2(t — 7)), ri=ri(z(t)) for1<i<n, (1.1)
where
g:Ugng("+1)—>Rm, ri:U, CR™ —[0,R] for1<i<n,

for some (typically open) sets Ug and Uy,. In the case n =1 this equation takes the form

z(t)=g(zt),z(t —=1),  r=r(z®), (12)
where
g:U, CR*™ 5 R™  r:U.CR"—[0,R]. (1.3)
The model equation
ez(t) = —z(t) — kz(t — 1), r=r(z(t)) =1+ z(t) (1.4)

with € > 0 and k > 1, considered in [5] (see also [4]), is a special case.
Generally, we follow the setting of Walther [8] for state-dependent equations (see also Hartung,
Krisztin, Walther, and Wu [3]), which we now outline. Consider an autonomous equation

2(t) = f(z) (15)
where
f:Ux € X—R" iscontinuous, X =C([—R,0],R"),
zc € X isgivenby z(0) =z(t+6) for6H e[—R,0], (1.6)

and where Uy is an open subset of X. This is the classic setting of Hale, as described in the book of
Hale and Verduyn Lunel [2]. Local existence of the initial value problem

Zp=¢ (1.7)

for any ¢ € Uy in forward time is guaranteed, that is, the problem (1.5), (1.7) has a solution z(t) for
0 <t < § for some § > 0. Note that Eq. (1.2) falls into this class by taking

@) =2g(p0), p(—r(p(0)))). (1.8)
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For this equation we assume that Uy C R?™ and U, C R™ in (1.3) are open sets on which g and r are
continuous, and

Ux=1{p e X|(90), p(-r(p(0)))) € Ug and ¢(0) € U, }. (1.9)

For the model equation (1.4) one has g(z,{) = —z — k¢ and r(z) =1+ z, with Ug = R? and U, =
(=1, R — 1), where typically one takes R >k + 1.

One has the analogous facts for the more general multiple-delay equation (1.1) as for the single-
delay equation (1.2).

In general the solution of the initial value problem (1.5), (1.7) is not unique, although it is unique if
f is locally lipschitz. We remark that for the special case of (1.8) and its multiple-delay generalization,
the map f is generally not locally lipschitz even if the functions g and r are smooth, unless r is a
constant. Thus in general, there is no assurance of a unique solution to the initial value problem (1.2),
(1.7). On the other hand, if the initial function ¢ is lipschitz and g and r are both locally lipschitz,
uniqueness does hold for (1.2) with (1.7).

Following Walther, let us consider Eq. (1.5) with a nonlinearity f for which

(H1) f:Uy CY — R™ is Cl-smooth, where Y = C!'([—R, 0], R™) and Uy is open in Y.

Here we do not necessarily assume that f is defined in a domain Uy C X as in (1.6), although we do
keep the notation z:(0) = z(t + 0) for 0 € [—R, 0]. For definiteness we shall always take

lollx = sup ]|§0(9) . llely =max{liglx, I@llx}, (110)

6e[—R,0

for the norm of ¢ € X or ¢ €Y, respectively. We consider solutions z(t) of (1.5) with initial condi-
tions (1.7) which are C'-smooth on their initial interval [—R, 0], and which in addition satisfy the
compatibility condition ¢(0) = f(¢). This condition ensures that the left- and right-hand derivatives
of any such solution z(t) at t = 0 are equal. Such solutions are thus C! on any maximal interval
[—R, w) of existence. In this spirit Walther introduces the so-called solution manifold S C Y, defined
to be

S={peUy @0 = fp)}

which is a relatively closed subset of Uy. It is easily seen that any solution z(t) with initial condition
zo € S on the solution manifold satisfies z; € S for all t > 0 in its maximal interval of existence.

In general, condition (H1) alone is not enough to guarantee local existence of solutions to (1.5),
(1.7), with @ € S. For example, if f() = ¥(0) + ¥ (0) for every ¥ € Uy =Y, then S={y €Y |
¥ (0) = 0}, and so any solution z(t) to this initial value problem would have to satisfy z; € S for every
t > 0 in the interval of existence, namely, z;(0) = z(t) = 0 for such t. However, if the initial condition
¢ satisfied ¢(0) =0 but ¢(0) # 0, we see that z(t) would be discontinuous at t = 0. Thus z(t) could
not be considered a solution, as this would mean z; ¢ Y for t € (0, R) in the interval of existence.

We recall two other conditions on f which play a central role in [3] and in [8], and which
with (H1) are sufficient to obtain unique local solutions:

(H2) The Fréchet derivative Df (¢) € L(Y,R™) at any ¢ € Uy has a (necessarily unique) continuous
linear extension, denoted D, f(¢) € L(X,R™), to the larger space X.
(H3) The map (¢, ¥) — Def(@)y from Uy x X CY x X into R™ is jointly continuous in ¢ and .

See Proposition 2.3 below for a detailed statement of the relevant results on existence, uniqueness,
and regularity.

Generally, if Z1 and Z, are Banach spaces, we let £(Z1, Z3) denote the Banach space of bounded
linear operators from Zi to Z; endowed with the operator norm. We remark that under the above
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conditions, the extended map D, f(¢) may not vary continuously with ¢ € Uy in its operator norm,
that is, as an element of the space £(X,R™).

Let us also remark that conditions (H1), (H2), and (H3) together imply several useful properties
of f, in particular that:

(H4) If ¢ € Uy then there exists a neighborhood ¢ € V € Uy and a constant B > 0 such that
IDe f (@)l cx,rm) < B for every @ € V.

(H5) If ¢ € Uy then there exists a neighborhood ¢ € V C Uy and a constant B > 0 such that |f (@) —
f@)I<Bl¢ —9@lx forevery ¢, p e V.

Properties (H4) and (H5) are closely related to the property of a map being almost locally lipschitz,
which was introduced in [6]. Note that while the relevant neighborhoods in these properties are in
the space Y, the relevant norms are associated with the space X. The proof of (H4) is an easy exercise
using the uniform boundedness principle; indeed, if there does not exist such a neighborhood V for
which the required bound B exists, then there would be a sequence ¢, € Uy with ¢, - ¢ in Y,
with || De f (¢n) |l z(x,rRmy — oo. But then for every ¢ € X the sequence De f(¢y)¥ would be bounded,
with the limit D, (@), by condition (H3). Thus the uniform boundedness principle would imply that
| De f (@n)ll 2(x.rm) is bounded, a contradiction.

Also, (H5) follows from (H4) by a mean-value theorem. In particular, assuming that V in (H4) is
convex, one has for any ¢, € V that

1
@) - f@ =fo(s¢+ (1-99)@ - P ds. (111)
0

as f is C! on Uy. By (H4) we have the bound

IDF(s@+ (1 =)@~ @)| = [De f(s¢ + (1 =5)@)(§ — )| < Bl — Pl (112)

on the above integrand, to give (H5).
With the above conditions, we now state the main results of this paper. The following theorem is
the basic result on asymptotic stability with asymptotic phase, for the class of equations considered.

Theorem 1.1. Assume that f satisfies conditions (H1), (H2), and (H3), and suppose that z = x(t) is a non-
constant periodic solution of Eq. (1.5) of period p > 0, with x; € Uy for every t € R. Assume that the trivial
eigenvalue . = 1 of the monodromy operator M of this solution has simple algebraic multiplicity. Also assume
that the remaining spectrum of M lies strictly inside the unit circle, specifically that

sup{|A| | A € spec(M) \ {1}} =2g < 1 (113)

for some Ag. (In other words, z = x(t) has linearized asymptotic stability.)
Then z = x(t) is asymptotically orbitally stable with asymptotic phase in the following sense. There exist
K1, Ky > 0 such that the following holds. Given any

log ).
w< | Oi ol (1.14)

there exists K3(u) > 0 such that if || — x5 ||y < Ky for some ¢ € S and o € R, then there exists 6 € R such
that

Izt — Xe+o+olly < K3(u)e Mo — X ly, 0] < Kallg — x5 ly, (115)

for all t > 0, where z(t) is the solution of the initial value problem zo = ¢ to Eq. (1.5).
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A second result, involving the C° norm instead of the C! norm, follows more or less directly from
the above theorem provided that the following stronger condition holds in place of (H1):

(H1”) Condition (H1) holds. Moreover, there exists a set Ux € X, open in X and with

Uy=UxNY,

to which f has a continuous (in the X-topology) extension. Further, given any compact (in the
Y-topology) set Q C S, there exist quantities B’, B” > 0 such that ¢ € Ux and |f(¢) — f(@)| <
B'll¢ — @|lx whenever |[¢ — @|x < B” with ¢ € Q and ¢ € X.

The following result holds.

Corollary 1.2. Assume all the conditions in the statement of Theorem 1.1, except that the stronger condi-
tion (H1') is taken in place of condition (H1). Then there exist K}, K/, > 0 such that the following holds. Given
any w as in (1.14), there exists K5 () > 0 such that if | ¢ — x¢ || x < K] for some ¢ € Ux and o € R, and with
z(t) any solution of the initial value problem zg = ¢ to Eq. (1.5), then

Izt — Xtro40llx < K5(we Mg —xs|x for0O<t<R,

1zt = X110 lly < Kz(e ™ Mllo —xsllx  fort >R, 0] < K3ll@ — X llx, (116)

forsome 6 € R.

Concerning notation, we shall let z(t) denote a general solution of Eq. (1.5), often (although not
always) lying on S C Y, while x(t) is reserved for the periodic solution in the statements of the above
results. In the setting of Corollary 1.2, note that z; € S for all t > R. Of course for the periodic solution
it is the case that x; € S, and also that x; # 0, for every t € R.

Let us also remark that in both Theorem 1.1 and Corollary 1.2, it is implicit that the solution z(t)
starting near the periodic solution x(t) exists for all t > 0, that is, it is part of the conclusion of these
results that the maximal interval of existence of this solution is [0, 00).

While this paper is a companion to [5], it can also be considered a self-contained work to be read
on its own. As such, we do not necessarily follow the notational conventions of [5], and in fact our
notation herein adheres more closely to that of [3] and [8].

2. The functional analytic setting

We begin by recalling some basic results from [3] and [8].

Proposition 2.1. (See [3, Theorem 3.2.1] and [8, Proposition 1].) Assume that f satisfies conditions (H1), (H2),
and (H3). Then for every ¢ € S the map  — /(0) — Df (@) takes Y onto R™. Thus S is an embedded C!
submanifold of Y of codimension m, with tangent space

TeS={y €Y |4(0)=Df(p)v}
atany ¢ € S.

We remark that the tangent space T,S in the above result is dense in the space X. This follows
easily from the fact that the operator Df (¢) on Y has a continuous extension D f(¢) to X.

Proposition 2.2. Assume that g:Ug C R > R"andr:U, CR™ — [0, R] are C! functions, where Ug and
U, are open subsets of R*™ and R™. Let Ux be asin (1.9) and Uy = Ux NY, and let f(¢) be defined by Eq. (1.8)
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for ¢ € Ux. Then f:Ux — R satisfies condition (H1") (and thus condition (H1)), as well as conditions (H2)
and (H3). The Fréchet derivative of f is given by

Df ()¢ = (D1g(¢(0), ¢(—r(¢(0)))) — D2g(¢(0), ¢(—1(¢(0))))@(—r(¢(0)))r' (¢(0))) ¥ (0)
+ (D2g(9(0), o(~r((®)))) ¥ (—r(¢(0))) 21)

forany ¢ € Uy and € Y, and with the same formula for the extension D, f (¢) with ¢ € Uy and ¢ € X.
The analogous results hold for the function f associated to the multiple-delay problem (1.1).

Proof. For simplicity we consider only the single-delay problem, with f as in (1.8). Following [8], we
write

f(@) = g(Ev(p,0), Ev(p, —r(Ev(p, 0))))

for ¢ € Uy, where Ev:Y x [—R, 0] — R™ is the evaluation map given by

Ev(g,t) = ¢(0).

As noted in [8], the function Ev is C!-smooth with derivative

DEv(p,t)(¥,5) =¥ () + ¢(O)s, (2.2)

so in particular the function f is C! on Uy. This establishes (H1). Further, using (2.2) one sees that
the derivative of f is

Df ()¢ = D1g(Ev(g, 0), Ev(p, —1(Ev(¢,0))))¥ (0)
+ D2g(Ev(, 0), Ev(p, —r(Ev(p, 0)))) (¥ (- (Ev(p, 0)))
— @(—r(Ev(p, 0)))r' (Ev(p, 0))¥ (0)),

which is identical to Eq. (2.1). From this formula one sees easily that both (H2) and (H3) hold.

There remains to prove condition (H1’). Certainly f is continuous on the set Uy given by (1.9).
Now with Q € S as in the statement of condition (H1’), note that {¢(0)|¢ € Q} is a compact subset
of the open set U, C R™. Thus there exists a quantity B” > 0 such that ¢(0) + 8 € U, whenever ¢ € Q
and |B| < B”. Further, there exists By > 0 such that |’ (¢(0) + B)| < B1 whenever ¢ € Q and |3| < B”.

Next let B, > 0 be such that ||¢|ly < By for every ¢ € Q, where we are using the fact that Q is
compact in Y. Noting that the set {(¢(0), p(—r(¢(0)))) | ¢ € Q} is a compact subset of the open set
Ug C R?™, we see that by decreasing B” if necessary, we may assume that (¢(0) + 8, @(—r(¢(0))) +
y) € Ug whenever ¢ € Q with || <B” and |y| < (B1B; + 1)B”. Further, there exist B3, B4 > 0 such
that

|D1g(90) + B, o(—r(¢(0)) +¥)| <B3,  |D2g(¢(0) + B, ¢(~r(¢(0)) + y)| < Ba,

for any such ¢, B, and y.
With B” as above, assume that ¢ € Q and ¢ € X with ||¢ — @[ x < B”. Then |¢(0) — ¢(0)| < B”
and so ¢(0) € U,. Also,
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0(=1(¢(0)) — &(-r(@(®))|
<lp(=r(e®)) — o(-r(9(®))| + |¢(-1(2(0)) — &(-1(¢(0))|
< B2 |r(p(0) —r(FO)] + llp — Plix
< (BiB2+ Dl — @lix
< (B1B2+ 1)B’,

and therefore (¢(0), §(—r($(0)))) € Ug. Thus ¢ € Ux. Finally,

1f(@) — F@)]=|2(¢), o(—r(p))) — (F(0), §(—r($(0))))|
< B3|9(0) — §(0)| + Ba|g(—1(¢(0))) — §(—r(7(0)))|
< (B3 + Ba(B1B2+1)ll¢ — @lix.

Upon setting B’ = B3 + B4(B1B3 + 1), we obtain the desired result. O

Proposition 2.3. (See [3, Theorem 3.2.1] and [8, Theorem 1].) Assume that f satisfies conditions (H1), (H2),
and (H3). Then for every ¢ € S the initial value problem (1.5), (1.7) has a unique solution z(t) = z(t, ¢) on a
maximal interval 0 <t < w(p), where 0 < w(@) < co. Moreover, z;(¢) € S for every such t. Denote

={(t,p) €[0,00) x S|t <w(p)},
Di={peS|t,peD}, D.={t 9 eD|t>R}

where t > 0 in the definition of D;, and denote

Z(t, @) =2z(p) for(t,¢@)eD,

and so Z : D — S is the semiflow map. Then D is a relatively open subset of [0, o0) x S, and Z is continuous,
jointly int and ¢, on D. Also, for every fixed t > 0 the map ¢ — Z(t, @) is C'-smooth on D;. Further, the map
Z is C'-smooth, again jointly in t and ¢, on D. Finally, the derivative D, Z(t, ) of the semiflow map with
respect to its initial condition is given by

DL Z(t, p)¥ =yt (2.3)

where y(t) is the unique solution of the linear variational equation

y(©) = Df (z¢)yr, (2.4)
with initial condition yo = € T,, S, with z; = Z(t, @) on its maximal interval, and where y; € T, S holds.

Let us remark that the proof of local existence in the C! setting of Proposition 2.3 above is not a
direct application of the usual Picard iteration. Rather it is a variant of the Picard method which in-
volves both C! and C° estimates in the spirit of (1.11) and (1.12), where both conditions (H4) and (H5)
come into play.

As in [8], given a solution z(t) of Eq. (1.5) with z; lying on the solution manifold &, one may gener-
ally consider the linear variational equation (2.4). Proposition 2.3 asserts the existence and uniqueness
of a solution to (2.4) with the initial condition yo taken in the tangent space T,,S, as variations are
taken only with respect to the C! norm in S. Thus one has y; € T, S for every t > 0 in the interval
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of existence, and so Dy Z(t, @) € L(T,,S, T, S). In particular, T,,S and T, S are subspaces of Y and
are thus endowed with the C! norm.
On the other hand, one can instead consider the related equation

y() =De f(z¢)yr, (2.5)

and with arbitrary continuous (not necessarily smooth) initial conditions yg = ¢ € X. This amounts
to taking variations in the larger space X and with respect to the C° norm. (We still, however, have
z € S for the solution of the underlying nonlinear equation.) As noted earlier, the coefficient operator
D f(z:) need not vary continuously with t in the space £(X,R™). However, it follows easily from
property (H4) that for every t > 0 in the maximal interval of the solution z(t), there is a uniform
bound

HDef(ZS)”E(X,Rm) gBOZBO(t) f0r0<$<t (26)

for the norm of D, f(z;). With this, and again using the continuity condition (H3), one easily shows
the existence of a unique solution to Eq. (2.5) for any yg € X, along with a standard bound

lyslix <ePollyollx foro<s<t. (2.7)

In the special case that yg € T, S, then we have the bound |y(s)| < [[yollx for —R <s <0, and
17(5)] < Bollysllx < BoeBoS|lyollx for 0 <s<t, using (2.5) and (2.7). With (2.7) this gives the bound

Bos

lyslly < Booe”® |lyolly for0<s<t, Boo = max{By, 1}, (2.8)

where the definition (1.10) of the norm on Y is used.
3. The monodromy operator

The monodromy operator of our periodic solution can be defined using either Eq. (2.4) or Eq. (2.5).
As we shall see, for the class of equations considered here the two approaches are essentially equiva-
lent.

Throughout this section we assume all the conditions in the statement of Theorem 1.1. Let us note
that we do not require that p > 0 be the minimal period; unless noted otherwise, p can be any
integer multiple of the minimal period. Of course the monodromy operator will depend on which
such period is chosen. _

In defining the monodromy operator, we may, on the one hand, consider the operator M defined
by

M = D3Z(p, xo)

as in (2.3), and so Me L(Tx,S, Tx,S). By Proposition 2.3 the operator M is given by the formula

Myo=yp. Yo€TxS,
where y(t) is the solution of the linear equation (2.4) with the periodic solution x; in place of z;. On

the other hand, a formally different operator M is obtained by solving equation (2.5), again with x; in
place of z:, and defining

Myo=yp, Yoe€X.



J. Mallet-Paret, R.D. Nussbaum / ]. Differential Equations 250 (2011) 4085-4103 4093

Then M € L(X, X) for this operator, and M agrees with M on Ty, S, which is densely contained in X.
We observe that the Banach spaces X and Tx,S on which M and M act are endowed with different
norms, namely the C® and C! norms, respectively.

Differentiating the identity x(t) = f(x;) with respect to t gives y(t) = Df (x¢)y: where y(t) = x(t).
Then Myo =yp, and as y, = yo # 0, it follows that

Mxg = Mxg = Xo,

which is the trivial eigenvector of the monodromy operator with trivial eigenvalue 1 =1.

In a standard fashion, M" and M" are the monodromy operators for x(t) considered with period
np, where M and M as above are the monodromy operators corresponding to period p. In the case
that np > R, we have the following compactness result.

Proposition 3.1. Assume all the conditions in the statement of Theorem 1.1 hold, and let M and M denote the
monodromy operators of x(t) with period p as above. Also assume that n > 1 is such that np > R. Then the
monodromy operators M" € L(X, X) and M" € L(Tx,S, Tx,S) of x(t) with period np are compact.

Proof. Let By be as in (2.6) with t = np, with z; replaced by xs, and let Bgp be as in the equality
in (2.8). Considering first the operator M", let y(t) satisfy Eq. (2.5), with z; replaced by x;. Then
M"yo = ynp, and we have

lynpllx < e®™lyolix (3.1)

by (2.7). Further, as np > R we have that [np — R,np]  [0,np], and so |y(s)| < BoeBoS|yollx for
s € [np — R, np], from the differential equation (2.5) and (2.7). Thus

1 3npllx < BoeBo™||yolx. (3.2)

Thus the elements ypp are uniformly bounded and equicontinuous for yo in bounded set of X, and
so M" is compact.

Now consider M". Here we take Yo € Tx,§ C Y, with y(t) the solution of (2.4), again with z
replaced by x¢, and mn Yo = Ynp. The bounds (3.1) and (3.2) still hold, and as [|yollx < [Iyolly, we
again obtain uniform bounds on ||ynpllx and ||ynpllx for yo in bounded subsets of Tx,S. We must
establish equicontinuity of the elements yy, for such yq in order to conclude compactness of M". To
this end, take s1, s, € [np — R, np] C [0, np], and using (2.4) along with (2.8), we have the estimate

|7(s1) — y(s2)| < |Df (%5))¥s, — Df (Xs,) Vs, | + | D (X5,)¥s, — DS (X5,) ¥s, |
< BO”yS1 —Ys ”X + HDf(XS1) - Df(X52)HE(y’Rm)”ySZHY

< Booe®*™ (Bols1 — s2| + || Df (xs,) — Df (Xs) || £y gmy) 1¥0lly -

The continuity of Df(xs) in s, in the operator norm, with the above estimate, immediately gives the
desired equicontinuity property. O

The following result clarifies the relation between the spectra of the operators M and M.

Proposition 3.2. Assume all the conditions in the statement of Theorem 1.1 hold, and let M and M denote the
monodromy operators of x(t) with period p as above. Then M € L(X, X) and M € L(Tx,S, Tx,S) have the
same spectrum

spec(M) = spec(l\71). (3.3)
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Further, if A # 0 then for every k > 1 we have that

ker(Al — M)" = ker(Al — 1\71)", (34)
so in particular, the algebraic multiplicities of A as an eigenvalue of M and ofI\~/1 are equal.

Proof. Fix n > 1 so that np > R. Then both M" and M" are compact operators by Proposition 3.1, and
so for both these operators the essential spectrum is just the point {0}, and every nonzero point of
the spectrum is an isolated point of finite algebraic multiplicity. From this we see that (3.3) follows
directly from (3.4).

To prove (3.4), fix any A #0 and k > 1. Clearly ker(Al — )" C ker(Al — M) as M is an extension
of M. To prove the opposite inclusion, let us first observe that

range(M") C T, S. (3.5)

The proof of (3.5) is simply the observation that if y(t) satisfies (2.5) (with x; in place of z;), then
Ynp €Y as np > R, and also y(np) = De f (Xup) Ynp = De f (X0) Ynp = Df (Xo) ynp. This implies that yy, €
Tx, S, as desired.

Next we wrlte (Al — M)k = — MW (M) where ¥ is a polynomial depending on A and k. Similarly
(M — M)k = 3k1 — Mw (M). Tal(e any ¥ € ker(AI — M)¥. Then MW (M)y = A"lp and thus M"¥ (M) =
Ak This 1mp11es with (3.5), that ¢ € Tx,S, which is the domain of M. 1t follows that MIII(M)W =
Ak, equivalently, ¥ € ker(AI — M)X. This completes the proof. O

4. The Poincaré map
Here we construct a Poincaré map in the solution manifold S for our periodic solution x(t). We

continue to assume that the conditions in the statement of Theorem 1.1 hold. In addition, we assume
the (not necessarily minimal) period p satisfies

p > R. (4.1)

Let us note that from the point of view of Theorem 1.1 and Corollary 1.2, condition (4.1) is in fact
no restriction at all. Indeed, replacing the period p with any multiple np does not affect the inequal-
ity (1.14) in the statement of Theorem 1.1, as this would replace 1o with Af, leaving the right-hand
side of that inequality unchanged. Thus, in proving Theorem 1.1 and Corollary 1.2, we may assume
without loss of generality that p is any multiple of the minimal period for which (4.1) holds.

Let U C S be an open set (in the relative topology of S) which contains the initial point xo of the
periodic orbit, and let H: U — R be a C'-smooth function with

H(xg) =0, DH (xg)Xo # 0. (4.2)
Define the set
P={pecU|H(p) =0} (4.3)

Then in a sufficiently small neighborhood of xg, the set P is a C! manifold containing xo and which
is transverse to the periodic orbit in S at xg. The tangent space of P at xg is the subspace

Tx,P =ker(DH(x)) = {4 € Tx,S | DH(x0)¥ =0}, (4.4)
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which is a subspace of Ty,S of codimension one. (We shall only be interested in points of P in a
sufficiently small neighborhood of xg; outside a neighborhood of this point the set P need not be
a manifold.) The set P, in a sufficiently small neighborhood of xy in S, is a Poincaré section to the
periodic orbit. As an example of such a function H, one could take H(¢) = A(¢ — xp) where A is any
bounded linear functional on Y for which Axg # 0.

The following result defines a return map to the Poincaré section P in a sufficiently small neigh-
borhood of xg.

Proposition 4.1. Assume all the conditions in the statement of Theorem 1.1 hold. Assume further that the
period p of x(t) satisfies (4.1), and fix a function H : U — R with Poincaré section P as above in (4.2), (4.3).
Then there exists a neighborhood V C U containing xo, and a unique C! function 8 : V. — R with §(xg) =0,
such that

Z(p+68(p),p)eP

foreveryp e V.

Proof. Consider the function H(8, ¢) = H(Z(p + 8, ¢)) defined in a sufficiently small neighborhood
of (8,¢) = (0,x0) in R x S. Then due to condition (4.1), the function H is C' with H(0,xq) =
H(Z(p, xp)) = H(xg) = 0. Moreover,

d

— d d d .
2510 %0) = EH(Z(IJ +8,%0)) = 35 11 Xp+s) = 2o H(xs) = DH(X5)xs (4.5)

for || sufficiently small, and so the quantity (4.5) is nonzero at § = 0 by (4.2). The result now follows
by applying the implicit function theorem to the function H. O

Let us note that the neighborhood V of xg in the above result is a neighborhood in the solution
manifold S, and not just a neighborhood in the Poincaré section 7P which is locally a submanifold
of S. Thus the above result allows for initial conditions ¢ which do not necessarily lie on the Poincaré
section. In this context we define the return map I" by

r@)y=2(p+8@),p)eP (4.6)

for p € V, and so I": V — P. Certainly I"(xg) = xp, and in fact I"(x;) = xg if |t| is sufficiently small.
Because the range of I" lies in P, we have that

range(D I (xg)) C Tx, P- (4.7)

Thus DI (xg) € L(Tx,S, Tx,P), although we may also regard DI (xg) € L(Tx,S, Tx,S) due to the in-
clusion Ty, P € Tx,S as a subspace.

The next result relates the spectrum of DI'(xg) to the spectrum of the monodromy operators. In
preparation for this, observe the direct sum decomposition

TxyS = (X0) @ Tx, P, (4.8)
which holds by (4.4) because DH (xg)Xg ## 0. Here (Xg) denotes the one-dimensional span of xg.

Proposition 4.2. Assume all the conditions in the statement of Theorem 1.1 hold. Assume further that the
period p of x(t) satisfies (4.1), and fix a function H with Poincaré section P as above in (4.2), (4.3). Let the
neighborhood V and map § be as in the statement of Proposition 4.1, with return map I as in (4.6). Then rel-
ative to the decomposition (4.8), the operators M, DI"(xg) € L(Tx,S, Tx,S) have the matrix representations
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~ 1 A 0 0
A=-Ds(x0)|r,,p,  M=DI(0)Ir,P. (4.9)

Here A € L(Tx,P,R) and Me L(Tx, P, Tx,'P), and further, M and DI (xo) are compact operators, as are M
and M. If k > 1 denotes the algebraic multiplicity of A = 1 as an eigenvalue of the operator M, or equivalently
of M, then

spec(M) \ {1} = spec(M) \ {1} ifk=1,

~ (4.10)
spec(M) = spec(M) ifk>1,

spec(M) = spec(DI"(xo)) = {

and if k > 1 then A = 1 has algebraic multiplicity k — 1 as an ezgenvalue ofM and of DI" (xg). Further, the
multiplicity of any given X # 0, 1 in the spectrum of M, DI (x0), M, or M is the same for these four operators.

Proof. First, we have the trivial eigenvector Mxg = %o, to give the first column of the matrix for M.
Next let A € L(Tx,P,R) and M € L(Tx,P, Tx,P) be defined to be the matrix entries in the formula
for M in (4.9), that is, the first equation in (4.9). We must verify the remaining formulas in (4.9).
Differentiating the formula (4.6) for I" at xg gives

DI (x0) = D1Z(p. X0)D8(x0) + D2Z(p. x0) = %, D8(X) + M = kD8 (o) + M
which we may write as
M = —%oD8(xo) + DI (xo). (411)

The two terms in the right-hand side of (4.11) correspond to the decomposition (4.8), in particular
because of (4.7). Thus letting P € £(Tx,S, Tx,S) denote the projection from Tx,S onto Tx,P with
kernel (xg), we have that P = diag(0, I) in matrix form and it follows that

. ~ 1 A ~ 0 O

XoDé(xp) = (I P)M_<O O)’ DF(xo)_PM_(O 1\71) (412)
This gives the matrix representation of DI (xg) in (4.9). One also immediately reads off from (4.12)
the formulas for A and I\’/\L as claimed in (4.9).

The operators M and M are compact by Proposition 3.1 and the inequality (4.1), and from the ma-
trix representations (4.9) it follows that M and DI (xg) are also compact. The remaining claims about
the spectra of the various operators follows simply and directly from the matrix representations (4.9),
using in particular the upper triangular structure, and from Proposition 3.2. O

5. Proofs of the main results

In this section we prove both Theorem 1.1 and Corollary 1.2. Before doing this, we need the fol-
lowing result.

Proposition 5.1. Assume all the conditions in the statement of Theorem 1.1 hold. Assume further that the
period p of x(t) satisfies (4.1), and fix a function H with Poincaré section PP as above in (4.2), (4.3). Let the
neighborhood V and map 8 be as in the statement of Proposition 4.1, with return map I" as in (4.6). Then given
any A satisfying Ao < A < 1, where A is as in (1.13), there exists a neighborhood V* C V containing xo, a C!
function §* : V* — R with 8*(xg) = 0, and an integer n > 1, such that

@) =2z(mp+8*@.@)eP,  [IM@) —xl, <A@ —xolly (5.1)

for every ¢ € V*.
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Proof. We have spec(DI"(xg)) = spec(M) \ {1} by (4.10) of Proposition 4.2, as the eigenvalue » =1
of M is assumed to have simple algebraic multiplicity. Thus the spectral radius of DI"(xg) equals Ag,
and so there exists n > 1 such that

)\‘n

”DF(XO)nH/;(TXOS,TXOS) S5

(5.2)

Fix any such n. Then with V' as in Proposition 4.1, there exists a neighborhood Vvcv containing Xg
such that if ¢ € V then we have the iterates I'%(¢) € V for every 1 <k <n—1 and so I'(¢) is
well-defined. We claim that for such ¢ we have

k—1

r*p)y=2z(kp+8(p.k).9),  8p.k) =Y 8(I'(p), (5.3)
j=0

holding for 1 < k < n. Indeed, one easily proves (5.3) by finite induction on k. The claim holds by
definition if k = 1. If (5.3) holds for some k with 1 <k <n —1 then

r'Yoy=r(r*e) =z(p+s(r'* @), r*) = z(p + 8(r'*v)), Z(kp + 8(¢, k), ¢))
=Z((k+1Dp +8(p. k) +8(I'* (@), 9) = Z((k+ Dp +8(p, k+1),9),

to give it for k + 1. Note that the semiflow property of Z is used in the penultimate equality above.
As xg is a fixed point of I", we have that DF"(xol= DI (xo)" for the derivative of the nth iterate
I'". Thus by (5.2) there exists a neighborhood V* C V containing xo such that

I (@) = Xolly <2IDT" (x0)" [l £(Ty, 8,15, $) 19 — Xolly <A"l@ — Xolly
for every ¢ € V*. With (5.3) and upon setting 8" (¢) = 8(¢, n), we have (5.1). O

Proof of Theorem 1.1. Throughout this proof z(t), for t > 0, is the solution of (1.5) with initial con-
dition zg = ¢, where ¢ € S is as in the statement of the theorem. In particular, z; = Z(t, ¢). Also, as
noted earlier, we may assume without loss that condition (4.1) on the period p of the periodic solu-
tion x(t) holds. Additionally, all norms in this proof are either the norm of Y or else C!-type norms of
associated spaces of operators, unless noted otherwise. Finally, we shall introduce various constants
K;j, for 1 < j < 18. Some of these constants will depend on the choice of u, in which case we write
K;j(u). We write simply K; if the constant is independent of .
Fix K4 > 0 such that we have the bounds

|%(t)

,[®()| < K4 forallteR, (5.4)

for the periodic solution x(t), and note that for any tq,t; € R we have

Xe, — Xe, || < Kaglt1 — ta], (5.5)

here using the Y-norm. In particular, the bounds |x;, — X, || x < Ka|t1 —t2] and ||X;, — X, [|x < K4lt1 —
ty| in the X-norm follow from (5.4), and together these give (5.5).

We shall first prove that for every u > 0 satisfying the inequality (1.14) in the statement of the
theorem, there exist quantities Ks5(u), Ke(w), K7(i4) > 0 such that if ||¢ — xp|| < K5(u) and ¢ € S,
then there exists 6 € R such that
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1ze = xe10ll < K7 (e Mo —xoll, 161 < Ke(wllp —xoll, (5.6)

for all t > 0. Note that the conclusion (5.6) is weaker than the desired conclusion (1.15), as the con-
stants K5(u) and Kg(u) depend on u, unlike K1 and K3 in the statement of the theorem. Also, the
initial condition ¢ is compared only to xg, and not to x5 as in the statement of the theorem.

To prove this claim, first take any p as above and let A = e #P. Then Ao < A < 1 holds and
so Proposition 5.1 applies. Fix n as in Proposition 5.1, let V* and §* be as in that result, and let
Ks(m), Kg(u) >0 and W (i) €S be such that

W) ={peS|lg—xl <Ks(w}c Vv

8% (0)| < Ks()llg — xoll  for every ¢ € W (). (5.7)

In particular, we take Ks(u) sufficiently small and we use the smoothness of 6*(¢) in ¢ to obtain
Kg(u). By possibly decreasing Ks(u) further, we may also assume that there exists Kq(u) > 0 such
that

|Zt, @) = x| < Kol —xoll if o € W(n)and0 <t <np +Ks()Ks().  (5.8)

Indeed, the fact that Z(t,¢) is C! on the set D, of Proposition 2.3 ensures that the first inequality
in (5.8) holds at least for ¢ € W(u) and 2R <t < max{2R,np + Ks5(u)Ks(u)}, provided that the
radius Ks(u) of W () is small enough. Further, this inequality holds also at t = R for small enough
Ks(w), as Z(t,¢) is C! in ¢ for fixed t = R. But now with the first inequality in (5.8) holding at
both t =R and t = 2R, and assuming without loss that Kg9(x) > 1 so that it also holds at t =0, it
is elementary to see that (5.8) holds throughout the interval 0 <t < 2R since (roughly speaking) the
segment z; = Z(t, ) € S C C![—R, 0] is composed of pieces taken from the segments zg = ¢, zg, and
Zpr. Thus (5.8) holds for all ¢ and t as stated.

Now suppose that ¢ € W (u) for the initial condition of z(t). Then ¢ € V*, and so by Proposi-
tion 5.1 and the fact that W () is a ball, we have for every k > 1 that I'*"(¢) € W (i) with

| 7" (@) — xo || <2 g — x0ll = el — xo. (5.9)
In particular, the solution z(t) exists for all t > 0. Further, we have from Proposition 5.1 that
k—1 ‘
‘)=zt 9) =2z, te=knp+8-(p.k).  *@.k=> 8" (). (510)

j=0

for every k > 1, as is easily proved by induction on k, and where the above formulas define t;, and
8*(@, k). Let us also define to =0, and note that t; < t;41 for every k > 0. Now set

6 =— lim §* (¢, k), (511)
{—)OO
where the estimate
8%(F ™ (@) | < Ks()|| 77" (@) — x0| < Ks()e M |l — xo| (5.12)

follows from (5.7) and (5.9) and ensures the convergence of the limit (5.11). In fact, upon summing
the right-hand side of (5.12) we obtain the estimates
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8

8% (@, K|, 101 < D[ (I™(9)) | < Ke(w)llp — oI,

j=0
|0+ 8% (¢ l<>|<fj|8l(rf"(¢>)|<1< (e Pp —xoll,  Ke() = — P (513)
) \~1 S Ke oll, 6 1 —e-mmp’ >
J=k

with the above equation defining Kg(w). At this point notice that the second inequality in (5.6) holds.

Now let Iy = [t, tk4+1]. Certainly ty — oo as k — oo, and so the intervals I for k > 0 cover [0, co0).
It is thus enough that we establish the first inequality of (5.6) in each I, of course with the constant
K7(un) independent of k. Consider then the solution z(t) for t € I;. Note first from (5.10) and (5.12)
and because ¢ € W (i) that

ter1 — te =np + 8 (I ()) <np + Ks()e M|l — xo|l <np + Ks()Kg(w).  (5.14)

Then (5.8) applied with the initial point z;, = rkn (¢), with the aid of the inequalities (5.9) and (5.14),
implies that

1ze — Xe— |l = || Z(t — ti, TK" (@) — Xe—g, |
< Ko() [ T () — x0|| < Ko()e ™M™ lp — x| (5.15)

for every t € I. (Note that t has been shifted by t; in the above formula vis-a-vis the formula (5.8).)
Also, from (5.5), (5.10), and (5.13) we have that

IXt—t, — Xe+oll = l1Xe—t, — Xero—knpl
< K416 — knp + ty| = Ka|6 + 6" (0. k)| < KaKs(1)e K% |l — xoll,

and combining this with (5.15) gives

Ize — Xeroll < Kro(we ™ ™l —xoll. - Kio(i) = Ko () + KaKe (1), (5.16)

for every t € I, with the above equation defining K1o(u). Observing further from (5.13) that

tkr1 —knp =np +8*(p, k+1) <np + Ke() ¢ — xoll <np + K5 (1) Ke (1),

we have from (5.16) that for t € I},

1zt — Xevo | < Kio(u)eH TRPF1=0 1 — xo|| < Ky (w)eHMPHKsKs WD e=kt )1y _ x4,

to give the desired result (5.6) with K7 (i) = K1o(u)emP+KsG0Ks(),

We next refine the bounds (5.6) by showing that there exist K11, K12 > 0 such that the following
holds. Given p > 0 as in (1.14), there exists Kq3(u) > 0 such that if ||¢ — xo|| < K11 and ¢ € S, then
there exists 6 € R such that

1ze = xe40ll < Kiz(we ™ g —xoll, 101 < K12l —xoll, (5.17)

for all t > 0. Here Kq1 and K, are independent of u, as are K1 and K3 in the statement of the theo-
rem. However, the initial condition ¢ is still compared only to xg rather than to the more general x,
as in the statement of the theorem.
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To prove this claim, let us first fix some & > 0 satisfying (1.14). The quantity i will stay fixed for
the remainder of the proof, while the quantity u as before is allowed to take on any positive value
satisfying (1.14). Let us also assume, without loss, that

Ks(u)Ke(u) < p (5.18)

holds for every such . This is accomplished for each @ by decreasing Ks(u) sufficiently. With &
now fixed, set

K11 = Ks(), K12 = Ke (1),

and assume that ¢ € S satisfies ||¢ — xg|| < K11 as in the claim. Then from the earlier and now
established claim (5.6) in this proof, we have that

Izt — xe40 ]l < K7 (e 1@ — xo (5.19)

for all t > 0, for some 6 € R satisfying the second inequality in (5.17). Now given any p > 0 satisfy-
ing (1.14), set

1 K7(m)K
Kia(p) = max{O, — log(m) }
M Ks(w)
We see from (5.19) that if t > K14(ut) then
Ks(u)llo — xoll
2= el < Ko (e 040 x| « B0 < K (). (5.20)
Further, let
K11K12 + K
Kis(i) =1+ [ nse 1“(’“‘)}, b, = Kis()p — 6. (5.21)

Here [c], for any c € R, denotes the unique integer m satisfying m < c <m + 1. Then from the second
inequality in (5.17) we have that ¢, > K15(u)p — K11 K12 > K14(), and so from (5.20) we have

iz, = xoll = llze, — e, +oll < K5(1), (5.22)

in particular because t, + @ is an integer multiple of the period p. Upon letting Z(t) = z(t + t,), and
s0 |[Zop — Xo|| < K5(u), we have from the earlier claim (5.6) but for Z(t), and then from (5.19), that

|Zese, — X gl = 11Ze — %451l < K7 (e ™M lze, — xol|
= K7(1e M|z, — xe,+0ll < K7()K7 (e M g — x|
(5.23)

for all t >0, for some 6 € R satisfying

161 < Ke()1ze, — ol < Ks(1)Ks (1) < p, (5.24)

by (5.6) and (5.22), and by (5.18). We have next that
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I — X 5l = Xt 40 — X151 < Xeweo+0 — Zete, | + 1 Ze4e, — X5l = 0 (5.25)
as t — oo, by (5.19) with t replaced with t +t, and by (5.23), and by again noting that t, + 6 is an
integer multiple of p. It follows from (5.25) that & must be an integer multiple of p, and thus 8 =0
by (5.24). Let us also note the upper bound t, < (K15(it) + 1)p, which holds by (5.21) and because

10| < K11K12 = K5((t)Kg(jt) < p. We see from these facts and from (5.23), wherein we replace t with
t —t,, that

Izt — Xeroll = N2 — Xe—t, || < K7 (1) K7 ()e = HET =1 — xg|
< K7 () K7 (et KisWTDp=1t) ¢ xo || = K16 ()e Mt lo — xol|
(5.26)

for t > t,, where the final equality above serves as the definition of Kig(u). Next, for 0 <t < t, we
have from (5.19) and again from the upper bound on t,, that

Izt — Xeya || < K7 (e M1 g — xo|| < K7(I)eH* o — xo||
< K7 (et Kis+Dp=nty g x5l = K17(w)e " |lg — xoll, (5.27)

with the final equality above serving to define Ky7(u). Combining (5.26) and (5.27) and letting

K13(w) = max{Kig (1), K17(1) },

we have that the first inequality in (5.17) holds for all £ > 0, as claimed.
To complete the proof of the theorem, let K1, K1g > 0 be such that

|Z(t, @) = x40 || < Kisllp — x5 1| if0<t<p, and
@ € Sissuch that || — x5 || < K; for some o €R, (5.28)

and also

K1K18 < Kq1. (5.29)
The proof of the existence of such K; and Kig follows the same lines as the proof of (5.8). Suppose
now that ¢ € S satisfies ||¢ — x5 || < K1 for some o € R, and again let z(t) be the solution with

initial condition ¢. Also, fix any p > 0 satisfying (1.14), as in the statement of the theorem. Assuming
without loss that 0 < o < p, we have from (5.28) that

12t — xt40 | < Kigllo — %o || < KigeHPVllg — x4 | (5.30)

for 0 <t < p—o.In particular, at t = p — o we have, using (5.29), that

lzp—o — x0ll < Kisll¢p — X0 | < K1K18 < K11.

Thus from (5.17), but with initial condition z,_, there, there exists 6 € R such that for t > 0 we have

1Zt+p—o — X+l < K1z()e M zp—o — xoll < K13()K1se M@ — x4 |,

01 < K1211zp—o — Xoll < K12K18ll9p — X5 . (5.31)
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Upon setting K, = K12 K1g, we see from this that the second formula in (1.15) holds. Also, fort > p—o
we have that

1zt — Xero 1ol < K13()K1e# P~ Do — x5 || < K13(u)K15e*P Ol — x| (5.32)

Finally, from (5.30) and (5.31), and using (5.5), we have for 0 <t < p — o that

1zt — Xt1o+0ll < 2t — Xeqo || + Xt — Xeto 0l

< K18e" P00 — xo | + K4l0] < (1 + K4K12)K15e* P00 —x5].  (5.33)

Upon setting K3(u) = Kige*P max{Ki3(u), 1+ K4K12)}, the desired conclusion (1.15) of the theorem
follows directly from (5.32) and (5.33). O

Proof of Corollary 1.2. Let Q = {x; |t € R} £ S denote the periodic orbit, which is a compact subset
of SCY, and let B' and B” be as in condition (H1’). Take any ¢ € X satisfying

lo —xolx <K}, Kj=min{B", Ky, K;(B') " Je B

for some o € R, where K7 is as in the statement of Theorem 1.1 and where the above formula defines
K’. Then [|¢ — X |lx < B” hence ¢ € Ux by (H1’). Let z(t) be any solution of (1.5) with zg = ¢ on its
maximal interval, which we denote by [0, w), where 0 < w < co. (We recall that there is no assurance
that such a solution is unique.) Also let wg = min{w, R}. We claim that

1zt — Xevo lx < eBlllg — x5 llx < B RK] (5.34)

whenever 0 <t < wg. To prove this, let
to = sup{t € [0, @g) | 2e; — %1, +olx < e RK} forevery t; €0, ¢]},

noting that [|zo — X Ilx = l¢ — xo lx < eBRK/. Then if 0 <t < to we have by (H1’) that

t
|2(t1) — x(t1 + 0)| < ||<0—xa||x+f|f(zs)—f(xs+a)\ds
0
t
< ||<a—xa||x+3//||zs—xs+o||xds
0

t
Sl =x00x + B/f l2s — X540 Il x ds, (5.35)
0

provided that 0 <ty <t. Letting

n(t)= sup |z(s) —x(s+0)| = sup ||zs — Xs4ollx
se[—R,t] s€([0,t]

for such t, we have upon taking the supremum of the left-hand side of (5.35) for —R < t; <t that



J. Mallet-Paret, R.D. Nussbaum / ]. Differential Equations 250 (2011) 4085-4103 4103

t

n(t) < ¢ — X0 l|lx + B’ / n(s)ds, hence n(t) <ef|lp — x5 |x < eBRK]
0

by Gronwall’s inequality. If tg < wg the above inequality is valid for 0 <t < tg, however, this contra-
dicts the choice of ty. Thus tg = wg and our claim, that (5.34) holds whenever 0 <t < wg, follows
directly. From this we see further that if 0 <t < wg then

|2(6) =%t + 0)| = [ f (20) = f xe0)| < B'llze = %ot lx < B'e®"llgp — x5 x < B'e®RK]

(5.36)

and thus the limit lim;_ «, z(t) = z(wgr) exists. It follows that wg < w, that is, R < w. Moreover,
from (5.34) and (5.36) we conclude that

Izr — XR1olly < K4l —xollx < KiKy <Ki, Ky =max{1, B'}e"F,

where the above equality serves as the definition of K. Thus from Theorem 1.1, and with any u as
in the statement of that result, we have

1zt — Xerorolly < K3()e PR zp —xp oo lly < K3()Kje R0 — x4 |1,

0] < K2llzr — XRto lly < K2K4ll9 — x5 1|, (5.37)

for t > R. Also, for 0 <t < R we have that

12 = Xero+0llx <112t — Xeto lIx + [Xeso — Xeso+ollx <1 ll@ — X5 llx + Kal6|
< (€% + KaKaKy) g — Xollx < (€5 R + KaKaKy)e R jlp — x5 |1x
(5.38)

from (5.34) and (5.37), and where K4 is as in (5.4). Thus from (5.37) and (5.38), we see that the de-
sired conclusions (1.16) of the corollary hold with K} = K2K}, and K} (1) = max{K3(u)K,e'R, B +
K2K4KpelRy. o
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