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Abstract. We study the nonlinear eigenvalue problem f(z) = Az for a class of maps
f: K — K which are homogeneous of degree one and order-preserving, where K C X is a
closed convex cone in a Banach space X. Solutions are obtained, in part, using a theory of
the “cone spectral radius” which we develop. Principal technical tools are the generalized
measure of noncompactness and related degree-theoretic techniques. We apply our results
to a class of problems

max_a(s,t)z(t) = Az(s)
teJ(s)

arising from so-called “max-plus operators,” where we seek a nonnegative eigenfunction
x € C[0, ] and eigenvalue . Here J(s) = [a(s), B(s)] C [0, u] for s € [0, u], with a, a, and
[ given functions, and the function a nonnegative.

1. Introduction. This paper is concerned with maps f : K — K, where K is
a closed convex cone in a Banach space X. We assume that f is homogeneous of
degree one, namely that f(0z) = 6f(x) for every x € K and every nonnegative real
6, and we seek nontrivial solutions « € K \ {0} to the problem

f(@) =z (1.1)

for some A > 0. Often, we assume additionally that f is order-preserving with
respect to the order on X induced by the cone K. In the simplest finite-dimensional
case we have a linear map f(x) = Az where A is an n X n matrix with nonnegative
entries, and we seek a solution x € IR"™ \ {0} to (1.1) with 2 > 0. Very broadly, in
this paper we wish to generalize the well-known theory of such matrices, and the
corresponding theory of positive linear operators in Banach spaces, to a class of
nonlinear infinite-dimensional maps. We note that there is an extensive literature
concerning eigenvectors and fixed points of linear and nonlinear cone-preserving
maps. We refer to the classic paper [24] and the book [23]. See also [4], [32], [33],
[40], and [41].

We develop our theory from both an abstract point of view, and also as it applies
to a specific class of maps. The abstract theory is contained in Sections 2 and 3
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of this paper, while in Section 4 we apply these results to a class of maps f = F':
C[0, u] — C0, u] of the form

(F@))(s) = max a(s. )z (). (1.2)

which arise from the so-called “max-plus operators” as described below. The max-
imization in (1.2) is taken over the compact interval

J(s) = [als), B(s)]; (1.3)

where a, 8 : [0, u] — [0, u] are given continuous functions satisfying a(s) < §(s) in
[0, 4]. The kernel a : S — [0, 00) is a given nonnegative continuous function, where
we denote

S=A{(s,t) € [0,p] x [0,p] [t € J(5)}, (1.4)

which is a compact set. We have in particular that F' : K — K where K denotes
the cone of nonnegative functions in X = C[0, p].

In Section 2 we develop the notion of the cone spectral radius r = r(f) > 0 for
a general homogeneous cone map f, where roughly r" is the typical growth rate of
iterates f™(x) of a point x € K. Several possible definitions for r are presented, and
we provide conditions under which they are equal. In Section 3 we define the cone
essential spectral radius p = p(f) > 0 for f. The definition of p depends not only on
the map f, but also on a so-called “generalized measure of noncompactness” which
must initially be chosen. We prove in Theorem 3.4, under quite general conditions,
that if p < r then the problem (1.1) has a nontrivial solution in K with A = r. Even
if p = r, we obtain the same conclusion in Corollary 3.11 under dynamical conditions
(essentially a compactness condition) on the orbit {f"(e)}°2, of a particular point
ec K.

In Section 4 we apply the theory of Sections 2 and 3 to maps F of the form (1.2).
A main result is Theorem 4.1, which asserts the existence of an eigenfunction for F’
with eigenfunction A = r(F) under certain conditions on «, 3, and a. The following
theorem gives the flavor of this result.

Theorem 1.1. Assume that o, 3 : [0, u] — [0, 1] are C' and monotone increasing,
that

a(s) < s < B(s) in (0, p), (1.5)

and also that o/(0) < 1 and a(u) < p, and that f'(p) < 1 and B(0) > 0. Also
assume the function a : S — (0,00) is C' and strictly positive. Then there exists
x € C[0, u] with z(s) > 0 in [0, u] such that F(x) = rx, where r = r(F) > 0 is the
cone spectral radius of F.

Let us remark that by a monotone increasing function g we mean that g(s;) <
g(s2) whenever s; < so, that is, ¢ is nondecreasing. Similarly, the term monotone
decreasing is used for nonincreasing.

We shall not explicitly prove Theorem 1.1, as this result will be superseded
by the more general Theorem 4.1. Key components in the proof of this result
are Theorem 4.5 and Corollary 4.9, which provide the value of p = p(F') and a
lower bound for r = r(F') respectively, and from which one concludes that p < r
under appropriate conditions. Theorem 4.1 also covers cases in which p = r, where
the existence of an eigenfunction follows from Corollary 3.11. On the other hand,
Proposition 4.23 provides a class of examples for which no eigenfunction exists,
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and this result serves to illustrate to some extent the sharpness of some of the
conditions of Theorem 4.1. Propositions 4.12 and 4.13 provide conditions under
which eigenfunctions of F are strictly positive or monotone.

A crucial part of the analysis in Section 4 involves sequences s; of points in [0, u]
which satisfy the admissibility condition s; € J(s;—1) over some range of i, say for
1 < i < n for some n. The value of the product

a(sg, s1)a(s1,82) - a(sp—1,5n) (1.6)
along such sequences, or equivalently of the sum
w(sg, $1) + w(s1,82) + -+ w(Sp—1, Sn) (1.7)

where w(s, t) = loga(s,t), plays an important role in many of the proofs. Indeed,
the product (1.6) arises when one takes iterates F™(x) of F, and in particular
appears in Theorem 4.3 where a formula for r is given. Of course the sum (1.7) is
reminiscent of the type of sums encountered in ergodic theory. More formally, one
might consider the set

Soo ={s:Z — [0,p] | 5; € J(si—1) for every i€ Z}

of bi-infinite sequences satisfying the admissibility condition, and define the shift
map J : Soo — Soo by
J(8)i = Siy1, 1€ Z.

The map J is a homeomorphism of S,, endowed with the compact-open topology
onto itself, and thus can be viewed as a dynamical system. This provides a natural
generalization of a dynamical system generated by an interval map J : [0, u] — [0, y]
to one generated by a multi-valued map J : [0, u] — 2[0:4] as we have above. We
believe that many of the more subtle properties of our eigenvalue problem, and more
generally questions involving the asymptotic behavior of iterates F™(x) of points
x € K, are intimately related to properties of the map 7. This clearly represents
an area for further study.

The operator F' in (1.2) and eigenvalue problem (1.1) with f = F arise in the
study of periodic solutions of a class of differential-delay equations

ey'(t) = g(y(),y(t = 7)),  7=7(yt), (1.8)

with state-dependent delay. Here g : R?> — IR is a given nonlinearity, 7 : IR —
[0,00) is a given delay function which is evaluated at the state y(t), and € > 0 is a
singular perturbation parameter which is taken to be small. As described in [27],
following the theory of “limiting profiles” developed in [26], the analysis of periodic
solutions of equation (1.8) for small € leads to the study of the additive eigenvalue
problem

z(s) +p = max (w(s,t) + z(t)). (1.9)

teJ(s)

In this equation, which is considered in the interval [0, u], the quantity p € IR is
unknown, a so-called additive eigenvalue, which along with the unknown function
z : [0,u] — IR is sought. The kernel function w : & — IR is given, along with

o and 3 as above. By letting (F(2))(s) denote the right-hand side of (1.9), we
thereby define a nonlinear operator F': C|[0, u] — C0, u] which is sometimes called
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a max-plus operator. The paper [28], which is a companion to [27], describes
very explicitly the general solution to a particular class of problems (1.9).

(We remark that the independent variables ¢ and s in equation (1.9) are not the
time ¢ in (1.8), but rather correspond to the vertical axis y. That is, the graph of z
depicts the limiting graphs of solutions of (1.8) as ¢ — 0, but with the ¢ and y axes
interchanged.)

The problem (1.9) is easily reduced to the framework of our paper by exponen-
tiating. Namely, upon setting a(s,t) = exp(w(s,t)) and z(s) = exp(z(s)) and also
A =eP in (1.9), one arrives at the equation

Az (s) = trgﬁf) a(s,t)z(t), (1.10)

which is simply the eigenvalue problem (1.1) with f = F as in (1.2). In this respect
the paper [28], which provides a detailed analysis of some very special systems,
complements the present paper, which develops a general theory. We remark that
in the system (1.9) as it arises in the delay equation problem, it is sometimes the
case that a solution takes on the value z(s) = —oo at points, which corresponds
to the value z(s) = 0 in the exponentiated problem. It is of interest to avoid such
situations, and indeed we provide conditions under which z(s) > 0 holds for every
s € [0, u], that is, 2 € int(K). Generally however, 2(s) > 0 in [0, u], and so x € K.

Equation (1.9) and thus the operator F in (1.2) have arisen in other contexts for
the case where a(s) = 0 and 3(s) = p are constant functions over the interval [0, p].
See [7], [8], [18], and [37]. It is known [7], [37], in this case that F' is a continuous
compact map on C[0,u]. However, as we shall see below, compactness fails in
general when o and 3 are not constant; and indeed, this failure of compactness is
the motivation for much of the work here.

Discrete finite dimensional versions of (1.9) arise in many applications (see, for
example, [2], [9], [11], [12], and [19]) wherein this equation takes the form

2 = max (w;; + 2;).
i TP jeJ();?)( i+ 25)

Here W = (w;;) is an n x n matrix, z € IR", and J(i) C {1,2,... ,n} is a nonempty
subset for every 1 < ¢ < n. See also [17] and [21] for algorithms to solve this
problem.

Max-plus operators arise quite generally in problems of optimal and stochastic
control; see, for example, [13], [14], [15], and [16]. For some general references on
max-plus analysis see the book [22].

2. The Cone Spectral Radius. Let X be a Banach space. By a cone in X we
mean a convex set K C X such that

Kn(-K)={0}, AK C K for every A >0,

both hold. Here —K = {—z | z € K} and AK = {\z | x € K}. By a closed cone
we mean a cone which is a closed set. Any cone K induces a partial ordering <g
defined to be z <k y if and only if y — x € K. If confusion seems unlikely we shall
write < instead of <g. If W is a compact Hausdorff space and we set X = C(W),
the Banach space of continuous real-valued functions z : W — IR with the norm
|z]| = max{|z(s)| | s € W}, then the set K = {z € X | z(s) > 0 for every s € W}
of nonnegative functions in X is a closed cone.
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Let K C X be a cone in a Banach space. Then amap f: D C X — X from
a subset D of X into X is called order-preserving (in the partial ordering <
induced by K) if f(x) < f(y) whenever z,y € D and ¢ < y. Amap f: K - K
is called homogeneous of degree one if f(Az) = Af(x) for every z € K and
every nonnegative real X. In this paper we shall be interested in maps f: K — K
which are continuous and homogeneous of degree one; and we shall usually need to
assume that f is order-preserving. We make the following formal definition.

Definition. Let K be a cone in a Banach space and let f : K — K be a map. We
say that f satisfies Hypothesis A if f is continuous and homogeneous of degree
one, and also the cone K is closed. We say that f satisfies Hypothesis B if f
satisfies Hypothesis A, and in addition f is order-preserving in the partial ordering
induced by K.

Suppose now that f: K — K satisfies Hypothesis A. We want to associate to f
a nonnegative real number called the cone spectral radius of f, but as we shall
see, there is more than one reasonable definition of this quantity. Let f™ denote
the composition of f with itself n times. Because f™ is continuous at 0, there exists
§ = 0, > 0 such that ||f™(z)| < 1 for every z € K with ||z| < §. It follows by
homogeneity that f™ maps bounded subsets of K to bounded subsets of K, and
thus we can define a finite quantity

b = sup{[|f"(2)]| | = € K and ||z < 1}. (2.1)
The homogeneity of f implies that
1" (@) < bp|lz|| for every z € K, (2.2)
and one sees easily from (2.2) that for all positive integers n and m we have
brtm < bpbp,. (2.3)

A well-known calculus lemma asserts that for any sequence of nonnegative real
numbers which satisfy the inequalities (2.3) we have that

n— oo

lim bl/™ = inf bY/™ < 0. (2.4)

With this, we make the following definition.

Definition. If f : K — K satisfies Hypothesis A, then we define Bonsall’s cone
spectral radius of f to be the quantity 7(f) given by

7(f) = lim bY/" = inf bL/m, (2.5)

n—oo

where b, is as in (2.1).

If X is a Banach space containing a closed cone K, and if f : X — X is a bounded
linear map such that f(K) C K, then Bonsall [4] introduced what we have called
Bonsall’s cone spectral radius under the name “the partial spectral radius of f (as
a map of K to K).” Recall that a cone K in a Banach space X is called total if
X equals the closure of its span {az + by | a,b € R and z,y € K}. One might
hope that if K is a closed total cone and f : X — X is a bounded linear map with
spectral radius r for which f(K) C K, then 7(f) = r. However, Bonsall [4] has



524 JOHN MALLET-PARET AND ROGER D. NUSSBAUM

given a simple example which shows this is false in general. On the other hand, if
p denotes the essential spectral radius of f (see [29] and [32]) and if p < 7, then it
is proved in [32] that r = 7(f).

If f: K — K satisfies Hypothesis A there is an alternate possible definition of
the cone spectral radius. Namely, first denote for any x € K the quantity

() = sup{A >0 | sup AT ()| = oo}

) 3 (2.6)
=inf{A > 0| sup A7"[|f"(2)]| < oo},
n>1

where the reader easily observes that the above sup and inf are identical, and where
we make the convention for the empty set that sup¢ = 0 and inf ¢ = oco. The
quantity p(z) in a crude sense measures the growth rate of || f(x)|| as n — co. We
mention here a third formula

pl(x) = limsup || f* (z) ||/ (2.7)

n—oo

for the quantity p(x). The equivalence of (2.6) and (2.7) is easily established.

Definition. If f : K — K satisfies Hypothesis A, then we define the cone spectral
radius of f to be the quantity r(f) given by

r(f) = sup p(z), (2.8)
reK

where p(x) is as in (2.6).

Another way of defining a cone spectral radius is in terms of eigenvalues. This
definition is most useful when the map f enjoys an appropriate compactness con-
dition.

Definition. If f : K — K satisfies Hypothesis A, then we define the cone eigen-
value spectral radius of f to be the quantity 7(f) given by

7(f) = sup{\ > 0| there exists « € K \ {0} with f(z) = Az},

where sup ¢ = 0.

The spectral radii 7(f), r(f), and 7#(f) defined above of course depend on the
choice of cone K as well as on the map f. However, as we generally work with
a fixed cone, in our notation we shall usually suppress the dependence of these
quantities on K. We shall write 7k (f), i (f), and 7#x (f) when we need to indicate
which cone is taken.

Let us note that the inequalities

P <), RN SES. A ST, (2.9)

always hold. The cone spectral radius will be more convenient for us than Bonsall’s
cone spectral radius, but if f satisfies Hypothesis B and if K is a so-called normal
cone, then we shall see below that r(f) = 7(f). Under appropriate compactness
conditions, including the finite dimensional case (see [34, Definition 3.2, page 89]),
we will show that

r(f) =7(f) = #(f).
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Our next proposition lists some elementary properties of the cone spectral radius
and Bonsall’s cone spectral radius.

Proposition 2.1. If f : K — K satisfies Hypothesis A, then
r(f) < #(f) < oo. (2.10)
If m is a positive integer then
r(f") =r(H" ) =™ (2.11)

If A > r(f) and x € K, then lim,_,o A~ ™| f"(x)| = 0.

Proof. Assuming that r(f) > 0, fix 0 < A < r(f). Then there exists z € K with
p(x) > A by the definition (2.8) of r(f). Thus sup,~; A7"|f"(z)|| = oo by (2.6),
so in particular there exists a subsequence n; — oo for which

£ ()] = A™, (2.12)
and thus from (2.2) and (2.12) we have that

bn, > A" |z|| 7t (2.13)

Upon taking the nt! root in (2.13) and passing to the limit we conclude that 7(f) >
A. As ) is arbitrary, we conclude that 7(f) > r(f), as desired. The finiteness of
7(f) was noted earlier (2.4), and so this establishes (2.10).

We shall show that the first equation in (2.11) follows from the formula

p(x) = pon (fH (@), (2.14)

max
0<i<m—1
where (i, () denotes the quantity as in (2.6) or (2.7), but with f™ replacing f,
that is, with f™" replacing f™ in (2.6) and (2.7) and so

fhan () = limsup || f™" () ||}/ (2.15)

n—o0

To prove (2.14) we first note that by (2.15)

pon (fH (@)™ = Timsup || f7 () |1

n—oo

. ) 14+i/mn
= lim sup <|| fm”“(a:)Hl/(m”“)) (2.16)

n—oo

= limsup || "+ () | /7).

n—oo

Taking the maximum of the quantities fu,,(f*(z))*/™ over the range 0 <i < m — 1
yields the lim sup of the sequence which is the union of the sequences in the right-
hand side of (2.16), namely u(z) = limsup,_, . | f*(x)||*/*, as one easily sees. This
establishes (2.14).

To prove now that (2.14) implies the first equation in (2.11), we first observe
the upper bound i, (f*(2))"/™ < #(f™)/™ by (2.8). Applying this bound to the
right-hand side of (2.14) and then taking the supremum of the left-hand side over all
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z € K yields r(f) < r(f™)*™. To obtain the opposite inequality we first note that
o (2)Y™ < p(z) < r(f) by (2.14) and (2.8). Taking the supremum of i, (z)'/™
thus gives r(f™)Y/™ < r(f), as desired.

The second equation in (2.11) follows directly from (2.1) and (2.5) applied to
f™, which gives

F(f™) = lim b/" = ( lim b;{;f") =7 (f)™.
The proof of the final sentence in the statement of the proposition is straightforward,
and is omitted. [J

A closed cone K in a Banach space X is called normal if there exists a constant
C such that ||z]| < C|ly|| whenever 0 < x < y. If K is normal, it is known [41]
that there exists an equivalent norm || - || on X such that |z|| < |ly|| whenever
0 <z <y. It is known that K is normal if X is finite dimensional. Also, the set
K of nonnegative functions in C(W) is normal, where W is a compact Hausdorff
space.

Theorem 2.2. If f : K — K satisfies Hypothesis B and the cone K is normal,
then

r(f) =7(f). (2.17)
If in addition y € int(K) where int(K) denotes the interior of K, then
r(f) =7(f) = n(y)- (2.18)
Also, if e € K is such that e > x for every x € K with ||z|| <1, then
r(f) =7(f) = nle), (2.19)

|1/n

and in fact limy, o || f™(€)] exists in this case.

Remark. It may be that int(K) = ¢ in which case the statement (2.18) is vacuous,
and likewise with (2.19) if the element e does not exist. If K is the cone of non-
negative functions in C'(W), then we can take e in Theorem 2.2 to be the function
identically equal to 1.

Remark. The assumption that f is order-preserving (which is part of Hypoth-
esis B) is essential in Theorem 2.2, as the following example shows. Let X be
the space of all bounded bi-infinite sequences {z;}2_ _ of real numbers for which
lim; 400 2; = 0, endowed with the norm ||z|| = sup;c 4 |2;|, and let K C X be the
set of all x € X for which z; > 0 for every i € Z. Certainly, the cone K is closed

and normal. Define f: K — K by

f(@)i = |wol |z~ iy, f(0) =0,

that is, f is a shift followed by a rescaling by a factor |zg| ||| 7. Clearly f is
continuous and homogeneous of degree one. One can check that

@i = lwows - anaal 2] T Tisn, @) = |zows - @] 2l T,

for z £ 0 and every n > 1, and it follows from this and the fact that lim; .., x; =0
that we have lim,, .o A™"||f™(z)|| = 0 for every A > 0. Thus u(x) = 0 and so
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r(f) = 0. On the other hand, for any m > 1 consider the particular element
™ € K given by

m

i =

1, for 0<i<m—1,
-

0, otherwise.

Then ||z™| = 1 and || f™(2™)| = 1, which implies that b,, > 1 for the quantity
(2.1). In fact, b, =1 as || f™(x)|| < ||z| holds for every z, and so 7(f) = 1.

Remark. One might also ask whether the normality of K is essential to Theo-
rem 2.2, that is, whether there exists an example of a continuous map f: K — K,
which is homogeneous of degree one and order-preserving, and for which r(f) <
7(f). For such an example K cannot be normal. Moreover, f cannot be linear or
compact by remarks later in this section. At this point, we do not know whether
such an example exists.

Proof of Theorem 2.2. We know from Proposition 2.1 that r(f)
suffices to prove that #(f) < r(f). Fix A > r(f) and define p, p, : K

7(f), so it
[0,00) by

<
—

p(x) = ilgpn(w)» pu(@) = A" f" (@),

where the choice of A implies the finiteness of p(x). Then for each m > 1 the set
W,, € K defined to be

W = f{z € K | p(x) <m} = (({z € K | palz) < m}

n=1

is closed as each function p,, is continuous. Also, as p(z) < oo for each z € K we
have that

K=1|]|w,.

1

ﬁcg

As K is a complete metric space, the Baire category theorem implies that for some
mg > 1 the set W,,, has nonempty interior in the relative topology on K. That is,
there exists g € W,,, and € > 0 such that B.(xg) N K C W,,,, where B.(z¢) =
{z € X | |lx — xo|| < &}. This implies that xg + z € Wy, for every z € B.(0) N K
with ||z|| < &, so for every n > 1 and all such z we obtain

AT (o + 2)|| < mo. (2.20)

Because f is order-preserving, 0 < f"(z) < f™(z¢ + z) for z € K, so the inequality
(2.20) and the normality of K imply that

AR < Cmo
for every n > 1 and z € B.(0) N K. With b,, defined as in (2.1), it follows that
b, < Cmoe™ '\,

implying that 7(f) < A. Since A > r(f) was arbitrary, we conclude that 7(f) < r(f),
as desired.
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Suppose next that y € int(K). If x € K then there exists a constant § > 0
(depending on ) such that y — dz € K, and so < §~1y. Because f is order-
preserving and K is normal we have that

1f" (@) < CaHf(w)

for every n > 1, and thus p(z) < p(y). From (2.8) it follows that r(f) = u(y),
which gives (2.18).

If there exists e as in the statement of the theorem, then z < ||z|le and hence
f™(x) < ||z||f™(e) for every x € K and n > 1. By normality we have ||f™(z)| <
Cllz||]| f™(e)|l and we conclude that p(x) < u(e). As before, r(f) = u(e), which
gives (2.19). Taking in particular z = f™(e) gives || f*T™(e)|| < C||f™(e)||lf™(e)]l,
and hence a, 4, < ana, where a;, = C|f*(e)|| for every k > 1. With this the
existence of the limit lim, e || f™(€)[|*/™ = limp o an/ " is established. O

Remark. If X is a Banach space and K C X, then K is called a closed wedge
if K is closed and convex, and if AK C K for every A > 0. Closed cones in X and
closed linear subspaces of X are all closed wedges. If K is a closed wedge in X and
if f: K — K is continuous and homogeneous of degree one, then one can still define
7(f) by equation (2.5) and r(f) by equation (2.8). An examination of the proof of
Proposition 2.1 shows that this result remains true when K is a closed wedge.

Remark. Suppose that K C X is a closed wedge and f : X — X is a bounded
linear map such that f(K) C K. We claim that r(f) = 7(f). Since r(f) < 7(f),
it suffices to take A > r(f) and prove that A > 7(f). The same argument as in
the proof of Theorem 2.2 shows that there exist g € K and £ > 0, and an integer
myg, such that (2.20) holds for every n > 1 and every z € B.(0) N K. In particular,
taking z = 0 in (2.20) gives

AT (o) < mo- (2.21)

Using the triangle inequality and the linearity of f™, we conclude from (2.20) and
(2.21) that
AT < 2mo

for every n > 1 and every z € B.(0)N K, and so #(f) < A by arguing as in the proof
of Theorem 2.2. Thus 7#(f) = r(f). In particular, this shows that for a bounded
linear map f Theorem 2.2 is true without any assumption of normality for K.

Remark. A slight generalization of Theorem 2.2, in which we have two cones
K, C K, can be given and is sometimes useful. Namely, we assume that f satisfies
the conditions of Theorem 2.2 with respect to the cone K as stated. Additionally,
we assume that f(K;) C Kj, where the cone K7 C K is closed. Then one concludes
(2.17), (2.18), and (2.19), but with r(f) = rx(f) and 7(f) = 7 (f) replaced with
ri, (f) and g, (f), with y € int(K;) assumed in (2.18), and where e € K is
assumed to satisfy e >k x for every x € Ky with ||z|| < 1. The proof of these facts
is essentially the same as the proof of Theorem 2.2.

Note that all the assumptions involving order, in particular Hypothesis B, are
taken with respect to the order <k induced by the larger cone. The conclusions
about growth rates, on the other hand, are made with respect to the smaller cone
K;. Note also that there is no assumption that f is order-preserving with respect
to <k,, and indeed, this provides the motivation for this generalization. Namely, it
may happen that while a nonlinear map f is not order-preserving with respect to a
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cone K7, it is order-preserving with respect to a larger cone K. It may also happen
that verifying the order-preserving property with respect to <y is easy, but that
checking whether it is order-preserving with respect to <y, is harder.

It is possible to remove both the assumptions in Theorem 2.2 that f is order-
preserving and that K is normal, at the expense of assuming a compactness con-
dition, and conclude that r(f) = 7(f). Generally, we say that f : K — K is a
compact map if the set f(B) is compact whenever the set B C K is bounded.
The approach in the proof below is typically associated with asymptotic fixed point
results [5], [6] and point dissipative maps [20].

Theorem 2.3. If f : K — K satisfies Hypothesis A and if for some m > 1 the
map f™ is compact, then (2.17) holds.

Proof. By (2.11) of Proposition 2.1 it is enough to consider the case m = 1, and
by (2.10) of that result it is enough to prove that 7(f) < r(f). Fix any A > r(f).
We must prove that A > 7(f). Letting g(z) = A~ f(z), we see that r(g) < 1 hence
lim,, 00 g"(x) = 0 for every x € K. Let B = {& € K | |z|]| < 1} and denote
Q= @ Then Q C K is a compact set, and for every x € () there exists an
integer n = n(z) > 1 such that ¢"~1(x) € B and hence ¢g"(z) € Q. By continuity,
there exists an open neighborhood U, C K of x (open in the relative topology on
K) such that ¢g"~!(y) € B and hence g"(y) € Q for every y € U,. By compactness,
there exists a finite collection of points x; € @, for 1 <7 < k, such that

k
Q< U,
=1

Let us define ny = maxy<;<x n; where for ease of notation we write n; = n(z;).
Also set

’I’Lo*].
QO = U gl(Q)a
i=0
which is a compact subset of K. We claim that g(Qg) C Qo. Clearly, it is sufficient
to prove that g™ (Q) C (o to establish this fact. Taking any x € @, denote
y = g™ (x), which is a typical point in g™ (Q). We have that z € U,, for some
1 <4<k andso g"i(x) € Q. Denoting z = g™ (x), we have that

y=g"""(z) € g™ "(Q),

and as 0 < ng —n; < ng— 1 we conclude that y € Qg. This establishes the claim.

Therefore, if x € B then g(x) € Q C Qo and so g'(r) € Qg for every i > 1.
As Qo is compact and hence bounded, we have that 7(g) < 1, or equivalently, that
7(f) < A, as desired. O

Remark. As is the case with Theorem 2.2, the above result remains true when K
is merely a closed wedge instead of a closed cone.

3. Eigenvectors for the Cone Spectral Radius. Suppose that K is a closed
cone in a Banach space X and that f : K — K is a map which satisfies Hypothesis B.
Letting » = r(f), one may ask whether there exists © € K \ {0} with f(x) = rz.
Without some sort of compactness condition on f the answer is negative, even for
bounded linear maps. For example, consider the cone K of nonnegative functions in
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C10,1] and define f : K — K by (f(z))(s) = sz(s) for each x € K, where 0 < s < 1.
One easily checks that 7(f) = 1 but that f(z) # « for every z € K \ {0}.

The kinds of compactness conditions we shall need are best described in terms
of “generalized measures of noncompactness.” Recall (see [33, page 28]) that if v is
a map which assigns to each bounded subset A of a Banach space X a nonnegative,
finite number v(A), then v is called a generalized measure of noncompactness
if v satisfies the following four conditions:

(A) =0 if and only if A is compact;
(A+ ) < v(4) +v(B);
(
(

<

<

co(A)) = v(A); and
v(AU B) = max{v(A),v(B)}.

14

(3.1)
(3.2)
(3.3)
(3.4)

Here we denote A+ B = {a+b|a € A and b € B}, and co(A) denotes the smallest
closed convex set containing A. We mention the books [1] and [3] as references for
generalized measures of noncompactness.

Example. If (X,d) is a complete metric space and A is a bounded subset of X,
then C. Kuratowski [25] has defined a quantity v(A) by

v(A) =inf{d > 0| there exist S; C X for 1 <i<k,
k
for some k > 1, such that A = U S; and diam(S;) < 6},

i=1

where diam(-) denotes the diameter of a set. He proved that if A,, for n > 1, is a
monotone decreasing sequence of closed bounded nonempty sets, and if v(4,,) — 0
as n — 00, then the intersection

is compact and nonempty. Moreover, for any open set U O A.,, there exists an
integer m = m(U) such that A, C U for every n > m.

One easily verifies (3.1) and (3.4) for the above example, and G. Darbo [10] has
observed that if X is a Banach space then (3.2) and (3.3) are also satisfied. One
can also see that if X is a Banach space then for any nonnegative real number A
and any bounded set A C X one has that

v(AA) = \v(A). (3.5)

In general, if a generalized measure of noncompactness v on a Banach space X
satisfies equation (3.5) for all bounded sets A and every A > 0, we say that v is a
homogeneous generalized measure of noncompactness. It is not difficult to
show that if v is a homogeneous generalized measure of noncompactness then there
exists a constant C' > 0 such that

v(4) < Ca(4)

for every bounded set A C X, where « is the Kuratowski-Darbo generalized measure
of noncompactness of the example above. Indeed, for any € > 0 one can cover A
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with a finite number of balls of radius a(A) + ¢, and so v(A) < C(a(A) + €) using
(3.4), where C' = v(B) with B the unit ball. We are unfortunately not aware of any
result which provides the opposite inequality a(4) < Cv(A) for general v. If such a
result were available then one could conclude that the definition below of the cone
essential spectral radius would be independent of the choice of v.

Example. Let (W, d) be a compact metric space and let X = C(W). If A C X is
bounded and if § > 0, we define ws(A) by

ws(A) = sup{|z(t) — z(s)| | x € A, with ¢,s € W satisfying d(t,s) <4}, (3.6)
and we define w(A) by

w(4) = inf ws(A) = lim ws(A). (3.7)

If o(A) denotes the Kuratowski-Darbo generalized measure of noncompactness de-
fined in the previous example, then it is a special case of Theorem 1 in [30] that
a(A) <w(4) < 2a(A) (3.8)
for every bounded set A C X. Equation (3.8) implies that w(A) = 0 if and only
if A is compact, which is the Ascoli-Arzela theorem. We leave to the reader the
routine verifications that w satisfies (3.2), (3.3), (3.4), and (3.5), and so w is a

homogeneous generalized measure of noncompactness. We shall always write w for
this generalized measure of noncompactness.

Quite generally, suppose that f : K — K satisfies Hypothesis A and that v is
a homogeneous generalized measure of noncompactness on the underlying Banach
space X. We may define a quantity

v(f) =inf{A > 0| v(f(A)) < Av(A) for every bounded set A C K}, (3.9)
where we set inf ¢ = co. By analogy with (2.1) we may now define quantities
cn =v(f") (3.10)

for n > 1. One easily checks that ¢, 1., < c,cp for every n,m > 1 for which both
¢n, and ¢, are finite. (In contrast to the quantities b, which are easily seen to be
finite, it is not evident that ¢, < oo, although this will always be the case for the
examples we study.) With this, and with a slight extension of the calculus lemma
mentioned in the previous section to deal with the case where some ¢,, are infinite,
we may make the following definition.

Definition. Let f : K — K satisfy Hypothesis A and let v be a homogeneous gen-
eralized measure of noncompactness on X. We define the cone essential spectral
radius of f to be the quantity p(f) given by

p(f) = lim /" = inf e/, (3.11)

n—oo

provided ¢,, < oo except for finitely many n, where ¢, is as in (3.9), (3.10). (If
¢n = oo for infinitely many n then one might define p(f) = oo, although as noted
this case will not arise in our work.)
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As noted above, the quantity p(f) would seem to depend on the choice of the gen-
eralized measure of noncompactness v. We shall refrain from explicitly indicating
this dependence as typically v will be fixed throughout our analysis.

We may now state our first main result of this section.

Theorem 3.1. Let f : K — K satisfy Hypothesis B. Denoting v = r(f), sup-
pose there exists a homogeneous generalized measure of noncompactness v such that
™ < for some m > 1, with ¢,, as in (3.10). Then there exists x,, € K with
|xm|l = 1 satisfying

" (@m) = " @,. (3.12)

In particular, if we have the inequality

p(f) <r(f) (3.13)

between the cone essential spectral radius and the cone spectral radius, then there
exists mg > 1 such that for every m > mq there exists x., as above.

The following lemma is given as Theorem 2.1 of [32]. The reader should also
compare Proposition 6 on page 252 of [31], which, if the cone is normal, provides a
more general result.

Lemma 3.2 ([32, Theorem 2.1]). Let f : K — K satisfy Hypothesis B. Suppose
there exists a homogeneous generalized measure of noncompactness v and a constant
0 < X <1 such that v(f(A)) < Av(A) for every bounded set A C K. Assume also
that there exists y € K such that the set {||f™(y)|| | n» > 1} is unbounded. Then
there exists z € K with ||z|| = 1, and 0 > 1, such that f(z) = 0z.

Further, if f(x) # x for every x € K with ||z|| = 1, and if we denote B = {z €
K | ||z|| < 1}, then ix(f, B) = 0 where ix(f, B) denotes the fixved point index of
f:B— K.

Remark. The proof of the above lemma is an exercise in the fixed point index
for maps in cones. In fact, the final statement of this result, that ix (f, B) = 0, is
the crucial step in the proof of the rest of the result. An exposition of the basic
properties of the fixed point index can be found in Section 1 of [33].

Proof of Theorem 3.1. First observe that it is sufficient to prove the existence of
T, satisfying (3.12) in the case m = 1. Indeed, from the first equation in (2.11) one
has that )" < r(f) if and only if ¢,, < r(f™), and so one may argue by replacing
f with f™. We therefore take m = 1 below.

Assuming that ¢; < r, fix a quantity A satisfying ¢; < A < r and choose a
sequence of numbers A\x such that A < A\p < r and limg_.oc Ay = r. Consider the
map fi, defined as fi,(r) = Ay ' f(2). Then v(fix(A)) < A;'eiv(A) for every bounded
set A C K by the definition (3.10) of ¢;. Also, by the definition (2.8) of r(f) there
exists an element y;, € K for which A\ < p(yx) <7, with g as in (2.6) for the map
f. Tt follows that for every k > 1 the sequence

A1 )l = 113 ()l

is unbounded as n — oco. Applying Lemma 3.2 to the map fi, we see that there
exist z;, € K and 0y > 1, with ||zx|| = 1, such that fi(zx) = Oxzk, that is,

f(2k) = MOz (3.14)
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We claim that the set A = {z | £ > 1} has compact closure. To prove this it
suffices to show that v(A) = 0. Since Agf; > A\ > A, we have that

A= {(bk) " f () | k> 1}  co(A1f(4) U{0})

and hence

v(A) < v(coA=LF(A)U{0})) = A7 w(f(4)) < A7 erw(A).

As ¢1 < ), it follows that v(A) = 0 and that A has compact closure.

We may now take convergent subsequences z;, — x1 and 6, — 6 > 1, where
lz1]] = 1. Recalling that A\ — r, and passing to the limit in (3.14), we obtain
f(z1) = oz for some o > r. Clearly pu(z1) = o, and from the definition of r we
have o <r. Thus o = r, and we have (3.12), as desired.

Let us finally note from the definition (3.11) of the cone essential spectral radius

that (3.13) implies that en™ < r for all large m, and hence the existence of x,,. O

Corollary 3.3. Assume that f : K — K satisfies the conditions of Theorem 3.1,
in particular, that ™ < r(f) for some m > 1. Then

r(f) = #(fm)Ym = sup ()t

n>1

holds.
Proof. By (2.9) and (2.11) one has that

supf(f”)l/" < supr(f”)l/" =r(f),

n>1 n>1

and so it is sufficient to prove that r(f) < #(f™)'/™. But this is immediate from
Theorem 3.1, which asserts the existence of an eigenvector for f™ in K with corre-
sponding eigenvalue r(f)™. O

We say that a Banach space X is a vector lattice with respect to the ordering
induced by a cone K (or we say that a cone K induces a vector lattice on X) if
for every x,y € X there exists a least upper bound z € X for z and y, that is, we
have z < z and y < z, and also z < u for every u € X for which ¢ < u and y < u.
The element z, which one thinks of as the maximum of x and y, is clearly unique,
and we denote it by z = x Vy. We also define x Ay = —((—z) V (—y)). Thus
w = x Ay satisfies w < z and w < y, and w is the maximal such element. We shall
say that X is a topological vector lattice if it is a vector lattice for which the
mapping (x,y) — x Vy from X x X — X is continuous. One easily checks that if
X is a topological vector lattice then the associated cone K is closed. The cone K
of nonnegative functions in X = C(W), where W is a compact Hausdorff space, is
a topological vector lattice. On the other hand, the cone of nonnegative functions
in C1[0,1] is not a vector lattice as the maximum of two C* functions need not be
Cl.

Now suppose that a cone K induces a vector lattice on X. If f: K — K then it
may happen that

fleavy) = f(x)V f(y) for every z,y € K. (3.15)
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Indeed, if equation (3.15) holds (as will be the case for the class of examples studied
in the next section), then Theorem 3.1 takes a stronger form. Here we clearly see
the importance of verifying the inequality (3.13).

Theorem 3.4. Let f : K — K satisfy Hypothesis B. Suppose also that K induces a
vector lattice on X, and that (3.15) holds. Further, assume that v is a homogeneous
generalized measure of noncompactness on X for which the inequality (3.18) holds.

Then there exists y € K \ {0} for which

fy) =ry, (3.16)

where we denote r = r(f).

Proof. Defining g(z) = r~!f(x), we see by Theorem 3.1 that there exists zog €
K\ {0} and m > 1 such that ¢"(x¢) = 2. Define y € K \ {0} by y = 29 V g(xo) V
g*(zo) V-V g™ (xg). One now sees from equation (3.15) that g(y) = y, and thus
(3.16) holds as desired. O

Remark. As with Theorem 2.2, one may generalize Theorems 3.1 and 3.4 and
Corollary 3.3 to the case of two cones K1 C K. We assume that f : K — K
satisfies Hypothesis B as stated, and in Theorem 3.4 that K induces a vector lattice
on X. Additionally we assume that f(K;) C K; where Ky C K is a closed cone.
In the statement of these results the quantities r(f), #(f), and p(f) are replaced
with 75, (f), 7k, (f), and px, (f), and ¢, = v(f™) replaced with the corresponding
quantity v(f™|k,) for the restriction of f™ to Kj;. Then the conclusions of these
results hold, except that z,, € K; in Theorem 3.1. In Theorem 3.4 we have only
y € K and not y € K; in the absence of further information, as K is not assumed
to generate a lattice.

In making the generalization of Theorem 3.1 we require an appropriate extension
of Lemma 3.2, which is easily given following the proof in [32].

If the cone K in Theorem 3.1 or Theorem 3.4 has nonempty interior, it is fre-
quently important to know whether the map f has an eigenvector in the interior
of this cone. If such an eigenvector exists then the corresponding eigenvalue is
necessarily r(f), as follows from Proposition 3.8 below. We shall be interested in
this question for the class of examples in Section 4. However, it is known that, in
general, the question of existence of eigenvectors in int(K) may be quite difficult
even for finite dimensional cones. We refer the reader to [34], [35], [36], and [38] for
a discussion of this issue and some instructive examples.

The proofs of Theorems 3.1 and 3.4 involve the use of the fixed point index and
provide no hints as to how to construct the eigenvector. At the cost of somewhat
more restrictive hypotheses, we now present a variant of Theorem 3.4 which can be
proved without the use of the fixed point index, and which provides a construction
of the eigenvector. We begin by recalling a lemma from [39].

Lemma 3.5 ([39, page 954]). Let K be a closed normal cone which induces a
vector lattice on X, and suppose that int(K) # ¢. Let A C X be compact and
let B C X denote the smallest closed set such that A C B and xVy, xt ANy € B
whenever x,y € B. Then B is compact.

An easy consequence of the above is the following result.

Lemma 3.6. Let K be a closed normal cone which induces a vector lattice on X,
and suppose that int(K) # ¢. Let A C X be compact and let Q C X denote the



EIGENVALUES FOR CONE MAPS 535

smallest closed set such that A C Q and x V y € QQ whenever xz,y € Q. Then Q is
compact.
If further K induces a topological vector lattice on X, and we let

D={zyVasV---Va,|z, €A for 1 <i<n, for some n>1},

then D = Q. O

Proof. Clearly @ C B with B as in Lemma 3.5. By that result B is compact,
hence so is Q. With D defined as in the statement of the lemma, we easily see that

D C Q. Assuming that K induces a topological vector lattice, we see also that
xVy € D whenever x,y € D, and so the definition of () implies that D = Q. I

Remark. The conclusions of Lemmas 3.5 and 3.6 can be false if K is not a normal
cone. For example, let X = W1°°(0, 1), the space of lipschitz functions z : [0,1] —
IR with the norm [|z|| = max,e,1) [2(s)|+ess sup,ejo 17|12’ (s)], and let K C X be the
set of nonnegative functions. As the maximum of two lipschitz functions is lipschitz,
one sees that K is a vector lattice. Taking z,(s) = s—a in [0, 1] and letting 0 denote
the zero function in X, one has that y, = 0V z,, namely y,(s) = max{0,s — a},
does not vary continuously in X with a € [0,1] even though z, does. Indeed, if
0 < ar <ap <1, then [y, — Ya,|l > €ss supyeio17l¥a, () — ¥a,(s)| = 1. Thus if
A C X denotes the compact set consisting of all z, for a € [0,1] together with the
zero function, then the sets B and ) in Lemmas 3.5 and 3.6 contain uncountably
many points gy, which are pairwise separated by a distance at least 1. Thus neither
B nor @ is compact.

Another interesting point about Lemma 3.5 is that its conclusion can be false if
int(K) = ¢. An example is given in [39, page 955] for the case that X = LP[0,1]
for 1 < p < oo, and where K is the cone of nonnegative functions in X.

It is useful here to recall some basic notions of dynamical systems. Generally,
if g : X — X is continuous where X is any metric space, one may consider the
forward orbit

(@) ={g"(=) [ n >0}
of any point x € X. The omega limit set of a point z is defined to be the set
w(z) = {y € X | there exists n; — oo for which lim g™ (x) = y}.
71— 00

It is a well-known and easily proved result that w(z) C yt(x) C X is a closed set
which satisfies g(w(z)) = w(x). In addition, if the closure v+ (z) of the forward
orbit of = is compact, then w(z) is compact and w(zx) # ¢.

In order to make clear the map g in question, we shall write 7; (x) and wy(z) for
the forward orbit and omega limit set of a point .

Lemma 3.7. Let f : K — K satisfy Hypothesis A, and let v be a homogeneous
generalized measure of noncompactness on X. Assume the inequality (3.13) holds,
and let g(x) = r=1f(x) where r = r(f). Suppose that A C K is a bounded set
for which g(A) C A and such that Z is compact, where Z = A\ g(A). Then A is
compact.

In particular, if the forward orbit vj(y) of some point y € K under g is bounded,

then v4 (y) is compact.

Proof. One easily shows by induction that the set g"~1(A) \ g"(A) has compact
closure for every n > 1, and thus A\ g"(A) has compact closure. We may therefore
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write A = ¢g"(A) U Z,, where v(Z,,) = 0. Now taking ¢, as in (3.10), one has from

(3.11) that crl,{m < r for some m > 1. Fix this m and observe from the definition of
¢m that v(f™(A)) < ¢ (A). Then

v(A) = v(g™(A) U Zm) = v(g™(A)) = r v (f™(A) < "emp(A),

and as ¢, < r™ we conclude that v(A) = 0. Thus A is compact.
The final sentence in the statement of the lemma is proved by taking A = v} (y),
as g(A) U {y} = A for this set. O

Our next proposition gives a necessary condition for a map to have an eigenvector
in the interior of a cone.

Proposition 3.8. Let f : K — K satisfy Hypothesis B, and suppose the cone K
is normal. Assuming that int(K) # ¢, suppose there exists y € int(K) and A > 0
for which f(y) = Ay. Then A = r(f), and for every x € int(K) there exist positive
constants a1, as such that

arr(f)" < f"(@)] < agr(f)" (3.17)

for every n > 1. If only x € K then there exists ay such that the right-hand
inequality in (8.17) holds for every n > 1.

Proof. Assuming first that both z,y € int(K), we see that there exists ¢ > 0 such
that z —ey, y —ex € K, and so ey < 2 < e~ y. Because f" is order-preserving, we
have that

XNy =ef(y) < f(x) e (y) =AMy, (3.18)

and it follows that
CreX"lyll < 1 f" ()| < Ce=" A"y (3.19)

where C'is the constant in the definition of cone normality. Noting that || f™(y)| =
A|ly]] and so p(y) = A, we have from (2.18) of Theorem 2.2 that A = r(f). This
completes the result, with a; = C~tel|y| and ay = Ce~ 1|y

If z € K then one has only that y — ex € K for some ¢ > 0. This yields the
right-hand inequalities in (3.18) and (3.19), and hence the right-hand inequality in
(3.17). O

Lemma 3.9. Let K be a closed cone which induces a vector lattice on X. Let
Q C X be a compact set such that 'V y € Q whenever x,y € Q. Then there exists
z € Q such that z > x for every x € Q.

Proof. Because (Q is compact, there exists a countable subset D C @ which is
dense in Q. Denote D = {x,}>2 ;. For each n > 11let z, = a1 Va2 V-V zp, so
that z, € @ and z, > x for 1 < k < n. Take a subsequence z,, converging to a
point lim;_,~ 2,, = z € @, and observe that z > xj, for every k > 1 follows from
the fact that K is closed. It follows further from the closedness of K that z > x for
every € D = @, as desired. O

Theorem 3.10. Let f : K — K satisfy both Hypothesis B and (3.15), and suppose
the cone K is normal and induces a topological vector lattice on X. Assume that
int(K) # ¢ and that there exist y € K and positive constants a; and as such that

ar™ < [/ W) < ar” (3.20)



EIGENVALUES FOR CONE MAPS 537

for every n > 1, where we denote r = r(f). Finally, assume either the inequality

(3.13) holds, or more generally that r > 0 and that the closure 75 (y) of the forward
orbit of y under the map g(x) = r = f(z) is compact. Then there exists z € K \ {0}
such that f(z) =rz and z > x for every & € wy(y).

Proof. The inequalities (3.20) imply that a; < [|z|| < ag for every = € 7 (), so if

(3.13) holds then Lemma 3.7 implies that 4 (y) is compact. Thus w,(y) is compact
and nonempty. Now let

D={x1VaaV -V, |z; €wy(y) for 1 <i<n for some n > 1},

and set Q = D. As g(wy(y)) = w,(y), one sees by (3.15) that g(D) = D. By
Lemma 3.6 the set D is compact, and so g(D) = g(D). Thus g(Q) = Q.

The set @ is closed under the operation V, and so Lemma 3.9 now implies that
there exists an element z € @ such that z > z for every x € Q. Clearly such z
is unique. The order-preserving property of g implies that g(z) > g(z) for every
x € @, and as ¢(Q) = Q it follows that g(z) € Q and that g(z) > x for every z € Q.
The uniqueness of the maximal element z of () now implies that g(z) = z, that is,

flz)=rz.0O

Remark. In most respects Theorem 3.10 is less general than Theorem 3.4. How-
ever, the elementary proof, which avoids the use of the fixed point index, may be of
interest. Moreover, if one can obtain information about the omega limit set wg(y)
in Theorem 3.10, then this result may provide more information than Theorem 3.4.

Corollary 3.11. Let X = C(W) where W is a compact Hausdorff space, and let
K C X denote the cone of nonnegative functions in X. Assume that f : K — K
satisfies both Hypothesis B and (3.15). Let e € X denote the function identically
equal to 1 and assume that there exists a positive constant a such that

£ (el < ar™ (3.21)

for every n > 1, where we denote r = r(f). Finally, assume either the inequality

(3.13) holds, or more generally that r > 0 and that v, (e) is compact where g(x) =
r~Lf(x). Then there exists 2 € K \ {0} such that f(z) = rz and z > z for every
x € wgyle).

Proof. The result follows directly from Theorem 3.10 once one establishes the
existence of a constant a; > 0 in (3.20), with y = e. One has x < e for every x € K
with ||z|| = 1, and hence f™(z) < f™(e), which implies that || f"(x)|| < ||f™(e)]|-
Therefore b, = ||f"(e)| for the quantities (2.1). By (2.5) and also by (2.17) of
Theorem 2.2 one has that

" =7(f)" < by =l

which provides a; = 1. O

Under the hypotheses of Theorem 3.4 or Corollary 3.11 the map f may possess
a “dominant eigenvector.” To make this idea precise, we introduce a definition.

Definition. If K is a closed cone, A C K, and y € K, we say that y dominates A
if there exists A > 0 such that z < Ay for every x € A.
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Proposition 3.12. Let f : K — K satisfy both Hypothesis B and (3.15), and
suppose the cone K is normal and induces a vector lattice on X. Assume also that
int(K) # ¢. Let

A={zeK||z|=1 and f(z)=rz}

where we denote r = r(f), and assume either the inequality (3.18) holds, or more
generally that the set A is compact and nonempty. Then there exists y € A such
that y dominates A.

Proof. We first note that (3.13) implies that A is compact and nonempty. Indeed,
A # ¢ by Theorem 3.4, and A is clearly closed and bounded. As f(A) = rA, we
have by Lemma 3.7 that A is compact.

Now let @ C K be the smallest closed set containing A and which is closed
under the operation V. Then @ is compact by Lemma 3.6. Thus by Lemma 3.9
there exists z € @ such that z > z for every x € Q. We now claim that f(z) = rz
for every x € @, which we see implies that every element of () is a multiple of some
element of A. Indeed, let R = {x € Q| f(x) = rz}, and observe that A C R, that
R is closed, and that x Vy € R whenever z,y € R by (3.15). Thus R = @ from
the definition of Q. One easily sees now that the normalized element y = z||z||~!
belongs to A and dominates A. O

4. Positive Eigenfunctions for Some Max-Type Operators. As noted in
the Introduction, we are interested in finding solutions to equation (1.10) with
x(s) > 0 and with A > 0. To this end we shall formulate equation (1.10) as a
nonlinear eigenvalue problem in a cone, and then apply the theory of the previous
two sections.

Standing Hypotheses and Notation. For the remainder of this section we shall
denote X = C[0, ] where p is a fixed positive number, and we let K C X denote
the cone of nonnegative functions in X. We let «, 5 : [0, u] — [0, ] denote given
continuous functions which satisfy a(s) < £(s) in [0,p]. We let a : S — [0, 00)
denote a given nonnegative continuous function where the set S C [0, u] x [0, p] is
defined by (1.4), and we denote

A_ = mi ), A, = ).
el e ey

The interval J(s) is as in (1.3), and we denote
SE=(10,8] x 0,) NS, SE=([u—b.4x [u—0b,4u)NS

for any 0 < 6 < p.

It will also be useful to state several additional hypotheses, to be assumed as
needed. In contrast to the above hypotheses which hold throughout this section,
the ones below are discretionary in that we do not assume them unless explicitly
indicated. The reason for the somewhat curious labeling of these hypotheses will
be apparent from the statement of Lemma 4.26.

Definition. We introduce several hypotheses defined as follows.
Hypothesis X. a(u) < p and 3(0) > 0.
Hypothesis Y. a(y) < p and a(0,0) < r = r(F).
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Hypothesis Y’. « is lipschitz in [0, §] with lipschitz constant ¢, and a is lipschitz
in S}.

Hypothesis Z. 3(0) > 0 and a(p, p) <7 =r(F).

Hypothesis Z’. ( is lipschitz in [p — §, u] with lipschitz constant ¢, and a is
lipschitz in SE.

The quantities 0 and ¢ in Hypotheses Y’ and Z’ will always be indicated when these
hypotheses are made.

With the above, let the function F(x) be given by (1.2) for every « € X, and so
F: X — X. We shall shortly show that F' : K — K is continuous and homogeneous
of degree one, and with this there is defined the cone spectral radius r(F) which
appears in Hypotheses Y and Z. However, let us first state the following theorem
on the map F', which is a principal result of this section.

Theorem 4.1. Assume that o and B are monotone increasing in [0, u] and that
(1.5) holds. Also assume the function a is strictly positive in S and denote

ay+ = max_af(s,s). (4.1)
s€[0,u]

Finally, if a(0,0) = a4 then assume both Hypothesis X holds and Hypothesis Y’
holds for some § > 0 and ¢ < 1, and if a(u, n) = ay then assume both Hypothesis X
holds and Hypothesis Z' holds for some § > 0 and ¢ < 1. Then there exists x € K
which is strictly positive in (0, ) such that F(z) = rx, where r = r(F') satisfies
r > 0. If also a(p) < w then z(u) > 0, and if 3(0) > 0 then x(0) > 0.

Another result, similar to the one above, is close to the examples considered
in [27] and [28].

Theorem 4.2. Assume for some By € (0, u] that o is monotone increasing in [0, Go]
with a(s) < s in (0, By, that B(s) = Bo in [0, Bo] with B(s) < By in [Bo, 1], and that
the function a is strictly positive in S. Denote

ap = max als,s
07 500,70 (5,5),

and if a(0,0) = ag then assume Hypothesis Y' holds for some 6 > 0 and ¢ < 1, and
if a(Bo, Bo) = ap then assume a is lipschitz in ([Bo — 9, Bo] X [Bo — 8, 50]) NS for
some § > 0. Then there exists x € K which is strictly positive in [0, u] such that
F(z) = rx, where r = r(F) satisfies r > 0.

Let us remark that below we shall give other conditions not covered by the
above theorems which also imply the existence of an eigenfunction z € K \ {0} of
F with eigenvalue r = r(F'). In particular, Corollaries 4.21 and 4.22 provide such
conditions.

In order to apply our results of the previous sections to the map F', we must first
verify that F'(z) indeed belongs to K for x € K, and that F' satisfies the appropriate
properties, in particular, Hypothesis B and condition (3.15). This will be done in
Proposition 4.7. We wish to obtain lower bounds for the cone spectral radius r(F)
and upper bounds for the cone essential spectral radius p(F') in hopes of finding
conditions under which p(F') < r(F'), so that Theorem 3.4 can be used (which is
basically reformulated for max-plus operators as Theorem 4.4). Theorem 4.3 below
is a crucial result by which such estimates can be obtained, and in particular it
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provides upper bounds for p(F) and a formula for the quantities b, in (2.1) which
enter into the definition of r(F). Corollary 4.9 provides lower bounds for r(F) in
a form which is easy to use. In Lemma 4.11 the quantities ¢, = w(F™) in (3.10),
which enter into the definition of p(F), are bounded ¢, < A, by the quantities
appearing in Theorem 4.3. If the functions « and 3 are monotone increasing then
Lemma 4.16 gives an equality ¢, = A, and in Theorem 4.5 we are able to give the
exact value of p(F’) in a very explicit form.

We note that Theorem 4.1 above applies even in some cases where p(F') = r(F)
holds, as shown by an example below. On the other hand, Proposition 4.23 below
provides a class of examples for which p(F) = r(F') and for which no eigenfunction
in K exists. We shall in fact use Corollary 3.11 to prove some of the cases of

Theorem 4.1, wherein the compactness of 74 (e) must be verified rather than having
to check (3.13).

Results on the positivity and monotonicity of the eigenfunction z are given in
Propositions 4.12 and 4.13, respectively.

Except for Theorems 4.1 through 4.5, we shall generally prove results when
they are stated. The proofs of Theorems 4.3 and 4.4 are given after the proof
of Lemma 4.11, and the proof of Theorem 4.5 is given after that of Lemma 4.20, as
the necessary theory must first be developed. Similarly, Theorems 4.1 and 4.2 are
proved at the end of this section.

The definition of the cone essential spectral radius depends upon the choice of
a homogeneous generalized measure of noncompactness v on X. In what follows
below, we shall always take v = w with w as in (3.7), and with ws for each § > 0 as
in (3.6). The notation w(F') denotes the quantity (3.9) with w and F' in place of v
and f.

The estimates on the spectral radii involve iterates F™ of the operator F', and as
such, it will be convenient to introduce some additional notation and terminology
before stating further results. Consider for each n > 1 the set S, of (n + 1)-tuples
o = (S0, 81,82, - ;Sn) defined as

Sp = {(s0,81,82,... ,5n) | 50 € [0,p] and s; € J(s;-1) for 1 <4 < n}.

Thus S = S. An element o € S,, will be called an admissible n-sequence. If
some o € S, satisfies sg = s, then we shall say that o is an n-cycle. Let us define
a function a,, : S,, — [0,00) by setting

an(0) = a(sg, s1)a(s1,52) - a(Sn—1, Sn)- (4.2)

Note that the set S,, C [0, u]"*! is compact and is the maximal set on which the
formula (4.2) for a, (o) is defined, and that the function a,, is continuous on S,,.
For later use let us also denote

J(L) = J(s)

seL

for any set L C [0, u], and define inductively
JHL) = J(J™(L)) for n >0,

with JY(L) = L. Of course J"(s) means J"(L) with L = {s}. It is easy to check
that if L is a compact interval then so is J(L), so by iterating we see that J"(L) is
a compact interval for every n > 1.
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The following definition will play a key role in our obtaining estimates of p(F).

Definition. Let o = (sg,$1,52,...,5,) € S, be given, and let pg € [0, u] be
given. We say an element m € S,, given as m = (po,p1,p2,--- ,Pn) is the best-
approximating n-sequence to o through pg if for every 1 < ¢ < n the point p;
is the point in the interval J(p;—1) nearest to s;.

Let us note that given any o € S,,, then 7w above is uniquely determined by the
point pg. Also note that if py = si for some k, then p; = s; for every i > k, where
0 < k <i < n. One therefore has that if p, # s,, then p; # s; for every 0 < i < n.
In this spirit it is convenient to introduce the following notation.

Notation. If o, 7 € S, then we shall always let s; and p; denote the coordinates
of these (n + 1)-tuples, as above. We shall also write

m|lo <= 7 is the best-approximating n-sequence to ¢ through py,
7|llc <= w|lo and p; # s; for every 0<i < n,

m|lso < w|o and |po — so| < I, and

T|so <= mllo and |po — so| <6,

where § > 0.

Now observe that if w|oc and p; # s; for some 1 < i < n, then either p; =
a(pi—1) > s; or else p; = B(pi—1) < s;. Thus if 7|l then 7w € &, where &, C S, is
defined to be

En={m eS8, |pi€{api-1), B(pi—1)} for every 1 <i<n}.

That is, £, is the set of admissible n-sequences whose coordinates p;, for 1 <1¢ < n,
are each endpoints of the allowable interval J(p;_1). One sees that if the strict
inequality a(s) < B(s) holds everywhere, then there exist exactly 2" elements of &,
for every given pg € [0, 4], and that in any case the set &, has at most 2" elements
for every po.

Let us also introduce the set

Aps ={m €S, |rl|so for some o€S,}

for every ¢ > 0, which will play an important role below. We have that A,, s C &,
and that A, 5 C A, s, for §1 < do. With this, we are now able to state two main
theorems concerning spectral radii and eigenfunctions of F.

Theorem 4.3. We have that

r(F) = lim bL/m = inf bL/™, (4.3)
where
b, = Egs)i an (o), (4.4)
and that
p(F) < inf /", (4.5)
where
An = lim A, () = inf A, (9), An(0) = sup ap(m), (4.6)

6—0+ 6>0 nEAn s
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for the cone spectral radius r(F') and the cone essential spectral radius p(F) of the
map F: K — K in (1.2). (Recall that if A,s = ¢ then A, (6) =0.)

Theorem 4.4. Suppose that p(F) < r(F) for the map F : K — K in (1.2), or
more generally that A, < r™ for some n > 1, where Ay, is as in (4.6) and r = r(F').
Then there exists x € K \ {0} with F(z) = rz.

In the special case that the functions o and (8 are monotone increasing it is
possible to give the exact value of p(F) in an explicit form. Generally, if g : [¢,d] —
[c,d] is a continuous monotone increasing function, then the iterates s; = g*(so)
of any point tend to a fixed point s; — s, = g(s«) of g as @ — oo. Because of
this, if @ and 8 are both monotone increasing in [0, 4] we might expect the fixed
points of these functions to play a special role in estimating the quantities \,, and
p(F) in Theorem 4.3, and indeed this is the case. Let us say that s € [¢,d] is a
point of constancy of g if there exists ¢ > 0 such that g(t) = g(s) for every
te[s—e, s+¢e]NJcd]. Let us also define sets

Qg ={s €c,d] | s is a point of constancy of g},

Sy={scled|gs) =5} Co=5,Q Dy=5,\Q 7

for such a function. With this we may state another main result of this section.

Theorem 4.5. Suppose that both functions o and (8 are monotone increasing in
[0, p]. Then the inequality in (4.5) is an equality and in fact

p(F) = lim A/™ = inf AL/m (4.8)
Additionally,
p(F)= sup a(s,s) (4.9)
SEDQUDB

where Dy, Dg C [0, u] are the sets (4.7) for the functions o and (3.

Remark. Clearly A\, < b, and so p(F') < r(F') by Theorem 4.3 for the map F.
However, let us remark that in the abstract setting of the previous section it is not
clear that p(f) < r(f) always holds for general maps f and for general measures of
noncompactness v.

Remark. Although A, s C &,, not every element of &£, need belong to A, 5 for
some J. Indeed, one difficulty in applying Theorem 4.3 is that the sets A,, ;5 figure
in the definition of A, (d) and A, and in general determining A,, 5 precisely poses
difficulties. However, if a and (8 are monotone increasing as in Theorem 4.5 then
it is possible to give explicit descriptions of A, s and of the quantities A, (d) and
An. In this case Lemma 4.15 below shows that every m € A,, 5 necessarily is of the
form either p; = a’(pg) for every 1 < i < n, or else p; = 3(pg) for every 1 <i < mn,
and in fact we provide a necessary and sufficient condition for such a sequence to
belong to A, 5. Note that here at most two of the 2™ elements 7 € &£, with a given
po € [0, u] belong to A, 5 for any ¢.

Remark. If both functions o and ( are constant, say a(s) = ag and 3(s) = [o
identically in [0, y], it is known that F is a compact map. In fact, this is a special
case of Theorem 4.3. One has for such a and (3 that whenever o, 7 € S,, satisfy
m|o then necessarily p; = s; for 1 < ¢ < n. This implies that 7| can never hold
and hence that A, s = ¢ for n > 1 and § > 0. Thus A, = X,(6) = 0 in (4.6) and
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so p(F) = 0. Also, Lemma 4.11 below implies that w(F(A)) = 0 hence F(A) is
compact whenever A C K is bounded.

Example. We give an example to which Theorem 4.1 applies, yet for which p(F') =
r(F). With [0,u] = [0,1], let a(s) = s/2 and B(s) = 1 in that interval, and let
a(s,t) = 1 identically in S. It is clear that the hypotheses of Theorem 4.1 hold.
Also, we have that each b,, = 1 and so r(F') = 1, by Theorem 4.3, and that D, = {0}
and Dg = ¢ and so p(F') = a(0,0) = 1, by Theorem 4.5. One sees easily that

(F(z))(s) = ,anax x(t)

for any = € K, and that the constant function which equals 1 identically is the
eigenfunction guaranteed by Theorem 4.1.

For notational convenience let us define a function ¢ : [0, p] % [0, ] — [0, ] by
letting q(s,t) denote the point in the interval J(s) which is closest to ¢t. That is,

Q(sat) = min{max{t, a(s)}v 6(5)}7 (410)

which equals ¢ if ¢t € J(s), and which equals «a(s) or 5(s) if t < a(s) or t > S(s),
respectively. Let us also set

$(8) =max{tpa(6),15(0)}, (4.11)
P (0)=max{|T(s) — 7(8)| | 5,5 € [0, ] and |s — §| < 4}, '
for every 0 > 0, where 7 = « or (3. The function 1, which measures the modulus of
continuity of « and (3, is monotone increasing and satisfies lims_,04 1(d) = 0.

We present a technical lemma, followed by a result which places the map F
within our theory.

Lemma 4.6. Let 5,5 € [0,u] and t € J(s), and set t = q(3,t). Then |t —t| <
¥(|s — §|) with g and ¢ as in (4.10) and (4.11).

Proof. It is sufficient to show that

[t —#] < max{|a(s) — a(5)], [8(s) — B3]}, (4.12)

by (4.11). Indeed, if t € J(3) then t = {. If t < a(5) then t = a(3), and as t € J(s)
we have ¢ > a(s), to give (4.12). Similarly, if ¢ > (3(5) then (4.12) holds. This
proves the result. [J

Proposition 4.7. The map F : K — K in (1.2) satisfies Hypothesis B and
condition (3.15).

Proof. We leave the verification that F' is homogeneous of degree one, order-
preserving and satisfies (3.15) to the reader. We have to prove that if © € K then
F(z) € K, and also that F': K — K is continuous.

First fix € K and let y = F(z) be given by (1.2). We must prove that y(s)
is continuous in s (it is obviously nonnegative). Letting € > 0, we have that there
exists § > 0 such that if (s, ), (3,7) € S satisfy |s — 3| < § and |t —#| < 9(J), then

la(s, t)x(t) — a(3,t)z(t)| < e.
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In particular, take arbitrary points s, § € [0, u] with |s — §| < 0§, let t € J(s) be such
that y(s) = a(s,t)z(t), and choose t = ¢(3,t), that is, ¢ is the nearest point in J(5)
to t. Then |t —¢| < ¢(0) by Lemma 4.6 and so

y(s) —y(5) = als, )2(t) — y(5) < als,t)z(t) — a(8, t)x(t) <e.

Our argument is symmetric in the roles of s and §, so we also find that y(§)—y(s) < e,
and we conclude that |y(s) —y(8)| < € whenever |s—§| <. As e > 0 was arbitrary,
we conclude that y is continuous.

It remains to prove that F' is continuous on K. Let 1,25 € K be given, denote
€ = ||lz1 — x2]|, and let y; = F(x;) for i = 1,2. Then z1(t) < x2(t) + ¢ for every
t € [0, u], and so

y1(s) = max a(s,t)z1(t) < max a(s,t)(xa(t) + €)

teJ(s) teJ(s)
< max a(s,t)z2(t) + Are = ya(s) + Aqe,
teJ(s)

for every s € [0, u], where we recall that A, is the maximum of a in §. Similarly
y2(s) < y1(s) + Ape for every s. We conclude from this that |F(z1) — F(z9)| <
Ay ||lxy — xo|| for every zq1,x9 € K, thereby establishing the continuity (in fact,
lipschitz continuity) of F. O

The following results allow for estimates of r(F).

Proposition 4.8. If x € K and n > 1, then
(F™(x))(s) = max{an(0)x(sn) | 0 € S, and so = s}. (4.13)

The quantities b, as in (2.1), but for the map F in place of f, are given by (4.4)
and we have that (4.3) holds.

Proof. If n = 1, then equation (4.13) is the definition of F(x). The formula for
general n > 1 follows by an induction argument, which we leave to the reader.

If e denotes the function identically equal to 1, then it is immediate from (4.13)
that ||F"™(x)| < ||F™(e)| for every x € K with ||z|| < 1, and thus b, = ||[F™(e)].
With this, one now sees that (4.4) follows directly from (4.13). Also, we have the
equality 7(F) = r(F) from Theorem 2.2, which with (2.5) gives us (4.3). O

Corollary 4.9. We have that

r(F) > a,(0)/"

if o € Sy, is an n-cycle.

Proof. We shall use the formulas (4.3) and (4.4), as established by Proposition 4.8.
Let o be an n-cycle and extend it periodically to an infinite sequence (sg, $1, S2, . .. )
which satisfies s; = s;1,, for every ¢ > 0. Then every truncated (m + 1)-tuple
om = (50,581,892, .. ,Sm) satisfies 0,,, € S;;, and s0 by, > ay,(0,,). In particular,
take m = kn and note from the formula (4.2) that ag,(okn) = an(o,)*, and so
bin > an(0,)F. Taking the (kn)'™ root of this inequality and letting k — oo gives
7(F) > an(0,)"/™, which is as desired. O

We give a technical lemma, followed by a result which allows us to estimate
w(F™(A)) in terms of w(A) for any bounded set A C K. The proofs of Theorems 4.3
and 4.4 follow directly.
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Lemma 4.10. There exist nonnegative monotone increasing functions ;, 80,
(0,00) — (0,00) fori,n > 1, satisfying lims_o4 ¥;(8) = 0 and lims_,o 0,(5) = 0,
and with the following properties: If o,m € S, satisfy w|so for some § > 0, with
n > 1, then |s; — pi| < i(6) for 1 <i<mn, and |a,(c) — an(m)| < 0,(6).

Proof. By Lemma 4.6 we have that |s; — p;| < ¢(|s;—1 —pi—1]) for 1 <i < n. Thus
by defining recursively ¥;(0) = 1 (1;—1(9)), with ¢1(6) = ¥(J), we obtain |s; —p;| <
1;(0). One easily checks that the function v; satisfies the desired properties. Now
set

0, (0) = max{|an(0) — an(mw)| | o,m € S, and |s; — p;| < 9;(0) for 0 <i<mn},

where ¢ (d) = §. Again, one checks that 6, is as desired. [

Lemma 4.11. For every n > 0 we have for every bounded set A C K that
w(F™(A)) < A\w(A), and thus
w(F™) < A (4.14)

with A, as in (4.6).

Proof. Let A C K be a bounded set with ||z|| < M for every z € A, and fix n > 1.
Take any = € A and let y = F™(x). In order to estimate the value of w(F™(A)), we
need to estimate the difference |y(so) —y(po)| for nearby points s¢ and pg. Fix 6 > 0
and let sg,po € [0, p] satisfy |sg — po| < 0. By possibly interchanging the roles of s
and po, we can assume without loss that y(so) > y(po). By (4.13) of Proposition 4.8
there exists o € S,,, with initial coordinate sg, such that y(sg) = a,(c)x(s,). Define
m € S, to be the best-approximating n-sequence to o through pg, and so 7|so. Then
y(po) = an(m)z(py) again by (4.13), and so

0 < y(s0) = y(po) < an(0)x(sn) — an(m)(pn)
< lan(0) = an(m)|z(sn) + an(m)z(sn) — 2(pn)|
< 0n(8)M + an(m)|x () — 2(pn)| (4.15)
< On(O)M + An(6)]x(sn) — z(pn)|
< 0, (6)M + A (6)wy(A),

where 1 = ¢, (J) in the last line of (4.15). We have used Lemma 4.10 and the fact
that 7|50 to obtain the fourth inequality in (4.15). To obtain the fifth inequality
in (4.15) we may assume that x(s,) # x(pn), in which case 7|50 holds, and so
7w € Aps and an(m) < Ay (0) by (4.6). The final inequality in (4.15) follows from
the fact, by Lemma 4.10, that |s,, — pn| < ¥, (8) = 7.

Let us now take the supremum in the first line of (4.15), over all y € F™(A) and
over all points sy and pg separated by a distance at most §. This gives

ws(F™(A)) < 0,(8)M + X (6w, (A4). (4.16)
Upon letting § — 0 in (4.16) we obtain w(F™(A)) < Aw(A) as claimed. This
immediately gives the inequality (4.14) using the definition (3.9). O

Proof of Theorem 4.3. Proposition 4.8 gives the formulas (4.3), (4.4) for r(F).
The inequality (4.5) for p(F) follows from the inequality (4.14) in Lemma 4.11
together with the definition (3.11) with (3.10), where v = w. O
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Proof of Theorem 4.4. If )\, < r” for some n > 1 then p(F) < r(F). The
existence of the eigenfunction x with eigenvalue r now follows from Theorem 3.4,
using Proposition 4.7. [J

Before proceeding toward the proof of Theorem 4.5, we give two propositions
which provide criteria under which eigenfunctions of F' must be either strictly pos-
itive, or else monotone.

Proposition 4.12. Suppose that © € K \ {0} satisfies F(xz) = Az for some X\ > 0,
and that the function a is strictly positive throughout S. Let

Z ={s€e|0,u] | z(s) =0}.

Then we have
J(Z)C Z, (4.17)

that is, J(s) C Z for every s € Z.

If furthermore (1.5) holds then ZN(0, p) = ¢, and so x(s) > 0 for every s € (0, u).
Also, we have that A > 0.

If in addition to (1.5) we have a(p) < p then x(u) > 0, and if B(0) > 0 then
z(0) > 0.

Proof. If s € Z then by (1.10), using the strict positivity of a, we have z(t) = 0
for every t € J(s). This gives J(s) C Z, and so (4.17) holds.

Assuming (1.5), take any s € Z N (0, ) and let I = [s1,s2] be the maximal
interval contained in Z which satisfies s € I C [0, ], with possibly s; = sa. As
J(s1) C Z we have [a(s1),s1] C J(s1) C Z, and thus

[a(s1), 82]) = [a(s1),51]UT C Z. (4.18)

If 81 > 0 then «a(s1) < s1, and so (4.18) contradicts the maximality of the interval
I. Thus s; = 0. Similarly sy = p, and this implies that = is the zero function, a
contradiction. Thus Z N (0,4) = ¢ as claimed. From this one sees the left-hand
side of (1.10) is strictly positive in (0, ), and so A > 0.

Assuming (1.5), if a(p) < p then p € Z would imply the existence of some
s € J(u) € Z with s € (0,u), a contradiction. Thus p € Z and so z(u) > 0.
Similarly 6(0) > 0 implies that 2(0) > 0. O

Remark. Suppose that s; < a(s) < s < §(s) < s2 for every s € (s1, s2), for some
$1 < 82 with s1, 89 € [0, p]. Then if F(z) = Az for some A > 0 and « € K\ {0}, and
if @ is strictly positive in S, it follows from Proposition 4.12 that either x(s) > 0 for
every s € (s1,s2) or else that z(s) = 0 for every s € [s1, s2].

Proposition 4.13. Suppose that v € K \ {0} satisfies F(x) = Az for some X > 0.
If J(s1) C J(s2) and a(s1,t) < a(sa,t) whenever 0 < s1 < s9 < p and t € J(s1),
then  is monotone increasing in [0,u]. If J(s1) D J(s2) and a(s1,t) > a(s2,t)
whenever 0 < s1 < s2 < p and t € J(s2), then x is monotone decreasing in [0, u].

Proof. Under the first set of hypotheses, if 0 < s; < s3 < p we have that

Az(s1) = tglj?i) a(sy,t)z(t) < ten}?s)i) a(sz,t)x(t) < tén.]?ii) a(s2,t)x(t) = Ax(sa).

This implies that z(s1) < x(s2), as desired. A similar argument gives the second
part of the proposition. [J
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As a practical matter, we need an efficient method for estimating the quantities
An appearing in Theorem 4.3 in order to use that result, and also to prove Theo-
rem 4.5. In this direction Lemma 4.15 below characterizes the sets A, s when «
and 3 are monotone increasing. Indeed, in most of the following results we shall
assume that both a and 8 are monotone increasing in [0, u]. The same methods
yield theorems for the case that both o and § are monotone decreasing.

We need to introduce some additional notation before proceeding. For any s €
[0, ;2] define admissible n-sequences (T (s) € &, by

G (8) = (s,a(s),0%(s),...,a"(5)),  Gi(s) = (s,8(s), B%(s),- .., B"(5))-

Also define functions u;* : [0, u] — [0,00) by
U (5) = an(Cr (5)), (4.19)

with a,, as in (4.2).
We first prove a technical lemma.
Lemma 4.14. Assume that both functions a and 8 are monotone increasing in

[0,u]. For any n > 1 take any o,m € S, for which w|o and with py > sg. Then
there exists 0 < k < n such that

a'(sg) < s; < p; = a'(po) for 0<i<k, pi = 8; for k<i<n. (4.20)

If wlo with py < s then the corresponding result holds.

Proof. If p; = s; for some 1 < i < n—1 then p;11 = s;41 as w|o. If p; < s; for some
1 <4 < n then necessarily p; = B(p;_1) < 8;, and as s; < ((s;_1) must hold and
[ is monotone increasing, we conclude that p;_1 < s;_1. From this it follows that
po < So, a contradiction. Thus p; < s; is impossible, and so we see that there exists
0 < k < n such that p; > s; for 0 < i < k while p; = s; for k < i < n. Necessarily
pi = a(pi—1) for 1 <i < k as w|o, and so p; = a'(pg) for such i. As a(s;_1) < s;
must hold for every i, we have that a’(sq) < s; as a is monotone increasing. With
this we have (4.20). O

Lemma 4.15. Assume that both functions o and 8 are monotone increasing in
[0, ]. Then for every 6 > 0 we have that
Ans = A, sUASS, (4.21)
where
Ay s ={m e Sn|m=¢, (po) for some po € (0,4,
with a"(s.) < a™(po) where s. = (po — ) Vv 0},
Ass ={m €Sy | m= (1 (po) for some po € [0, 1),
with B"(po) < B"(s«) where s, = (po+0) A pu}.

(4.22)

If & and B are strictly increasing in [0, u], then A, s is independent of § with the
conditions on s, in (4.22) automatically satisfied. If « is constant in [0, u] with 8
monotone increasing there then A, s = Aj;é, while if a is monotone increasing and

B is constant then A, s = yy

Proof. All assertions of the lemma follow from equations (4.21), (4.22), so it suffices
to prove these. We first show that A, s is contained in the right-hand side of (4.21).
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Take any m € A, 5, and let o € S, be such that 7||so. Let us first observe that as
a(si—1) < 8; < B(s;—1) for every 1 < i < n, one has from the monotonicity of «
and 3 that a’(sg) < s; < 3%(sg) for such i.

Assuming for definiteness that py > sg, we have by Lemma 4.14 that (4.20)
holds, and moreover k = n. We have further that a™(s.) < a”(sg) where s, =
(po —0) VO < 59, and thus a™(s.) < a™(po). This shows that m belongs to the
right-hand side of (4.21), in fact 7 € A ;. One similarly concludes that 7 € Aj;(;
in the case that py < sg.

To show the opposite inclusion, let 7 belong to the right-hand side of (4.21),
say ™ = (,, (po) € A, 5 for definiteness. Letting sg = (po — ) V0 and s; = a‘(s)
for 1 < i < n, one sees that s; < p; for these points (the strict inequality holding
because s, < pp), and so 7||so. Thus m € A, 5. A similar argument applies if
7 € Al <, and so we obtain equality in (4.21). O

With « and [/ monotone increasing we have for either choice of sign + that
Ai(;l C Aiéz when §; < 02, for the sets given by (4.22). Thus we may define
quantities

+ _ 1 + s + + _
A = dim A(0) = inf A(0),  A(0) = ngpidan(ﬂ, (4.23)

where we have from Lemma 4.15 that A\, = max{\,,\}} and that \,(6) =
max{A\,, (6),\}(8)} for the quantities in (4.6). With this we are able to show the
inequality (4.14) is an equality when « and 3 are monotone increasing.

Lemma 4.16. Assume that both the functions « and 3 are monotone increasing
in [0, u]. Then
w(F™) = A

for everyn > 1.

Proof. Asw(F™) < \, holds by Lemma 4.11, it is enough to prove that A < w(F™)
for both choices of sign + in order to prove the result. We shall in fact prove only
that

A, <w(E™), (4.24)

the proof for A}l being similar.
Fix any § > 0. Then for any ¢ > 0 there exists 7 = (, (po) € A, 5 such that

an(m) > A, (0) — ¢, (4.25)
from the definition (4.23). Keeping ¢ and 7 fixed, let ¢ = ¢, (s«) € &, where
S« = (po—9)V0isasin (4.22). Then s, < p,, and denoting B = {z € K | ||z|| < 1}
we see that there exists an element z € B with z(s) = 1 in [0, s,] and z(s) =0 in
[pn, pt]. Let this  be fixed and denote y = F™(z).

Now notice that if 7 € S, is such that tg = po, then t; > p; = a’(py) for
1 < i < n, where we denote 7 = (tg,t1,ta,... ,t,). This observation follows easily
from the monotonicity of a. Thus z(t,) = 0 as t,, > p, and so a,(7)z(t,) = 0.
In particular y(po) = an(7)z(t,) for some such 7 by (4.13), and thus y(pg) = 0.
On the other hand we have that y(so) > an(0)z(sn) = an(0), again by (4.13), and
therefore

ws(F"(B)) = y(s0) — y(po) = an(0) (4.26)
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as y € F"(B). Noting that 7|50, we have further that
an(0) = an(m) — 0,(8) > A, (8) — e — 0,(9) (4.27)

by Lemma 4.10 and (4.25). Combining (4.26) and (4.27) and letting both ¢ — 0
and 6 — 0, where we have that 6, (§) — 0, gives

w(F"(B)) > A,.

Noting finally that w(B) = 1, we see that (4.24) holds, as desired. O

Although Lemma 4.16 provides an exact formula for w(F™), it is still desirable
to give a better, more easily computed formula for A\,,. We can do this in terms of
points of constancy of a™ and ™. Let us first recast the definitions (4.23). For any
0 > 0 define the sets

G {s € (0,4 [a"((s =0) VO) <a”(s)},  T,(6) =Gnl(9),
Gr(0) ={s€[0,p) | 8"(s) <B"((s+0)AO)},  T(0) =Gi(d).

Then if the functions o and 8 are monotone increasing, we have from (4.23), using
(4.19), (4.21), and (4.22), that
M) = sup ul(s) = max ul(s).
€G3 () S€7 (9)

In addition '} (6;) C ' (d,) for §; < J2, and so it is natural to define the sets

L =),

6>0

which are compact. (We also have that T, # ¢ provided I'; (§) # ¢ for every
positive d, and similarly with I';'.) It is now easy to see that

AE = max uF(s). (4.28)
sert

Clearly, it is important to characterize the sets T'F

=, which we do in the following
result.

Lemma 4.17. Assume that the function « is monotone increasing in [0, u]. Then
T, =[0,u]\ Qun with Qun as in (4.7). The corresponding result for T';" holds if 3
s momnotone increasing.

Proof. We shall only prove the result for I',, . We first prove that Qu» C [0, u]\T',,.
Take any so € Qqn. Then a™(s) = a™(sp) for every s € [0, u] near s, say for every
s € (so—19,80+9)N]0, u] for some § > 0. It follows that if s € (s9—3/2, s0+)N[0,
then o ((s —6/2) V0) = a"(s) and so s € G, (6/2). This immediately implies that
so € T,,(0/2), and therefore sg ¢ T',,, as desired.

Now we show that [0, u] \ Qu» C T',. Fix any sg € [0, u] \ Qan. We consider two
cases: the first, in which a™(s) < a™(so) for every s € [0, s9) and where s¢ # 0; and
the second, in which a"(s) > a™(sg) for every s € (so, u] and where sg # p. In the
first case it is clear that so € G, () for every 6 > 0, and thus sy € T',,, as desired.
In the second case we have for every §, that s > sg > (s — §) V 0 for every s > sg
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sufficiently near so, and thus a™(s) > a™(sg) > a™((s — ) v 0). Thus s € G, (9)

for such s, which implies that so € Gy, (§) =T, (4). As ¢ is arbitrary, we conclude
that sg € I',, again as desired. J

n?

We present three technical lemmas, followed by the proof of Theorem 4.5. It will
be convenient here to denote the set

N.(A)={se W |d(s,t) <e for some t € A}

where generally (W, d) is a metric space with A C W and € > 0.

Lemma 4.18. Let g : [c,d] — [c¢,d] be continuous and monotone increasing and
suppose that g(sg) = so for some sg € [c,d]. Let n > 1. Then s¢ is a point of
constancy of g if and only if it is a point of constancy of g™.

Proof. It is easily seen that if s is a point of constancy of g then it is a point of
constancy of g", so we only prove the converse. Suppose therefore that sy is not a
point of constancy of g. Then either g(s) < g(sg) = sg for every s € [¢, sg) where
S0 # ¢, or else g(s) > g(so) = so for every s € (so,d] where sg # d. In the former
case an easy induction shows that ¢™(s) < g"(sg) = so for every s € [¢,s0) and
every n, and so sg is not a point of constancy of g". A similar argument treats the
second case. [J

Lemma 4.19. Let g : [¢,d] — IR be continuous. Then for every ¢ > 0 the set
Uy =55\ N(Dy) is a finite subset of C,,.

Proof. Obviously ¥, . C C,. We next observe that between any two points of
Cy there must lie a point of Dy. Indeed, suppose s1,s2 € Cy with s1 < sp. Then
g(s) < s immediately to the right of s; while g(s) > s immediately to the left of
s2, so necessarily g(s) = s for some s € (s1, s2). Let s3 denote the smallest such s.
Thus g(s3) = s3 and so s3 € Sy, while g(s) < s for every s € (s1, s3), which implies
that s3 & Cy. Thus s3 € D, as desired.

Now take any two points t1,t2 € ¥, ., assuming without loss that t; < 5. Then
t1,t2 € C, and so there exists a point t3 € (¢1,t2) N Dy. But t1 ¢ N.(D,) and so
|t1 —t3]| > €, which implies that |[t; — ¢2] > €. Thus the points of ¥, . are separated
by a minimum distance ¢, so it follows that ¥, . is a finite set. [J

Lemma 4.20. Let g : [¢,d] — [¢,d] be continuous and monotone increasing and let
U C [c,d] be a (relatively) open neighborhood of the set Sy of fized points of g. Then
there exists an integer m > 1 such that for every s € [c,d] we have that g'(s) € U
except for at most m indices i > 0.

Proof. Without loss we may assume that U = N.(Sy) N [¢,d] for some € > 0.
Define a quantity

=, oin lg(s) = sl,
note that v > 0, and let m be an integer such that m~vy > d —c. We shall prove that
m satisfies the conditions in the statement of the lemma.

Take any s € [c,d] and consider the points s; = g*(s) for i > 1, with sg = s. If
g(s) = s there is nothing to prove as each s; € Sy, so assume that g(s) # s. Without
loss we assume that s; = g(s) > s = sg9. Then using the monotonicity of g one
easily proves by induction that s;11 > s; for every i, and denoting s, = lim; o, s;
one checks that g(s.) = s.. Moreover, [sg,s+) NS, = ¢, that is, the interval
[s0, s«) does not contain any fixed points of g. This last fact follows because if
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t € (s0,5+) were fixed by g, then applying ¢’ to the inequality sy < t would yield
si = g'(s0) < g*(t) = t, which is false for large i.
Let m4 > 0 denote the unique integer such that

[s; — s« <& for ¢ >my, |s;i — si| > € for 0 <i<my. (4.29)

Now suppose that 0 < ¢ < my is such that s; € U. Then there exists a fixed point
t € S of g with |s; —t| < ¢, and by (4.29) we must have ¢ # s,. Indeed, ¢t > s,
is impossible as s; < s, — €, and so ¢t < s¢ in light of the fact that [sg, sx) contains
no fixed points. It follows that for 0 < j <14 we have |s; — t| < |s; —t| < € and so
s; € U for such j. Letting m_ = min{i | 0 <i <my and s; ¢ U}, with m_ = my
if this set is empty, one concludes that s; ¢ U if and only if m_ <i < m.

Consider now 7 in the range m_ < i < my. For such ¢ we have |s;11 — 8| =
lg(si) — sil > 7, and so s;11 > s; + . Thus s, > s, + mey where mg =
my — m_ is exactly the number of indices ¢ > 0 for which s; ¢ U. Necessarily
moY < Smy — Sm_ < d — ¢, and so mg < m with m as above. This proves the
result. [J

Proof of Theorem 4.5. The formula (4.8) follows from Lemma 4.16, together
with the definition (3.11) with (3.10), where v = w.
To establish the formula (4.9) we first prove that

p(F)<  sup af(s,s). (4.30)

SED(XUDB

Fix M > sup(, yes a(s;t). Let n > 1 be fixed and take any v > sup,ep,up, a(s, s)
which also satisfies v < M. We shall show that there exists an integer m = m(y)
which does not depend on n (but may depend on ) and a quantity g = do(n, )
such that

An(0) S M™MATTT (4.31)

for every ¢ < &g. If this is shown, then by letting 6 — 0+ in (4.31) one concludes

that A, < M™~"~™_ By further taking the n*" root of this inequality and letting

n — oo one has p(F) < ~. From the arbitrary choice of v one concludes (4.30).
With n and ~ fixed as above, let € > 0 be such that

sup  a(s,a(s)) <, sup  a(s,B(s)) <, (4.32)
SGNQE(Da) S€N2E(Dﬁ)

both hold. By Lemma 4.19 the sets ¥, . and Wg. are finite, and moreover are
subsets of @, and @) respectively, and thus there exists a quantity € > 0 such that

a(s) = aft) for every s €[t —2&, t+25N[0,pu], if t € Ty,

4.33
B(t) for every s €[t —2&, t+2&]N[0,p], if t € Vg, (4.33)

@
—~
)
N
I

where we may also assume without loss that € < e. Now let U, = Ng(S,) and
U = N&(Sg), let mq, and mg be the integers associated to the sets U, and Ug with
maps « and (3, respectively, by Lemma 4.20, and let m = max{mq, mg}. Observe
that m does not depend on n. Finally, let §g > 0 be small enough so that

@' (s =0)vO) —a'(s)| <& [B((s+8)Ap)—Bi(s)| <€ (4.34)

both hold for every s € [0, u] and § € [0,dp], and 1 < ¢ < n.
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Now let m € A,, 5 where § < §y. Let us suppose that = € A;,é as in Lemma 4.15,
the case m € -’4::,6 being handled similarly. We have that p; = a’(pg) for 1 <i < n
and we denote s, = (po—3)V0 as in (4.22). Let us first show that a’(py) € Nz(Va.c)
for every such 7. Indeed, suppose to the contrary that there exists t € ¥, . with
|a(po) — t| < & Then one has by (4.34) that |a’(s.) — a’(po)| < & and hence that
a'(sy),at(po) € (t — 2&, t + 28). It now follows from (4.33) that ai(pg) = a’(s.),
and therefore a™(pg) = a™(s4), a contradiction to (4.22).

Let us next note, by Lemma 4.20, that a’(pg) € Nz(S,) for all but at most m
indices i in the range 0 < ¢ < n—1. For any i in this range for which a’(pg) € Nz(S,)
there exists a point ¢ € S, such that |a’(pg) —t| < £&. From the above paragraph we
know that ¢t ¢ U, . = Sy \ Ne(Dy), and so t € N(D,). Thus there exists t € D,
with |t — | < & and hence with |ai(pg) — | < &+ & < 2¢. Thus a’(py) € Noc(Da),
which implies by (4.32) that a(a’(po), @™ (pg)) < 7. For the other indices i, of
which there at most m, one has that a(a®(po),a* ! (pg)) < M and it therefore
follows that a, (7) < M™~"~™. As m € A, s was arbitrary, we conclude that (4.31)
holds as desired. Thus (4.30) is established.

We now establish the opposite inequality to (4.30). Taking so € D, U Dg, say
so € Dy, for definiteness, it is enough to prove that

p(F) = a(so, 50). (4.35)

By Lemma 4.18 the point sy, which is not a point of constancy of «, is also not
a point of constancy of o™, that is, sg € Qun. But then Lemma 4.17 implies that
so €', and so

W(F™) = Ay > A, > u, (S0) = a(so, 80)" (4.36)

by Lemma 4.16 and (4.28). Taking the n*" root in (4.36), letting n — oo, and using
(4.8), now gives the desired inequality (4.35). O

Two corollaries follow directly from Theorem 4.5.
Corollary 4.21. Assume that both o and 3 are monotone increasing in [0, p]. Also

assume that there exists o € S,, which is an n-cycle such that

an(@)V" > sup a(s,s),
s€D,UDg

a particular case of which (a 1-cycle) is that

a(so,S0) > sup af(s,s) (4.37)
SEDQUDQ

for some so € [0, pu] with sg € J(sg). Then there exists a solution x € K \ {0} to
F(z) =rx withr = r(F).

Proof. Theorem 4.5 and Corollary 4.9 ensure that p(F) < r(F). The result now
follows from Theorem 4.4. O

Corollary 4.22. Assume that both « and 3 are monotone increasing in [0, u] and
also that (1.5) holds. In addition assume that

max{a(O, 0)7 a’(:u7 ,LL)} < a4 (438)

where ay s as in (4.1). Then there exists a solution x € K\ {0} to F(x) = rz with
r=r(F).
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Proof. We have that D, U Dg C {0,} and thus (4.38) implies (4.37) for some
S0 € [0, u] where sg € J(sp). The result now follows from Corollary 4.21. O

The next result provides a class of examples for which an eigenfunction fails to
exist for the quantity » = r(F). In this example all the conditions of our abstract
Theorem 3.4 hold except the requirement that p(F) < r(F). This example also
shows the necessity of the lipschitz condition ¢ < 1 on « and § in Theorem 4.1.
Indeed, if « in the following result is lipschitz near 0, then necessarily ¢ > 1 for its
lipschitz constant in a neighborhood.

Proposition 4.23. Let a: [0, ] — [0, 1] be continuous and monotone increasing,
and let B : [0, u] — [0, pu] be continuous. Assume that a(s) < 5(s) for 0 < s < p
and that a(s) < s for 0 < s < p. Also assume that

afs) > s — ks® (4.39)

for 0 < s <6, for somek >0 and § > 0. Let a: [0,u] x [0,u] — [0,00) be a C*
function for which a(0,0) = 1 and which satisfies %(s,t) <0 and %(s,t) <0 in
[0, ] X [0, u], with %(0,0) < 0 and %(0,0) < 0. Then r(F) =1, but there does
not exists v € K \ {0} with F(z) = z.

Proof. As 0 = (0,0) € S; is a l-cycle, we have by Corollary 4.9 that r(F) >
a(0,0) = 1. On the other hand, our assumptions imply that a(s,t) < 1 throughout
[0, 1] x [0, ], and so r(F) <1 by Theorem 4.3. Thus r(F) = 1.

Now suppose there exists z € K, with ||z|| = 1, such that F(z) = z. We seck a
contradiction. Assume without loss that ¢ is small enough that 2ké < 1. Given any
s0 € (0,p) and n > 1, let 0 € S, be such that (F"(x))(so) = an(0)z(sy,), that is, o
is the element of S,, at which the maximum (4.13) is achieved. Also define 7 € S,
by setting p; = a!(sg) for 0 < i < n. By induction one sees from the monotonicity
of a that p; < s; for every such i, indeed, if p; < s; for some 0 < i < n — 1 then
i1 = a(p;) < a(s;) < si41. Thus a(s;, si+1) < a(pi, pi+1) by the monotonicity of
a, and 80 a,(0) < a,(7), and hence

2(s0) = (F"(x))(s0) = an(o)(sn)

n—1
< aa(0) < an(m) = [ ala’(s0), &'+ (s0)). (4.40)
=0

Letting z,(so) denote the final term (the n-fold product) in (4.40), we shall prove
that
nl:rr;o 2n(80) =0 (4.41)

for every sy € (0,p). Noting that z,(s0) = 2x(s0)2n—k(a¥(s0)) holds identically,
and also because limy_.o, a¥(sg) = 0, one sees that it suffices to prove that (4.41)
holds only for sg € (0, 4] in order to conclude that it holds for every so € (0, p).

Fixing so € (0, 4], we note that a’(sg) € [0,] for every i. Letting d > 0 be such
that —d is an upper bound for the partial derivatives of a in the square [0, §] x [0, 6]
and that 2dé < 1, we have from (4.40) that

x(s0) < 1:[ (1 —d(a(sg) + ai“(so))), (4.42)
=0
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where we note the terms in this product are all positive. Taking logarithms and
making a standard estimate, we see that it is sufficient to prove that

> ai(se) = o0 (4.43)
=0

in order to conclude that the right-hand side of (4.42) approaches zero as n — .
To this end, we claim that

(4.44)

for every ¢ > 0, and indeed, (4.43) follows directly from (4.44). Noting that (4.44)
holds for i« = 0, we proceed by induction. If (4.44) holds for a particular ¢, then
from (4.39)

Y

'Y (s0) > asoli+1)7Y) > 0 — k(z Tl)Q

N S0 So _(2i+1)80> So
i+l 2+ 1)2 0 26 +1)2 T 42

where 2ksy < 2kd < 1 was used in the penultimate inequality, and where the final
inequality is a simple calculus lemma. Thus (4.44) holds also for ¢+ 1, and the proof
of the proposition is complete. [

Proceeding toward the proofs of Theorems 4.1 and 4.2, we need several technical
lemmas.

Lemma 4.24. Let s,t€[0,u] and let n>1. Then there exists 0 =/50,51,52,- .- ;Sn) €
S, with so = s and s, =t if and only if t € J™(s).

Proof. This is a simple induction on n, the details of which we omit. [J

For the next lemma we define three quantities which are related to the quantity
b, whose value is given in (4.4). For any sufficiently small § > 0 we set

bn(6) = max an (o),
50 €[5 11— 5]
4.45
bR(8) = max an (o), bl (s) = max an (o). (4.45)
spe0p—s] socloul

The indicated maxima certainly exist, as the function a,, is restricted to a compact
subset of S,,. Note also that

ba(8) < min{BR(8), BL(9)} < max{bR(5), bL(6)} = b, (4.46)

where the final equation in (4.46) requires that § < p — §. The following lemma
describes the growth of the quantities (4.45) with n.

Lemma 4.25. Assume that o and 3 are monotone increasing in [0, u], that (1.5)
holds, and that the function a is strictly positive in S. Denote r = r(F). Then

(i) if Hypothesis X holds then for every 6 > 0 there exists Ms > 0 such that

by (8) < Msr™ (4.47)
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for every n > 1;
(ii) if Hypothesis Y holds then for every 6 > 0 there exists M(SR > 0 such that

bR(6) < MFrm (4.48)

for every n > 1; and
(iii) if Hypothesis Z holds then for every 6 > 0 there exists MY > 0 such that

bl (5) < Myr" (4.49)

for everyn > 1.

Proof. We begin with some preliminary observations. Suppose that o € S,, is such
that
si, € J™(84,) (4.50)

for some 0 < 47 < is < n, and some m > 1. Then by Lemma 4.24 there exists
m € Sy, such that pg = s;, and p,, = s;,. It follows that 7 € S;,—i; +m given by
concatenating this subinterval of o with 7, namely

T = (Siy, Siy 415+ 1 Siy—15 Siy = D05 Pls-++ Pm—1, Pm = Siy )
is a cycle. Thus by Corollary 4.9,

P > g iim (T) = @iy (Siyy Siy s+« s Sin—15 Sip )@ (T0)

4.51
> Qiy—iy (Siys Siv41s -+ > Sig—1,8iy) AT, ( )

with A_ > 0 the minimum of a as defined at the beginning of the section. Let us
rewrite (4.51) as

Ajy—iy (Sil y Sigdly e > Sin—1, Siz) < (A:l’l“)mTiz_il, (452)
in the form of an upper bound.

We now prove (i). Given 6 > 0 let m = m(d) be such that a™(u) < § and
8™(0) > u — J, the existence of such m following from (1.5) and Hypothesis X.
Then

J™(s) = [a™(s), 8™ (s)] 2 [@™(n), 37 (0)] 2 [0, — 4] (4.53)

for every s € [0, u]. Now for any n > 1 take any o € S,, for which sy € [0, u — ], as
in the definition of b,,(5). Then s € J™(s,) by (4.53), so we may take i; = 0 and
i2 = n as above, whence (4.52) gives

an(o) < (AZtr)mem,

Thus (4.47) holds with M = (AZ'r)™.

The proof of (ii) is somewhat more technical than the proof of (i), but follows
similar lines. Here 5(0) = 0 may occur, although 3(8) > ¢ holds. We assume § is
small enough that a(s,t) < r for (s,t) € Sk, by virtue of the fact that a(0,0) < r.
Now with ¢ fixed we have 8 : [d, u] — [0, p], and there exists m = m(d) such that

a™(p) < 4§ and f™(0) > p— 6. Much as before we have

J"(s) = [a™(s), 8" (s)] 2 [ (n), 7 ()] 2 [6, u — 6], (4.54)
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but now only for s € [d,u]. Now for any n > 1 take any o € S, for which
so € [0, — 6], as in the definition of bR (4). If it is the case that s; < § for every
0 <i < n, then a(s;—1,8;) <r for 1 <i<n, and so a,(o) < r™. This gives (4.48)
with M = 1, and we are done. Assume therefore that s; > § for some i, and let
i1 < iy denote the first, respectively last, indices in the range 0 < ¢ < n for which
s; > 0. We claim that (4.50) and thus (4.52) hold. Indeed, by (4.54) it is enough to
prove that s;; < ™ (9) in order to conclude (4.50). If iy > 0, then as s;, € J(s4,-1)
where s;,_1 < § we have s;; < B(s;,-1) < B(6) < f™(6), where we have used the
definition of 4;. And if 43 = 0 then s;;, = so < p— 6 < f™(6) by assumption and
from (4.54).
Having established (4.52), we may now make the estimate

an(U) =ai1—1(80,817~-~ 731'1—2751'1—1)
X a(Siy—15Siy )Qig—iy (Siys Siy41s- -+ 5 Sig—1, Siy) (4.55)
X G(Sigs Sig+1)0n—is—1(Sig41, Sist2s -+ »Sn—1,5n) '

S,,,il71A+(Azl,,,)mrizfilAJrrnfigfl _ Mgrn

7

with ME = (r~'A;)?(A-'r)™, with A, the maximum of @ in S. In making the
estimate (4.55) we have used the fact that a(s;—1,s;) < r for 1 <i <43 — 1 and
for i5 + 2 < i < n, which follows from the definitions of 7; and i, and we have also
used the estimate (4.52). Note also that (4.55) must be interpreted appropriately
when 71 =0 or 1, when i, =n — 1 or n, and when i; = 5.

The proof of (iii) is similar to that of (ii), and is omitted. O

Lemma 4.26. Assume that o and 3 are monotone increasing in [0, ], that (1.5)
holds, and that the function a is strictly positive in S. Also assume that at least one
of Hypotheses X, Y, or Z holds. Additionally, if Hypothesis Y is false then assume
there exist 6 > 0 and ¢ < 1 such that Hypothesis Y' holds; and if Hypothesis Z is
false then assume there exist § > 0 and ¢ < 1 such that Hypothesis Z' holds. Then
there exists a constant M > 0 such that

b, < Mr™ (4.56)

for every n > 1, with b,, given by (4.4) and where r = r(F).

Proof. Let 0 < 6 < /2 be small enough that whichever of Hypotheses Y’ or Z'
is assumed holds. If neither of these hypotheses is assumed then take any 0 < § <
1/2. Now take n > 1 and let o € S,, be such that b, = a,(0), as in (4.4). If
s € [0, u— 6] then b, = b, (§) = bR (8) = bL(8) by (4.45) and (4.46). As at least one
of Hypotheses X, Y, or Z is assumed to hold, we have (4.56) with M = Ms, M, or
M}, respectively, by whichever of (4.47), (4.48), or (4.49) holds.

Suppose therefore that sg & [, u—0d]. For definiteness assume sg € [0, d), the case
s0 € (1 — 6, 1] being treated similarly. Now b,, = b (4), so if Hypothesis Y holds we
have (4.48) and hence (4.56) with M = ML. Assume therefore that Hypothesis Y is
false, and that consequently Hypothesis Y’ is assumed to hold. Let w € S,, be such
that pg = § and 7|o. Then by Lemma 4.14 we have (4.20) for some 0 < k < n. With
this k, and with the lipschitz properties of o and of a near 0 and (0, 0) respectively,
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one has that

0 <logay, (o) —log a,(m)

K
=3 (log a(si—1,s;) — log G(Pihpi)) + log a(sk, sk+1) — log a(pk, Prt1)
i=1

k
SQCZ |si — pil +loga(sk, sk+1) — log a(pk, pr+1)
i=0
b ) (4.57)
<2C ) " |si — pi| +log(AZ" Ay)
i=0
k . .
<203 [a(s0) — @ (po)] + log(A A
i=0
b 206
SQC; 01(5 + 10g(A:1A+) < E + 10g(A:1A+),

where C' > 0 is a lipschitz constant for loga in S, and where we have used the
fact that o’ : [0,6] — [0, d] has lipschitz constant ¢* and that s;,p; < a'(pg) < 6 for

0 < i < k. As Hypothesis Y is false we have that either Hypothesis X or Z holds,
and so

an(m) < max{b,(8),b5(8)} < max{Ms, Mj}r".
We conclude from this and from (4.57) that

bn = an(0) = 22 Can(r) < Z:EZ;

< exp(206/(1 — ¢)) A A, max{Ms, MF}r™.

max{Ms, My }r™

This gives (4.56) with M = exp(206/(1 — ¢))AZ' Ay max{Ms, M}}. O

Lemma 4.27. Assume that « and 3 are monotone increasing in [0, ], that (1.5)
holds, and that the function a is strictly positive in S. Also assume that Hypothesis X
holds and that

a(0,0) < a(p, ). (4.58)

Then there exist 6 > 0 and m > 1 such that the following holds. Let s € [0, u] and
n > 1 be given and suppose o € S,, mazimizes a,(c) among all elements of S,, for
which sg = s. Suppose further for some indices 0 < i1 <19 < n that

S S 6, il S ) S ’iz. (459)

Then necessarily 1o — 11 < m.
The corresponding result when a(0,0) > a(u, ) holds.

Proof. Let ¢ be small enough that a(p) < g — 0 and 3(0) > ¢ both hold, and in
addition that

~

. alp,p

min —

(n.mesk af(s,3)
(s,8)esk

=C>1, (4.60)
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where (4.60) defines the quantity C. Such § exists by Hypothesis X and by (4.58).
With § fixed, let 7 be such that a™(u) < § and 3™(0) > p — 6. Finally let m be
such that

(AJtA_)Pmom=2mtl 5 . (4.61)

We keep m and m fixed for the remainder of this proof.

Now suppose o € S, is such that (4.59) holds for some 0 < i; < iy < n and
that i — i1 > m. Then it is enough for us to show that there exists 7 € S,,, with
Po = Sp, such that

an(m) > an(0). (4.62)

Without loss we may suppose that either io = n, or else that io < n and s;,4+1 > 6.
Furthermore we may suppose that i —i; = m. We shall construct = by replacing
some of the terms s; in ¢ in the range i1 + 1 < i < 45 with new terms p;, so that
the new sequence belongs to S,, and satisfies (4.62). Note that in this construction
po = So as ¢ = 0 is not in the replacement range. For ease of notation let us denote

k
11 ePie1, i)
P(]ak) - g a(si—hsi)

in the calculations below.
Three cases arise. First suppose that ic = n. Then define 7 by

pi=0""(s,), i1+ 1<i<i, (4.63)

with p; = s; for all other values of i. Clearly 7 € S,, and

= P(i1 + 1,11 + m)P(iy + m+ 1,42)

> (AjrlA,)ﬁlCh_il_ﬁl > (AIIA,)QﬁLC"L_QﬁH_l > 17

where we observe for iy +m < i < iy that p; > ™ (s;,) > 8™(0) > pu — 6 and that
s; < 0, and where we use (4.60) and (4.61).
Next suppose that i2 < n and that s;,4+1 € (d, u — ¢]. Define

pi=0""(si,), i +1<i<iy—m+l

Note that (4.53), but with /m in place of m, holds for every s € [0, u], and hence
Sis41 € J™(piy—m+1). By Lemma 4.24 there exist p; for ip —m +2 < i < iy + 1
such that (pi,—mt1,Piy—m+2s- -+ »PinsPin+1) € S and pi, 11 = Sip1. Set p; = s;
for ¢ outside the range i1 + 1 <4 < i5. Then

an—gﬂgZP(il+1,i1+77~1)P(i1+ﬁ1+17i2—ﬁ%+1)P(i2—ﬁ’L+2,i2+1)
an(o

> (ALA YO (LA Y2 (AT AL RO s g
where for i; +m < i < i3 —m + 1 we have that p; > p— ¢ and s; < 6.

Finally suppose that io < n and s;,4+1 € (v — 9, u]. Let p; be as in (4.63) in the
indicated range. Let us now observe that s;,11 € J(p;,). Indeed, s;, <& < 5(0) <
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B(pi,—1) = Pi; and s0 si,41 < B(si,) < B(piy). And sis41 > p—6 > ap) = alpiy).
Thus by setting p; = s; outside the range i1 + 1 <1 < i3, we have 7 € S,,, and

= P(iy + 1,i1 +m)P(iy + 7+ 1,i9) P(iz + 1,3 + 1)
2 (AllA_)mChfilfm(A;lA_) 2 (A_T_lA_)%HCm*M’“ >1

as p; > p— 6 and s; < 6 in the range i1 +m < i < is.
We see that in every case we have constructed @ € S,, with py = s¢p and with
(4.62) holding, as desired. O

Proof of Theorem 4.1. The proof of the existence of an eigenfunction z € K\ {0}
with eigenvalue r falls into three cases. For case one we assume the inequality (4.38),
with a4 as in (4.1). Then the existence of z follows from Corollary 4.22.

For cases two and three we assume that

a_ = min{a(0,0),a(y, u)} < max{a(0,0),a(y,n)} = ay, (4.64)

where (4.64) serves as the definition of a_ (the second equality in (4.64) is our
assumption, not the definition of a, ). Here we shall use Corollary 3.11. Let us note
by Corollary 4.9 that a(s,s) < r for every s € [0, u], as every (s, s) is a 1-cycle, and
thus

ay <. (4.65)

Letting e € K denote the function which is identically 1, we see by (4.4) of The-
orem 4.3 and by (4.13) of Proposition 4.8, that ||[F™(e)| = b,. If we are able to
apply Lemma 4.26 then it will follow that this sequence enjoys the estimate (4.56)
which is the inequality (3.21) necessary for Corollary 3.11. Let us observe that the
conditions of Lemma 4.26 hold. Either a(0,0) = a4 or a(p, ) = a4+ by (4.64) and
so Hypothesis X is assumed. If Hypothesis Y fails then necessarily a(0,0) = r,
hence a(0,0) = a4 by (4.65), and we assume Hypothesis Y’. Similarly if Hypoth-
esis Z fails then Hypothesis Z’ holds. Let us also observe that r > 0, otherwise
IE(e)|| = b1 = 0 by (4.56), contradicting the positivity of a.

The other condition of Corollary 3.11 which we verify is that WJGF (e) is compact,
where G(z) = r~1F(z). The set v/ (e) is certainly bounded, as [|G™(e)|| < M by
(4.56), and so we must show the sequence of functions z, = G"(e) is equicontinuous.
It is enough to show the sequence of functions y, defined by y,(s) = logz,(s) is
equicontinuous, and indeed

Yn(s) = max{w,(c) |0 €S, and sg = s}
by (4.13), where
wy (o) = log(r™"an(0))

for o € S,,.
We distinguish cases two and three based upon a strict inequality, or an equality,
in (4.64). For case two we assume (4.64) together with the strict inequality a— < a-.
Thus either
a(p, p) < a(0,0) = ay, (4.66)

in which case we assume that Hypothesis Y’ holds, or else

a(0,0) < a(p, 1) = ay, (4.67)
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in which case Hypothesis Z’ is assumed. Let § be as in whichever of Hypotheses Y’
or 7' is taken here. We assume further that ¢ is small enough that the conclusions
of Lemma 4.27 hold, and we let m be as in that result. Also, for any 1 > 0 define

o(n) = max{|w(s,t) —w(3,t) | (s,t),(5,1) €S with |s — 3| + [t — | < n},

where w(s,t) = wy(s,t) = log(r~ta(s,t)). Finally, let 7 > 1 be such that o™ (u) <
§ and ™(0) > u — &, where such m exists by (1.5) and Hypothesis X.

Now let > 0 and take distinct points sg, po € [0, ] with |sg—po| < 1. Assuming
without loss that y,(so) > yn(po), let ¢ € S, be such that y,(so) = wy(0) and
let 7 € S, through py be such that 7|o, and so 7|,0. Now assume further that
so < po- The proof when sy > pg, which will be left to the reader, is analogous. By
Lemma 4.14 one has (4.20) for some 0 < k < n, and much as in (4.57) we have

k+1
0 < yn(s0) — yn(po) < wn(o) —wy(m) = Z (w(si—la $i) — w(Pi-hPi))- (4.68)
i=1
If k <m +m then
k+1 m+m

19 (50) = yn (o)l < Y @(i1(n) +vs(m) < Y @(i1(n) +vi(n),  (4.69)

=1 i=1

where we have used the inequality |s; — p;| < ¢;(n) from Lemma 4.10. Suppose on
the other hand that m + m < k. We claim that necessarily (4.66) holds. Assuming
to the contrary that we have (4.67), we have by (4.20) that s; < o’(pg) < a™(u) <
for m < i < k, so by Lemma 4.27 necessarily £ — m < m, a contradiction. Thus
(4.67) is false and (4.66) holds, so as noted earlier we have Hypothesis Y.

We now estimate (4.68), where we are still assuming that m + m < k and so
Hypothesis Y’ holds. From the fact that « : [0,8] — [0, 6] has lipschitz constant
¢ < 1, and from the fact that s;,p; < a’(pg) < d for m < i < k while sg11 = pro1,
we obtain as an upper bound for the absolute value of the summation in (4.68)

m k
Z (ima (n) + $s() +2C 3 s = pil + [wsk, s141) = w(pr, P
m k
<3 ol () i) + 20D s~ pal + (s — i)
o = (4.70)
<D lial 4 )+ (£ )l + ola™ ) — o™ (s0)
< 3w + ) + (7255 )i + ot o)

7

where C' > 0 is a lipschitz constant for w in S(%. We thus have the upper bounds
(4.69) and (4.70) for |y, (s0) — yn(po)| in the cases that k < m+m and m+m < k,
respectively. Letting £(n) denote the maximum of the final sum in (4.69) and the
expression in the last line of (4.70), and noting that m and m are independent of
n, we see that |y, (so) — yn(po)| < &€(n) whenever |sg — po| < 1. Thus the sequence
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of functions y,, is equicontinuous, as desired. This completes the proof of existence
for case two.
For case three we have that

a(0,0) = a(p, p) = ax.

The proof here is similar to that of case two, although somewhat easier in that both
Hypotheses Y/ and Z’ hold. We take m, o, 7, and k as before, with |so—po| < n, and
obtain (4.68). If k& < /m then (4.69) holds with m in place of m + m. If m < k then
there is no need to establish Hypothesis Y’ as we did in case two, as this condition
is assumed. Thus we may proceed directly to obtain (4.70) which is an upper bound
for the absolute value of the summation in (4.68). This completes case three.

The existence of an eigenfunction x having been established, the claims about
the strict positivity of x and of r follow from Proposition 4.12. O

Proof of Theorem 4.2. Let Ky C C[0, 5] denote the cone of nonnegative func-
tions and consider the operator Fy : Ky — Ky given by (1.2) but with s restricted
to the interval [0, 8p]. Then Theorem 4.1 applied to the operator Fy implies the
existence of x € Ky \ {0} with Fy(z) = rox, where rg = rg,(Fo) > 0 is the cone
spectral radius for the operator Fy. Moreover, x is strictly positive in [0, Fo].

Extend z to the interval [0, ] by letting equation (1.10) with A = r¢ define z(s)
for s € (6o, u], and observe that x so defined is strictly positive and continuous
in [0,u]. Thus z € int(K) C K \ {0}, and so by (2.18) of Theorem 2.2 we have
r(F) = p(z), where clearly p(z) = r. This gives the result. O
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