Available online at www.sciencedirect.com
SC[ENCE@DIRECT“ LINEAR ALGEBRA

AND ITS
APPLICATIONS

ELSEVIER Linear Algebra and its Applications 416 (2006) 615626

www.elsevier.com/locate/laa

Iterated linear maps on a cone and Denjoy—Wolff
theorems

Brian Lins*, Roger Nussbaum !

Department of Mathematics, Rutgers University, 110 Frelinghuysen Road, Piscataway,
NJ 08854-8019, United States

Received 5 May 2005; accepted 13 December 2005
Available online 8 February 2006
Submitted by B.-S. Tam

Abstract

Let C be a closed cone with nonempty interior int(C) in a finite dimensional Banach space X. We consider
linear maps f : X — X such that f(int(C)) C int(C) and fhas no eigenvector in int(C). For g € C*, with
g(x) > 0Vx € C\{0} we define T'(x) = % and £, = {x € Clg(x) = 1}. Letri(Z,) denote the relative
interior of X. We are interested in the omega limit set w(x; 7) of x € ri(2;) under T. We prove that the
convex hull co(w(x; T)) C 024, and if C is polyhedral we also show that w(x; T) is finite. Thus if C is
polyhedral there is a face of C such that the orbit of any point in the interior of C under iterates of fapproaches
that face after scaling.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Let D be a bounded open convex set in a finite dimensional real Banach space X. D can
be given a metric d called Hilbert’s metric with the aid of cross ratios (see [12]). Assume that
f : D — D is nonexpansive with respect to d. If in addition D is strictly convex and f has no
fixed point in D, then Beardon [4] showed that there exists a z € 0D such that || f kx) — zl = 0
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as k — oo for all x € D (actually Beardon assumes that d( f(x), f(y)) < d(x, y) but later work
(see [12]) has shown that this assumption is not necessary). This result is an exact analogue for
Hilbert’s metric of the classical Denjoy—Wolff theorem for fixed point free analytic maps of the
unit disc into itself. Further work in this direction can be found in [3,11,12].

Unfortunately, in almost all applications in analysis of which we are aware (see [5,13,15] for
example) the set D is not strictly convex, and simple examples show that in this case the direct
generalization of Beardon’s theorem fails. Karlsson and Noskov [12] have considered the case in
which D may not be strictly convex. If f has no fixed point in D, then for any x € D, there must
exist a point z in the omega limit set (see Section 2 for definitions) of x such that for any other
point y in the omega limit set, the line segment connecting z and y lies in the boundary of D.
This result raises the following question. For a Hilbert metric nonexpansive map f : D — D, can
there exist a point x which has an omega limit set which is not contained in a face of the boundary
of cI(D)? Nussbaum has conjectured that the convex hull of the omega limit set w(x; f) of any
point x € D under f will be contained entirely in the boundary 0D, at least for many important
classes of functions from analysis (see [16] for further remarks). Karlsson has proposed a similar
conjecture by e-mail communication in 2004.

Let C be a closed cone in X. An alternative formulation of Hilbert’s metric can be given
on the interior of C, denoted int(C). In this formulation, we have a pseudo-metric d, called
Hilbert’s projective metric on int(C), which is invariant under scaling of the vectors involved. Let
q : C — R be a continuous, homogeneous of degree one map with g(x) > 0 for all x € C\{0}
and define X, = {x € C|g(x) = 1}. Hilbert’s projective metric restricted to the relative interior
of 2 (defined to beri(2y) = 24, Nint(C)) is in fact a metric, and if X is convex then this metric
is the same as the Hilbert metric obtained using cross ratios. For the problems dealt with in this
paper, we typically choose g to be an element of the dual cone C* with the property that g(x) > 0
for all x € C\{0}. For finite dimensional cones, this poses no problems. However, such a linear
functional may not exist when C is an infinite dimensional cone.

If f:X — X is homogeneous of degree one, leaves int(C) invariant, and f preserves the
ordering induced by the cone C on X, then it is known that f is nonexpansive in Hilbert’s
projective metric on int(C) [15, Prop. 1.5]. This fact gives us an obvious place to look for examples
of maps which are nonexpansive with respect to Hilbert’s metric. In order to convert between the
two approaches to Hilbert’s metric, we define the map 7 by T'(x) := f(x)/q(f(x)) which maps
ri(Xy) — ri(2y), and is nonexpansive with respect to Hilbert’s metric. Note that T has a fixed
point in ri(Xy) if and only if f has an eigenvector in int(C).

In a paper by Akian et al. [1], the authors consider polyhedral cones C and continuous maps
f : C — C which are order-preserving and subhomogeneous (see Section 2 for definitions). If
x € C and {f¥(x)|k > 0} is bounded in norm it is proved that 3p = p(x) and £ = £(x) such that
| f¥P (x) — €| > 0 as k — oo. In particular the omega limit set w (x; f) is finite. If in addition
f(@nt(C)) C int(C), x € int(C) and f has no fixed points in int(C) the result of [1] is used in
[16] to show that w(x; f) lies in a single component of C (again see Section 2 for definitions) and
co(w(x; f)) € OC. Thus this situation is reasonably well understood. However, if { f k (x)]|k = 0}
is unbounded in norm, the results of [1] give no information about w(x; T'), where T is the scaled
version of f, T'(y) = f(y)/q(f(y)).

In this paper we shall consider Hilbert metric nonexpansive maps arising from linear maps
which are order-preserving and leave int(C) invariant. The iterates of such maps need not be
bounded even if they have spectral radius one. In Section 2 of this paper we review some relevant
background material and prove some general results about order-preserving, homogeneous of
degree one maps f : C — C. In Section 3 we prove that for a Hilbert metric nonexpansive map



B. Lins, R. Nussbaum / Linear Algebra and its Applications 416 (2006) 615-626 617

T arising from scaling a linear map f : int(C) — int(C) in the manner described above, either
T has a fixed point in ri(2,) or the convex hull of the omega limit set of any point x € ri(2,),
co(w(x; T)), is contained in the boundary of X;. In the case where 2, is polyhedral, we show
that w(x; T') is also finite.

The case we are considering is really part of linear Perron—Frobenius theory on general finite
dimensional cones. It is striking that the elementary questions we ask seem not to have been
previously addressed.

2. Background material

In this section we collect some needed background material. By a closed cone C in a real
Banach space (X, || - ||) we shall mean a closed, convex set in X such that (a) AC C C for all
A 20 and (b) C N (—C) = {0}. A closed, convex set C is called a wedge if (a) holds but (b)
possibly fails. As usual, X* will denote the dual of X; and we shall always define C* € X* by

C*=1{0 € X*|0(x) > 0forall x € C}. (1)

C* is always a wedge, and if the closed linear span of C equals X (in which case C is called
total), C* is a closed cone.

A closed cone C in a Banach space (X, || - ||) induces a partial ordering <¢ by x <¢ y if and
only if y — x € C. If the context is clear, we shall write < instead of <¢. If C is a closed cone
in a Banach space X and Y, the linear span of C, is finite dimensional, we say that C is finite
dimensional and we define dim(C) = dim(Y). In this case it is easy to show that inty (C), the
interior of C as a subset of Y, is nonempty. In general, a closed cone C in a Banach space X
is called normal if there exists a constant M such that ||x|| < M||y| whenever 0 < x < y. Itis
known [9,19] that every closed, finite dimensional cone is normal.

If C is a closed cone in a Banach space (X, || - ||), x € C\{0} and y € X, we shall say that x
dominates y (in the partial ordering from C) if there exists 8 € R with Bx > y. If x, y € C\{0},
we shall say that x and y are comparable (in the partial ordering from C) and we shall write x ~ y
if x dominates y and y dominates x. Comparability gives an equivalence relation on C\{0}; and
for u € C\{0}, we shall call {x € C|x ~ u} the component of C containing u and we shall write

Cu = {x € C\{O}|x ~ u}. (2)
It is easy to see that C,, is convex and AC,, = C,, forall A > 0. If int(C) # ¥ and u € int(C), itis
clear that C, = int(C). If C is a closed, normal cone in (X, || - ||), # € C\{0} and X, is a vector
space defined by

X, ={xeX|da >0 with —au < x < au}, 3)

then it is well known see [9,19,21] and references to the literature on p. 494 of [7] that with a
norm || x|, defined by

x|y =inf{a > 0] — au < x < au}. @

(Xu, Il - llu) is a Banach space and C, is the interior of C N X, in (X, || - ||,)- If X is finite

dimensional, X, is the linear span of C,, || - ||, and || - || are equivalent norms on X, and C, is
the interior of C N X, in X,.
If C is a closed cone in a Banach space (X, || - ||), x, y € C\{0} and x and y are comparable,

we shall follow Bushell’s notation [5] and define

m(y/x; C) := supfa = Olax < y} ()
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and
M(y/x; C) :=inf{b > 0|y < bx}. (6)

If x, y € C\{0} are comparable, o := m(y/x; C), B := M(y/x; C), we define Hilbert’s pro-
jective metric d(x, y; C) by

d(x,y; C) =log(B/a). 7

If it is clear what cone is referred to, we shall write M (y/x), m(y/x) and d(x, y) instead of
M(y/x; C), m(y/x; C)and d(x,y; C). If u € C\{0} and x, y,z € Cy, then (a) 0 < d(x,y) =
d(y,x),(b)d(x,z) <d(x,y)+d(y,z)and (c)d(x, y) = Oifand only if y = zx for some ¢ > 0.
It follows that if ¢ : C,, — (0, 00) is a continuous map which is homogeneous of degree 1 (so
q(tx) =tq(x) forallt > Oand all x € C,) and if S, is defined by

Sq = {x € Culg(x) =1}, ®)

then (S, d) is a metric space. If C is also normal, it is known that (S, d) is a complete metric
space and the topology on (S, d) is the same as the topology induced by the norm on X: see
Chapter 1 of [15] and p. 494 of [7] for references to the literature concerning this theorem. We
shall be interested inmaps T : §; — S, suchthatd(Tx, Ty) < d(x, y)forallx,y € S;, and we
shall call such maps nonexpansive with respect to d.

A closed cone in a finite dimensional Banach space X is called polyhedral if there exist
01,0, ...,0y € X* such that

C={xeXfjx)=>0 forl<j<N} )

A face of a polyhedral cone C is aset F = {x € C|¢(x) = 0}, where ¢ € C*. If dim(C) = n
and dim(F) =n — 1, F is called a facet of C. It is known (see [20, Section 8.4]) that if C
is a closed polyhedral cone with nonempty interior in X and C has N facets, then there exist
0; € C*\{0}, 1 <i < N, such that Eq. (9) holds and such that each 6; defines a facet of C.

If C is a closed cone in a Banach space X, I' € C and D is a closed cone in a Banach space
Y,amap f: I — D is called order-preserving (with respect to the partial orders on C and
D) if f(x) < f(y) whenever x,y e I'and x < y. If tI' C I for all + > 0, f is called homo-
geneous of degree 1 if f(tx) =¢f(x) forall x € ['and ¢ > 0 and f is called subhomogeneous
if tf(x) < f(¢tx) for all 0 < ¢ < 1. Our main interest is in the case that I' = C or I = C, for
some u € C\{O}and D = C or D =[0,00). If u € C\{0} and ¢q : C,, — (0, 00) is continuous
and homogeneous of degree one, S := {x € C,|q(x) = 1} and f : C, — C, is homogeneous of
degree one and order-preserving, one can define 7 : § — S by T'(x) = f(x)/q(f(x)), and it is
easy to verify (see Chapter 1 of [15]) that T is nonexpansive with respect to d. Furthermore, if
f : Cy, — C is homogeneous of degree one, order-preserving and f(x) € C, for some x € C,,
then f(y) € C, forall y € C,,.

Let C be a closed cone in a finite dimensional Banach space X and g : C — R be a continuous
map which is homogeneous of degree one and satisfies g(x) > 0 for all x € C\{0}, a simple
continuity and compactness argument implies that there are positive constants ¢; and ¢, with

cillxll < g(x) < c2llx|| forallx € C. (10)

If C is a closed, finite dimensional cone, it is well known that there exists § € C* and positive
constants ¢; and ¢ with

cillxl < 6(x) < eallx]| forallx € C (11)
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and in this case we shall take ¢ = 6 € C*, where 6 satisfies Eq. (11). In infinite dimensions, there
may not exist & € C* which satisfies Eq. (11), and it may be necessary (see [15] or [16]) to take
q(x) = [ix].

Lemma 1. Let C be a closed cone in a finite dimensional Banach space (X, || - ||) and q : C —
[0, 00) a continuous map which is homogeneous of degree one and satisfies q(x) > 0 for x €
C\{0}. Define 2, := {x € Clg(x) = 1}. Assume that (xi|k > 1) C X, and (y¢|k > 1) C 2, are
sequences in X such that x; and yy are comparable for allk > 1 and d(xy, yr) < R < oo for all
k> 1. Iflimgo oo Xk — ¢l =0 and limg— o ||yk — nll = 0, then ¢ and n are comparable and
di,n) < R.

Proof. There is a constant M such that whenever 0 < x < y

q(x) < Mq(y). (12)

If Eq. (12) were not satisfied there would exist points x; < ¥ in C\{0} with g(V¥%)/q(xx) — 0.
By the homogeneity of g, we can assume that g () = 1. Using Eq. (10) we see that there are
positive constants ¢y and ¢y with ey [|x|| < g(x) < ez|x || forallx € C.If wedefineux = xx/q(xx)
and vy = ¥ /q(xx), we conclude that cq [Jug|| < 1 < ca|lukll and |Jvg|| — 0. By taking a subse-
quence we can assume that uy — u € C\{0}, vx - 0 and 0 — u = —u € C\{0}. Since u # 0,
we have contradicted the definition of a cone. Thus Eq. (12) holds.

There exist o > 0 and Bx > 0 with axr < yx < Brxk and log(Bx/ax) < R. Applying g and
using Eq. (12) we see that

ap =arq(xp) < Mg(yr) =M and 1 =q() < Mq(Bexk) = MBy.
Since By /o < exp(R) we deduce that
1 1
Br < arexp(R) < Mexp(R) and (—) < <,6_> exp(R) < M exp(R).
(073 k

It follows that by taking a subsequence we can assume that oy — o > 0 and fr — B, and we
deduce that ¢ < n < B¢, with log(8/a) < R. O

If A is a subset of a Banach space (X, || - |), cl(A) will denote the closure of A in the norm
topology, and co(A) will denote the convex hullof A.If D € X, T : D — Disamapandx € D
we shall write

y(x: T) = (T*(x)|k > 0}. (13)
We are interested in the “omega limit set of x under 7, w(x; T') defined by
olx; T) = ﬂ cl(y (T (x); T)). (14)
m>0

As is well known, & € w(x; T) if and only if there is a sequence of integers k; 1 oo with
IT% (x) — &|| — Oasi — oo.

The following theorem will be crucial for the main results of this paper. Note that assertion
(a) is restatement of results which appear in Theorems 4.1 and 4.2 on p. 114 of [15]. For more
details see [16].

Theorem 1. Let C be a closed cone with nonempty interior, int(C), in a finite dimen-
sional Banach space (X, | - ||). Let g € C* be such that q(x) > 0 for all x € C\{0}. Define
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2y ={x €Clgx) =1} and ri(Zy) := X4 Nint(C). Assume that T :1i(2,) — ri(Zy) is non-
expansive with respect to Hilbert’s projective metric d and that T has no fixed points in 1i(2,).
Then the following hold.:

(a) For every x € 1i(2y), w(x; T) € OC.

(b) Ifx, y € 1i(2y), then every element ¢ € w(x; T) is comparable to an elementn € w(y; T).

(¢) If x €1i(2y), every element & € CO(Uzeri(Zq) w(z; T)) is comparable to an element { €
co(w(x; T)).

(d) If there exists x € ri(Xy) and ¢ € w(x; T) such that T has a continuous extension T:
(2 U{c} — 2, then ¢ and T (¢) are comparable and d(¢, T (¢)) < d(x, Tx).

Proof. As stated above, a proof of assertion (a) can be found in Theorems 4.1 and 4.2 of [15] on
p. 114.

Suppose that x, y € ri(2,) and ¢ € w(x; T'). By definition, there exists a sequence k; — o0
with | 7% (x) — ¢|| = 0. Because cl(y (y; T)) is compact, by taking a further subsequence, which
we label the same, we can assume that there exists 7 € C and || T% (y) — 5| — 0. Because T is
nonexpansive with respect to d, d(T% (x), Tk (y)) <d(x,y). Lemma 1 now implies that ¢ is
comparable to n and d(¢, n) < d(x, y).

For ¢ € w(x; T) there exists a sequence k; — oo with ||Tk" x)—¢||l—0asi > o0. If T
has a continuous extension T : ri(Xy) U {¢} — X, then IT5 (T (x)) — T ()| — 0asi — oo,
SO T({) € w(x; T). By the argument given above ¢ and T(;) are comparable and d(¢, T({)) <
d(x, Tx).

Suppose £ = Z;V:l Ajnj whereeachA; > 0, Z;v:l Aj = l,andeachn; € w(y;; T) for some
yj €r1i(Zy). We have proved that there exist {; € w(x; T) such that ¢; is comparable to n; for
each 1 < j < N. It follows that & = Z;VZI A j¢; is comparable to Z?’:l Ajnj. O

Remark. We shall actually be considering a special case of Theorem 1: Suppose that f : C — C
is continuous, order-preserving, homogeneous of degree one and f : int(C) — int(C). We know
then that 7 (x) = f(x)/q(f(x)) defines a map of ri(Zy) to ri(Z,;) which is nonexpansive with
respect to d. If G = {x € 2| f(x) # 0}, it is clear from the definition of T that 7" extends to a
continuousmap7 : G — X 4- Generally, the question of when a Hilbert metric nonexpansive map
extends continuously to the boundary of its domain is critical in the problems we are studying.
Although we will not use it in this paper, the following proposition implies that if x € ri(2,;) and
Cew(x;T)thent¢ € G.

Proposition 1. LetC, X, g, and X, be asin Theorem 1 and assume that f : C — Cis continuous,
order-preserving and homogeneous of degree one. Assume that f (int(C)) C int(C) and define
T:ri(2y) = r1i(Zy) by T(x) = f(x)/q(f(x). If x €1i(Zy) and ¢ € w(x; T) then f(¢) # 0.

Proof. Choose ¢ > 0 such that cx < f(x). Since f is order-preserving, cf*(x) < A 1(x). So
using Eq. (12) (which we may do by the arguments given in the proof of Theorem 1) we get that

cq(f* () < Mq(f*(x)
and hence

k+1
AT @) € allk > 0,
q(f*x)) M
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This implies that

fki (x) ) ki
— | = T -0
(Gl ) = 1

for any subsequence k; — 00. Soif ¢ € w(x; T) then f(¢) #0. O
If C is a closed, two dimensional cone, all of our questions become trivial.

Proposition 2. Let C be a closed, two dimensional cone in a two dimensional Banach space X
and let q : C — [0, 00) be a continuous map which is homogeneous of degree one and satisfies
q(x) > 0 for all x € C\{0}. Let 2, := {x € Clg(x) = 1} and 1i(2;) :=int(C) N ;. Assume
that T :11(2,) — 1i(Xy) is a continuous map which has no fixed points in 1ri(2,). There exist
points v1, va € 0C N X, such that X, = r1i(Zy) U {v1, v2} and either (a) TK(x) > viask — 0o
forall x eri(Zy) or (b) TK(x) — vy ask — oo forall x € ri(Zy).

Proof. It is easy to verify [6] that there exist linearly independent vectors v, v2 € X such that
= {A1v] + Aov2|A1 and A > 0} and int(C) = {Ajv] + A2v2|A1 and A > 0}. By homogeneity
of g, we can assume that g(v;) = g(v2) = 1. There exists a homeomorphism @ : [0, 1] — 2,

defined by (1) = % and &((0, 1)) = ri(Z,). If we define T : (0, 1) — (0, 1) by

= (@ ' oT o®)1),

it is easy to see that Tk (t) — O for all t € (0, 1) if and only if Tk(x) — v for all x € ri(2y).
Similarly Tk(t) — 1 for allt € (0, 1) if and only if TK(x) — vy forallx € ri(2,). Because T has
no fixed points in ri(2y), T* has no fixed points in (0,1). The intermediate value theorem implies
that either (a) T(t) < tforallt € (0,1) or (b) T(t) >t for all t € (0, 1). In case (a) we deduce
thatforO <t < 1, (Tk(t)|k > 0) is a strictly decreasing sequence of real numbers in (0, 1). It
follows that there exists T € [0, 1) so that limg_, o |?k (t) — t| = 0.Thus ?(r) =r,andift > 0,
T has a fixed point in (0,1) which is a contradiction our. Thus, in case (a), limg_, oo TK(x) = v
for all x € ri(X,). An analogous argument shows that in case (b) limy_.oo T k(x) = vy for all
x eri(Zy). O

3. Hilbert metric nonexpansive maps from linear maps

For any closed cone C with nonempty interior in a finite dimensional Banach space (X, | - ||),
we may choose a linear functional g in the dual cone C* with the property that ¢ (x) > Oforall x €
C\{0}. We define 2, := {x € C|gq(x) = 1} and 1i(2,) := 2, Nint(C). As mentioned before, if
f : C — Ciscontinuous, order-preserving, homogeneous of degree one and f (int(C)) < int(C),
then the map T :ri(2;) — ri(Z,) defined by T (x) = f(x)/q(f(x)) is a nonexpansive map in
the Hilbert metric on ri(X,) (see Chapter 1 of [15]). In particular, if f is a linear, it will give
rise to a map T :ri(X,) — ri(2;) which is nonexpansive in Hilbert’s metric. In this section
we will collect some results relating to the omega limit sets of points x € ri(2,;) under a map
T(x) = f(x)/q(f(x)) where f is linear.

Theorem 2. Let C be any closed polyhedral cone with nonempty interior in a finite dimen-
sional Banach space X. Suppose that f : C — C is a linear map such that f (int(C)) C int(C).
Let g € C* be such that q(x) > 0 for all x € C\{0}, and define X, and ri(X;) as before. Let
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T(x) = f(x)/q(f(x)). If T has no fixed points inri(Xy), then for any x € ri(2;), w(x; T) isa
finite subset of C,, N X, for some u € 0C, and C,, does not depend on x.

Before we can prove this theorem, we need the following lemma. For completeness we give a
proof, although Bit-Shun Tam has pointed out that this lemma can be obtained as a corollary of
Theorem 3.6 in [8]. For comparison, see Theorem 9.1 of [17].

Lemma 2. If A # 0 is a nonnegative n x n matrix, with spectral radius r (A) = 1, then there is

L L . kp . .
a positive integer p and a nonnegative integer m such that limg_, o f,‘(—m = L exists, and L is a
nonnegative matrix not equal to zero.

Proof. If A is irreducible and the spectral radius r(A) = 1, then it is well known that every
eigenvalue A of A with |A] = r(A) = 1 is a root of unity [10, Cor 8.4.10]. In fact this is true for
any nonnegative matrix with spectral radius 7 (A) = 1. To see this, it suffices to note that A is
conjugate via a permutation matrix to its Perron normal form, which is a block upper triangular
matrix with irreducible blocks along the diagonal ([14, p. 142]). Therefore, there is a p such that
the only eigenvalue of A? with absolute value 1 is 1. Thus the Jordan form J = S~1A”S of A?
will consist of Jordan blocks corresponding to the eigenvalue 1, and Jordan blocks corresponding
to eigenvalues with modulus strictly less than 1.

If J,(1)isag x g Jordan block of J corresponding to the eigenvalue 1, then J, (1) = I, + N,
where I, is the g x g identity matrix, and N, is the nilpotent matrix with entries v;; = 1 if
J —i = 1land v;; =0 otherwise. The binomial theorem gives

k
Koy kY
=1+ (t>Nq
=1
®

and N is the matrix with entries vi(j'.) =1if j —i =15 v;;
q — 1, Ny = 0. Thus

Jk(l) (g—b 1 k 1
SV b R S re)
Jim Sy = i > K@D <t) Nog=G =i

t=1

= 0 otherwise. In particular, if # >

Thus if g is the size of the largest Jordan block in J corresponding to the eigenvalue 1, it
follows that if J; is any Jordan block of J which either corresponds to the eigenvalue 1, but has
size less than ¢, or corresponds to an eigenvalue with modulus less than 1, we have

gk

im —i
klin;o k(=1
This implies that

lim Jk = g™

k—o00

exists and is not zero. Thus,
Akp Jk
lim —— = lim S(—— | S~ '=s7®s7 =L
koo kK@D jooo” \ k@D

exists. Then since each AX? is a nonnegative matrix, we conclude that L must also be nonnegative,
and since J*° has a strictly positive norm, L # 0. [
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Using this lemma, and the results of the previous section, we can now prove Theorem 2.

Proof (of Theorem 2). Since C is a polyhedral cone and g is a linear functional, the set X is
a convex compact polyhedral set, and thus X, has a finite number of extreme points. Suppose
that {1, {2, ..., ¢{n are the extreme points of 2. If x € ri(X,), there exist A1, A2, ..., Ay =0
such that x = A141 + X282 + - - - + An <. In fact, we may assume that each A; > 0 for 1 <i <
N. This is because x is in the interior of X, and can therefore be written as a convex com-
bination of the point z = % Z,N:1 A; and some other point in X; on the ray from z passing
through x. Furthermore, since f is linear, f(x) = A1 f(&1) + A2 (&) + - -+ An f(&n). Since
f:C — C and span{{y, &2, ..., {n} contains C, note that f(¢;) = ZIN=1 a;jj¢; with each a;; >
0. Let A be the N x N matrix defined by A =[a;;]. Let ¢ : RN — X be the map given by
G, uz, ..., uny) =uil1 +uzés + -+ - + uny. Using the linearity of ¢ we can see that if v =
U1l +uslp + -+ +upniy then f(v) = ¢(Au) where u = (uy, uz,...,uyN) € RN Since v =
¢ (u) implies f(v) = ¢ (Au) it follows that fk(v) = ¢(Aku) whenever v = ¢ (u). In particu-
lar, for our x € ri(Zy), k) = q)(Aky) where y = (A1, A2, ..., Ay) € R*. By Lemma 2, there
kp (¢
’ k"’fp(z(‘\)z‘l’ o

¢ (%) — ¢(Ly) as k — o0, and since all entries of y are strictly positive Ly = 0. It then

follows that TP (x) — ¢ = ¢(Ly)/q(¢(Ly)). Since T has no fixed points in the interior and
x €r1i(2y), Theorem 1 tells us that ¢ € 0C N X;. Because Ti(x) € ri(Xy) forO <i < p —1,the
same argument shows that the sequence (T*P*i(x)|k > 0) converges as k — oo for all i, 0 <
i < p — 1.Because T*P* (x) and T*? (x) are comparable for k > 0, with d(T*P+ (x), T*P (x)) <
d(T'(x), x), Lemma 1 implies that limy_, o T*P (x) and limy_, oo T*PT (x) are comparable for
0 <i < p— 1. Also since limg_ o Tkp (x) = limg_ o Tkp+p (x) = ¢, it follows from Theorem
1 that the omega limit set w (x; T') consists of at most p points in C; N 2. It also follows from
Theorem 1 that for any other y € ri(2y), w(y; T) € C;. U

exists a p and an m such that — L # 0 as k — oo. Since ¢ is continuous

km (A)kl’

Remark. The number p in the statement of Theorem 2 will always be the order of a cyclic
subgroup of the symmetric group on N elements, where N is the number of extreme points of
2y, see [14].

Remark. Theorem 2 implies that the omega limit set under 7 of any point on the interior of 2,
is finite. This result is not true in general for cones C which are not polyhedral. In fact, if C < R*
is the cone defined by

C={xeRx >0,x3+x3<x} and0 < x4 < x1)
and f : C — C is the linear map defined by f(x) = Ax where
1 0 0 O
0 a b O
A=1o —b a of
0 0 0 3

where a2 4+ b =1, and tan_l(b/a)/Zn is irrational. Then for x = ( , é, 0, 1) € int(C), the
omega limit set w (x; f) contains infinitely many points in 0C. If we define X = {x € C|x; = 1},
and T : % — Tby T(x) = £(x)/(f(xX)1), then @ (x: T) will not be finite for x = (1, 1o, %).
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For an arbitrary closed cone C with nonempty interior in a finite dimensional Banach space
X, and a linear map f : C — C, with f(int(C)) C int(C), it will not always be the case that the
omega limit sets of points in ri(Z;) under the action of the Hilbert metric nonexpansive map T
arising from f are finite. We can, however, prove a weaker result, which tells us that if 7 has no
fixed points on the interior of 2, then the convex hull of the omega limit set w (x; T') will lie in
the boundary of 2. The proof of this result relies on the following observation.

Lemma 3. Foranaffinemap f(x) = Lx + b, where L is linear and order-preserving with respect
to C,b € C, and with q and X, as in Theorem 2, let T (x) = f(x)/q(f(x)). Such a map T
is a convexity-preserving map defined on the set G = {x € 2,4|f(x) #0}. That is, if x € G
is a convex combination of 71,22, ..., 2k in G, then T (x) will be a convex combination of
T(z1), T(z2)s -, T(zk).

Proof. For x = A1z1 + A2zo + -+ - + Agzg, with A; > Oand ), A, =1
f)  Lx+b

T(x)= =
q(f(x))  gq(Lx+b)
_ AMLzy+ -+ ALz + b
~ hg(Lzn) + -+ g (Lzx) + q(b)
MLz +b)+ -+ MLz + D)
gLz + D) + -+ g (Lzk + b)
_ MmqLzi +b)T(z1) + -+ + Ag(Lzk + b)T (2x)
- Mq(Lzy+Db) + -+ + g (Lzx + b)
=T (z1) + paT(z2) + -+ i T (zk)
with
riq(Lzi + b)
i

T gLz +b) + -+ hq(Lzg +b)

Remark. For a characterization of convexity-preserving maps on a subset of a vector space see

[2].

Theorem 3. Let C be a closed cone with nonempty interior in a finite dimensional Banach space
X. Let f:X — X be a linear map such that f(int(C)) C int(C). Let g € C* be such that
q(x) > 0 forall x € C\{0} and define X4y = {x € Clq(x) = 1} and1i(2;) = X, Nint(C). If the
function T defined on Xy by T (x) = f(x)/q(f(x)) has no fixed point in 1i(X,), then for any
x €r1i(Zy), co(w(x; T)) € 0X, := X, \ri(Zy).

Proof. We argue by induction on n = dim(X). If n =1, 2, =ri(2,) and T has a fixed point
in ri(%y), so the theorem is vacuously true. If dim(X) = 2, Proposition 2 proves that the the-
orem holds. Assume, for some n > 2, that the theorem is true for dim(X) < n. Let X be a
Banach space with dim(X) = n and let C and f be as in the theorem. If f is not one-to-one,
Y ={f(x)|x € X} satisfiesdim(Y) < n, f(¥Y) € Y and f(int(C)) < int(C) N Y. By our induc-
tive hypothesis applied to the cone CNY in Y, co(w(y; T)) € Oy (int(C)NY) C OC forall y €
int(C) NY N 2y; and since T (x) € int(C) NY N 2, for all x € 1i(Xy), co(w(x; T)) S 0%, for
all x e ri(Xy).
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Thus we may restrict attention to the case that f is one-to-one. In this case, the map T is
defined continuously on 2, . Let us suppose by way of contradiction that there is a point x € 1i(2,)
such that co(w(x; 7)) Nri(Zy,) is nonempty. Let y € co(w(x; T)) Nri(Zy). Thus y is a convex
combination of points in w(x; 7). By Carathéodory’s theorem (see [18]), we may assume that y
is a convex combination of at most n points z1, 22, ..., 2, € w(x; T).

Consider w(y; T). By Theorem 1(c), we know that co(w(y; T)) has a nonempty intersec-
tion with ri(2,;). At the same time, we claim that: w(y; T) € co(U) where U = w(z1; T) U
®(z2; T)U - --Uw(zy; T). Note that T extends continuously to any point on 82 since f is one-
to-one. Therefore the omega limit sets w(z;; T') are well defined. To prove the claim, note that
foreachk > 0, T*(y) = ATk (z)) + -+ + 2 Tk (z,), witheach A > 0,and ¥, 1% = 1, by
Lemma 3. Taking a subsequence, (k;), we can arrange for 1 < i < n that Tk (zi) — Z; asj — 0o

and simultaneously )ngk‘,‘ ) A, with each 1] > 0 and ) ; A} = 1. Thus, each point 7’ € w(y; T)
is a convex combination ) ;_; A'z; with each z; € w(z;; T), proving the claim.

Let y1 be a point in co(w(y; T)) Nri(Z,), and choose z},zé, el z,‘l € U such that y1 €
co({z}, zé, cey z}l}). Note that each point z; € w(z;; T) for some i. Furthermore, since z; € 02,
we know that z; must lie in a component C; of C which has dimension at most n — 1. Theorem
1(d) implies that T (cl(C;) N 24) € cl(C;) N X,. If C; contains a fixed point of 7" then since T is
nonexpansive in the Hilbert metric on C;, every T -orbitin C; N X, must remain within a bounded
Hilbert metric distance of that fixed point. On the other hand, if C; does not contain a fixed point,
then applying Theorem 1(a) to T'|¢;nz, implies that z ; is contained in a component of C on the
boundary of cl(C;). Such a component would have to have dimension strictly less than n — 1.

Repeat this process to obtain a sequence of points y!, y%, ..., y" % € ri(2,) with the property
that each y' € co(w(y'~'; T)) and more importantly y' € co({z}, z}, ..., z},}) where each z'. is

contained in a component of C with dimension less than n — i or is contained in a component

of C on which T has a fixed point. This means that y"~2 is a point in ri(2,) which is a convex
combination of points 1'1’72, zgfz, e zﬁ_z which all lie in components of C containing fixed

points of 7. For each 1 < i < n, let p; be a fixed point in the component which contains 1?72.

Suppose that y"~2 = Mz’f‘z + /\zzg_z +oo Az 2andlet & = Appr +A2pr oo+ Aupa.
Observe that ¢ is comparable to y"~2 since z:’_z ~ piforall 1 <i < n.Thus ¢ €ri(2,). Now,
since T (p;) = p; iff f(p;) = ri pi we have
ffO Xwrtp
q(f* @) Y nrkq(p)
If r = maxr; and J = {i|r; = r} then the reader can verify that as k — oo
Dics MPi
Z[ej riq(pi)
which s a single pointin X, . Since there are no bounded orbits inri(X ), this limit point must be on

the boundary 0%, . However, if w(¢; T') is a single point, then co(w(¢; T)) € 0, a contradiction
by Theorem 1(c). U

T*¢) =

T8¢ —

Remark. Theorem 3 also applies to maps T'(x) = f(x)/q(f(x)) where f : X — X is an affine
map, so long as f(int(C)) < int(C). The proof of Lemma 2.1 in [15] shows that such a map T is
nonexpansive in Hilbert’s metric on ri(2y).
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